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MULTILINEAR OFF-DIAGONAL LIMITED RANGE EXTRAPOLATIONS

YASUO KOMORI-FURUYA

(Communicated by P. T. Perez)

Abstract. We study the Rubio de Francia’s extrapolation theorem. We prove an off-diagonal
limited range extrapolation theorem. Using this theorem, we obtain a multilinear off-diagonal
limited range extrapolation theorem. Our results generalize and refine known results by Duoandi-
koetxea (2011), Cruz-Uribe and Martel (2018) and Li, Martell and Ombrosi (2020).

Since Rubio de Francia [17, 18] proved the celebrated extrapolation theorem,
many studies have been done, The book [6] provides a comprehensive treatment of
extrapolation theory; see also [3] for latest results. The classical extrapolation theorem
says that if a linear operator T is bounded on weighted LP0 space for some 1 < pg < oo
uniformly in weights in A, :

/|Tf( )P0 w(x )dx<C/ |f(x)|Pow(x)dx forall weAp,

n

then T is bounded on weighted L spaces for all 1 < p < co:

/H\Tf( [P w ()xgc/nu(x)\ﬂw(x)dx forall weA,.

For the precise statement of the theorem, in particular, the meaning of “uniformly in
weights ”, see Section 3.

On the contrary, there are many important operators that are bounded only on L”
where p_ < p < p4. Theories for these operators are called limited range extrapola-
tions [ 1], and ones for operators that are bounded from L? to L9 are called off-diagonal
extrapolations [12, 2]. There are two theorems for off-diagonal limited range extrapo-
lations by Duoandikoetxea [8] and Cruz-Uribe and Martell [5]. We prove two theorems
in a unified manner (Theorem 1) and also refine them.

Since the ceminal work by Lacey and Thiele [14, 15] for Calder6n’s conjecture
about the bilinear Hilbert transform, many studies have been done for bilinear and
multilinear operators. A multilinear diagonal limited range extrapolation theorem is
obtained by Li, Martell and Ombrosi [16], see also [5, &, 11]. By using Theorem 1, we
prove a multilinear off-diagonal limited range extrapolation theorem. As a corollary we
can prove their theorem. Furthermore our theorem generalizes theirs. For the simplicity
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Keywords and phrases: Rubio de Francia’s extrapolation theorem, multilinear extrapolation, off-dia-
gonal limited range extrapolation.

© M, Zagreb 465

Paper MIA-26-30


http://dx.doi.org/10.7153/mia-2023-26-30

466 Y. KOMORI-FURUYA

of notation we consider bilinear cases (Theorem 2 in Section 5) . In the final section we
shall state a multilinear theorem and show an outline of the proof.

This paper is organized as follows. In Section 2 we define notation and symbols
which are used for linear extrapolation theorems. In Section 3 we state Theorem 1 and
as corollaries we prove some known results and refine them. In Section 4 we shall
prove Theorem 1. In Section 5 we consider bilinear extrapolation theorems and prove
Theorem 2. In Section 6 we state a multilinear extrapolation theorem.

1. Preliminaries

For elementary properties about weight functions, see [9, 10], and see [6] about
extrapolation theorems. We define some notation. For a nonnegative locally integrable

function w,
1/p
20 = { il = [ 1r0pwear) <o),

When 1 < p <o, p/ = Ll is the conjugate exponent of p. We use the conventions
that 1’ =o0, — =0 and =’ = 1. For a ball Q, |Q| denotes the volume of Q.

1_

DEFINITION 1.

]é X)dx = \Q|/ x)dx and w(Q) :/Qw(x)dx.

We define some weight classes.

DEFINITION 2. Let 1 < p < oo. For a nonnegative locally integrable function w,
we say that w € A, if

il = sup (fQ win)ds ) (fQ w<x>—1/<P—1>dx)pl <o,

where the supremum is taken over all balls. We say that w € A; if

[Wla, 1= sup (jéw(x) dx) esssupw ™! (x) < oo.

0 xeQ

Let | < o <ooand 0 < f8 <oo. Wesay that w € A(a; B) if

Wla(ap) = sup (7{2 w(x)P dX) " (][Q w(x) ™ dX> e < oo,

1/B
[W]a(1:) = sup (7[ w(x)P dx) esssupw ! (x).
0 0

x€Q

and
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The symbol A(o; ) is unfamiliar compared to the standard symbol A, .. How-
ever using this symbol, we can state Corollary 1 (a linear case) and Theorem 2 (a
bilinear case) in a unified manner.

The next lemma is easily obtained by the definitions.

LEMMA 1. Let | < p <eo, 1 <00 <ooand 0<f <eo. Aweight we A, if and
1
onlyif wi=r € Ay and

!/ P L, = ol

p LAy

A weight w € A(a; B) if and only if wP €A /o and

[W]f(a;ﬁ) = [Wﬁ]AHﬁ/aw

The following two lemmas are very important for the extrapolation theorem, see
[6] and [8].

LEMMA 2. ([8, Lemma 2.1]) Let 1 < p<pg<eo. IfucA, andvecAy, then
u-vPPo e Ay and
- po—p
[u : vp pO}A[)O g [u]Ap [V}A? .

Let 1 <po<p<eo. IfucA,andveAy, then (upo_l -vp_po)l/(pil) €Ay, and

—1 _p—po\/(p—1) (po—=1)/(p=1)1 1(p—P0)/(P—1)
[(u’"’ -yPPo) ]A,,Og[u]’q" V4, :

LEMMA 3. ([6,p.18]) Let 1 <p <eo, H>0 and H € L”(w) where w € A,. By
the Rubio de Francia algorithm, we can make the function ZH (x) such that

H(x) <ZH(x)a.e., |ZH| pw) <2/|H|pw) and [#H]a, < C([Wa,),
where C([wla,) is a positive constant depending only on [wa,.
We use the following notation: C(X,Y) is a positive constant depending only on

X and Y, and not necessarily same at each occurrence. In this paper we use symbols
C([wla,) and C([w]a(a:p)) frequently.

2. Linear extrapolations

By the studies in [4, 7], we know that operators do not play a role in extrapolation
theorems, see also [6]. Following the notation in [8], we state our theorems.

THEOREM 1. Let 0 < p,g < oo, | << oo and 0 < B < oo. Assume that for
some family of pairs of nonnegative functions (f,g), and for all weights w such that

wh €A,
1/q 1/p
(/ ngqu) < C([wﬁ}Aa) (/ f”wpdx) .
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(/ : ngng) " C((wha,) ( / P dx) e

for all weights w such that WE € A, where

Then

1 1 1 1 1 1 - ~
—— - ==——==—7, 1, O, l
5 p i a5 P a>1, B> (1
a o
_ = 5 2
5P ()
max(l_ll_l)<l<l_l+ﬁ 3)
p ap B P p B B

REMARKS. The limited range (3) is necessary for the existence of 0 < q < o,
o> 1 and B >0. When max(1/p—1/g,1/p—1/B) <0, the first inequality in (3)
means p < oo. When o = 1, the second inequality in (3) means p > p.

It may be natural to write initial condition by using indices pg and qo. However,
when we consider bilinear cases in Section 5, we use many subscripts py, pa,..., SO we
use p in that section. We use this notation from consistency.

We state some corollaries of this theorem. We shall prove them later.
The next corollary shows the beautiful correspondence between the linear theorem
(Corollary 1) and the bilinear theorem (Theorem 2 in Section 5).

COROLLARY 1. Let 0 < p,g <o, 1 < a <o and 0 < B <oo. Assume that for
some family of pairs of nonnegative functions (f,g), and for all weights w € A(o;3),

1/q 1/p
</ ngqu> < C(Wla(asp)) ( fpwpdx> . 4)
n R’l

AN N V4
(/nngqu) < C([W}A(a;ﬁ)) (/Rnfpwpdx>

for all weights w EA(&;E), where o > 1, B >0 and

Then

1 1 1 1 1 1 1 1

= T = =T T = =" "= ="7 (5)

p p 4 q a o p P

1 11 11 1 1 1 1
max(———7———,———> - < ——— 1. (6)

p qgp o'p P P P o«

REMARK. The condition (6) is necessary for 0 < g < e, & > 1 and B > 0.

We obtain three theorems by Duoandikoetxea [8] and Cruz-Uribe and Martell [5],
and also refine their theorems.
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THEOREM A. ([8, Theorem 5.1]) Let 1 < p <o and 0 < q,r < o . Assume that
Sor some family of pairs of nonnegative functions (f,g), and for all weights w € A(p;r),

1/q 1/p
(/ ngqu) < C(Wagpy) (/ fpwpdx) .
n Rn

o 1/q o 1/p
(/ ngqu) < C([W}A(I;;;)) ( fpwpdx)
n Rn

Sor all weights w € A(p;T), where 0 < q,7 < oo and

Then

1 1 1 1 1 1
= T = =T T == —, (7)
p r 9 q T T
11 1
———-<=<L (8)
p r p

REMARKS. The condition (8) is not explicitly written in [8], but this condition is
necessary for 7 > 0. Under this formulation, the condition p > 1 is necessary, since
A(p;r) is defined for p > 1. Compare this theorem with Corollary 1.

THEOREM B. ([8, Theorem 7.1]) Let 0 < p <o, 1 <g <o and B > 1. Assume
that for some family of pairs of nonnegative functions (f,g), and for all weights w such

that wP € A,
1/p 1/p
(/ g”wdx) < C([Wﬁ}Aq) (/ f”wdx) .

(/ngﬁwdx> 1/ﬁ<C([W5]A§) (/nfﬁwdx)l/ﬁ

for all weights w such that wﬁ € Az where 1 < g < oo,

Then

11 1 1
o= — ©)
p r Bp Bp
B _Br
q q’
11 1 1 1 ¢
<<l 1 10
p Bp p<p Br Bp (10)

REMARKS. In [8], the condition (9) is written as ¢/g— 1= B(p/p—1). We can
remove the condition 8 > 1. When 3 < 1, the left side of (10) means p > 0. See the
proof below.

To state the next theorem, we need a new definition.
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DEFINITION 3. Let 1 < s < oo. We say that w € RH; if

1/s
(wisdx> /
[W]rH, 1= sup ~————%— < oo.
0 widx

THEOREM C. ([5, Theorem 1.8]) Given 0 < p_ < py < oo, Let 0 < p,g < oo,
p-<p<piand 1/qg—1/p+1/py > 0. Assume that for all weights w such that

wP €A ﬂRH(m/p)/,

1/q 1/p
([ewea) " <, i, 0 ([ srwrar)

p/p-

Then

AN _ ~ o N\Wp
( / nngqu> <C([Wp]f‘ﬁ/p’[WF]IHL’(m/ia')( f pwpdx)

for all weights w such that wP € A
and 1/p—1/G=1/p—1/q.

Rn

5/p- NRH(p, /5y, where p_ < p <pi, 0<g<eo

When p. = oo, the condition wP € A ris wP € A

p/p- O RH(

P+/p) p/p—+

REMARKS. We can remove the condition 1/g—1/p+1/p4 > 0. In [5], the lim-
ited range (p—_,p+) is defined first, and the proof is long. In our theorem, the limited
range is determined by the initial conditions for indices p,q, o and B, see (3).

In [5], the theorem is proved even when p_ =0 or p = p;. However, in these
cases, they are proved independently. We do not know how to prove them in a uniform
way, since the classes A and RH.. are different from A, and RH;.

In [1, Theorem 4.9], this theorem is prove where p = ¢.

Now we prove corollaries of Theorem 1.

Proof of Corollary 1. Assume that (4) holds and indices satisfy (5) and (6). By
Lemma 1, we have

1/q 1/p
(/ ngqu) < C([wﬁ}AHﬁ/a, (/ fpwpdx) .
n Rn

P B
1+B/a’  1+B/a”

1 11 1 I 1 1 1 !
max( —————— ) = ————i—ﬂ.

By (5) and (6)

(11)
and

“5°p BB
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Applying Theorem 1, we have

o\ - o \/P
(/ ngqu) <C(WPla ( f”wpdx) ,
n 1+p/e Rn

and we obtain
o 1/q _ 1/p
(/ ngqu) < C([W}A(aﬁ)) (/ f”wpdx) . O

In Theorems A, B and C, the condition 0 < g < oo is assumed, thatis, 1/p—1/p+
1/q > 0. Therefore we use Theorem 1 under the following conditions:

1 1 1 1 1 1 N _ ~
:__::__::__a0<q<°°aa>17ﬂ>07 (1/)
P p 49 g9 B B
a_«
B B
1 1 1 1 1 «
o < =< = 3"
p B p p B B

Proof of Theorem A. 1f w € A(p;r) then w" € A;,/,; by Lemma 1. When p =
I,weA,. Let a =1+r/p' and B = r in Theorem 1. Then for any w such that

wﬁeAa,
o 1/q ~ o 1/p
(o) s ([ )
where
11 1 1 1 1
P p 4 q B 1
o 1+r/p
CR
11 v 1 1t 1+np |
p r p pr r

e B
=t =
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Therefore we obtain by Lemma 1

N RN
( / g‘fw‘fdx) <C([w}A<,m>( / f"wf’dx)
n Rll

for all weights w € A(p;7). O

Proof of Theorem B. 'We do not use the condition 3 > 1. The assumption of the

theorem is written as follows.

(/ngp(WI/p)pdx)l/p <C(WPla,) ( R fp(wl/P)de> 1/1”

and

1/p 1/p
(/ gpvpdx> <C([vﬁp]Aq)< f”vpdx) .
n R’l

By Theorem 1, we have

(/ngﬁvﬁdx)l/ﬁg c(vPl,) (/nfﬁvgdx>l/i57

where
11 1 11
5 p i a j Bp
q9 q
5 Br
1 1 1 1 1 q
» Br 5 p Br Br

We write (12) as

</ "gﬁde> I/ZC([W’}/’?}M)( fﬁwdx> "

and substituting B for % in (13), we have

~ 1/p - _ 1/p
(/ gpwdx> < C([Wﬁ}AE) ( fpwdx) )
n Rn

where
11 1 1 1 1
5 v a4 pp Br
Bp _ Bp
q q
L ., 4 g

12)

(13)
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To prove Theorem C, we need some lemmas.

LEMMA 4. ([13, (P6)], see also [5, Lemma 2.1]) Let 1 <r<oo and 1 <5 < oo.
Then w € AN RH; if and only if w* € Ay (,—1) and

]l/\

}l/s
Al+r(r 1)

and  [wlgn, < [w Ay’

WAooy < W, WRas W)a, < Dw

The next lemma is elementary.

LEMMA 5. Let p_ <r < py. Then the indices defined above satisfy the following

equalities.
- (P_+>’ _Ipe
r pr—r

14+ (p_+>’ (L B 1) _r(p+—p-)
r/ \p- p-(p+—7)
By these lemmas we obtain the following lemma.

LEMMA 6. Let p- <r<pi.Then w €A,;, NRH(,,  if and only if wh eAy
where

r(py —p-) and =Pt

o =
p—(py—r) pr—r

Proof of Theorem C.  We do not use the condition 1/¢g—1/p+1/p+ >0
Case p, <oo.Let

Py —p-) g g Lrs

o = .
p—(p+—r) p+—D

If wP e Ap/p ﬂRH(m/p/ then whP € Aq by Lemma 6. Using Theorem 1, we have for
all w such that wﬁ €Ay,

AN ~ o \UP
(/ ngqu) <C([Wﬁ}Aa)</ f”wpdx) ,

where
;—%=%—$=%—%70<5<w,&>175>0 (14)
%z% (15)
e bibs
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The condition (16) is equivalent to

11 1
p+ P P-
By (14),
1 1 1 pyi—p
P p B Pps
We have -
ﬁzl"_l)t
P+—P
By (15),

~ (1 1N\ _plpr—p)
OC—ﬂ(p_ p+> P—(P+—13)>1.

Therefore by Lemma 6, the condition w/} € Ay is equivalent to
w € Ay ORH(p, /-
Case py =oo. Since wP € A,/, . We can apply Theorem 1 for a = p/p—.
B=p, a=p/p_ and B = p. The limited range is

1 1 1 1 1 _
cloLip

p p P P P P

‘We obtain
p-<p<e=py.

This proves Theorem C. [

3. Proof of Theorem 1

The following lemma is elementary but important for our proof. Assume that all
indices satisfy (1), (2) and (3).

LEMMA 7. Let 1/s=1—gq/q and 1/t =1—p/p. Then the indices defined
above satisfy the following equalities.

5o\ B
(;—1>&_a—p, a7)

P By aB 5 -
(;_E>&_a+ﬁ_pv (18)
o0 _g 19)
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q @-1)p’
\g-— . (a—1
(i) a2t
(a—o)pt -,
@-np
((a—l)ﬁp >t—i~
(a—1)B 1—
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(20)

21

(22)

(23)

(24)

Proof. We shall prove only (18), (22) and (24). The proofs for the others are easy.

The equality (18) is equivalent to the following:

P_B (@-of p@-o
p BTGB B
p_B L (WBYE_p(_F
Fhe(5)5E00)

and the last equality is easily proved.
The equality (22) is written as follows.

&g T @
~/1 1 - _é _
ﬁ(é‘&)*“‘l—ﬁ“" 2
~(1 1\ - _E -
ﬁ<5—3>+(x—l—ﬁ((x 1)

We can prove the last equality easily.
We write (24) as

M_&_FIZ_B(l_l),

B P P
(-1 . . (1 1
oot ‘*(ﬂ B)

This is easily proved. [
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Proof of Theorem 1. We follow the argument in [8, p. 1894].
Case p < p. Assume that wP € Ay and f € LP(wP). Let

- E_E)ﬁ/(&—a>

By (17) and (18),
H) ()P = f(x)Pw(x)? and H € LE(wh).
Using Lemma 3 we can make the function 2 H (x) such that

and [%H]Al <C([Wﬁ]A~)

H) < PHW),  |9H 65 <20H] 005 .

Let

By Lemma 2, we have [VP],, < C([wﬁ]Aa). Since g < g, we write

o\ o 1/q
(/ g dx) = (/ ngq-V_qwqu>
1/q o 1/sq
(/ givi dx) (/ (V_qwq)'s dx)

— Ve

N

where 1/s =1 —q/q. By the assumption

ﬂm<awﬁm(/

- 1/p
<C([w’3]A&>( ., f”V”dX) .

n

1/p
f”Vpdx)

Since o < o, we have

B‘TP (a—a)p Bp (a—a)p

SV ()P = )P wx) P (ZH) P < f)Pwx) PHx) P = () w(x)”.

Therefore we obtain
~ o 1/p
1M1 < o(wha,) ( wade> . (25)
Rn

By (19) and (20)
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and we have

1= / (ZH) WP ax < 2% [ HOWBax=2% [ fPuPax. (26)
n Rn Rn

By (25) and (26), we obtain
o 1/q ~ o 1/p+1/sq
</ ngqu) < C([wﬁ]Aa) ( fpwpdx)
n Rll

=) ([ war) "

Case p < p. Assume that wh e Ag. By duality, we can take a nonnegative

function 4 such that
o 7 _ 1/q
( / 8wt dx) ‘o ( / glhw? dx) (27)

I—

and B
/hﬁwgdle.
Let
i BV
H(x) = (h(»c)ww(x) —)
Then )
~ B 4 ~
H®)¥ wx)TF = h(x) 74 w(x)?
and

~ B
H*wi-a dx = 1. (28)
]Rn

By Lemma 1 we have w(x)B/ (1-0) ¢ Az . Using Lemma 3, we can make the function
ZH (x) such that
H(x) <#H(), |%H|

<2|H| =2

La’ wﬁ/l a) La’ W,B/l oc))

and

[ZH]a, < C(wh/0-9), ) < C(wPla,).

o

Since g > ¢q, by the definition of H we have

o) = (B i) 757 H (s#t1(wta) a) o
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By (27), (21) and (22), we have

N o BT
(/ ngqu> < / ((,%’H) q) wdx
_ G 1/

V()= (W(X)E(a_l)%H(x)&—a>1/(5‘—1)13.

1/q

Let

Since & > o, we have VA € Ay and [VF],, < C([Wﬁ]Aa) by Lemma 2. Let 1/t =
1 — p/p. By the assumption and (23), (24) and (28), we have

AN 1/q 1/p
(/ ngqu> < (/ ngqu> <C([VPa,) (/ fprdx)
n n R’l

~ o p/@np \P

<C(ws >(/ 77 (wPte ) (gprya-) " dx)

(a—a)p B(Oifl)p _ l/p
f”w” RH) @By B P gy
1 1/pt
a—a)pt Bla—l)p
o [ 0,
R R®

5 B 1/pt
( prpdx) ( wl_dx>

1/p
1/p

FPwP dx

1/p B 1/pt
( HY wia dx)
R’l R’l

1/p
FPwP dx
R’l

4. Bilinear extrapolations

We defne a new weight class.

DEFINITION 4. Let oy,0n > 1 and B > 0. For a pair of weights w; and wy, we
say (Wl,WQ) S A(Otl, Otz,ﬁ) if

(Wi, w2)]A(o,0058) = SZP (7{2 (wi(x)wa(x))” dx) v ﬁ (]{3 wi(x) % dx) v < oo

i=1
!

/ 1/o;
When o; =1, ( Fowilx)™% dx) 1= esssup, o wi(x) !
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Statements of bilinear extrapolations are a little complicated, so we use the fol-
lowing notation for short.

DEFINITION 5. If some family of 3-tuple of nonnegative functions (f1, f>,g) sat-
isfies the next inequalities:

1/q
(/ gq(W1W2)qu>
1/p1 1/p2
< C([(W17W2)]A(al,a2;ﬁ)) </Rn flplwi’l dx) (V/Rn f;ZWgZ dx)

forall (wy,w2) € A(aty, 2;8), then we say
(f1,/2,g) satisfies weighted LP! x LP2 — L9 for A(ay,on;B).
Our result is the following.
THEOREM 2. Let p1,p2,q>0, 0,00 > 1 and B > 0. If
(fi,/2,8) satisfies weighted LP' x L2 — L1 for A(oy,00;f),
then
(fi,f2,8) satisfies weighted LP' x LP> — L9 for A(&l,&2;5)7

where py,p2,q >0, 01,00 > 1, E>O and

1 1 1 1
pi pi 0O O

1 1 &/1 1 1 1

LI (:——>::——, (30)
q q [ \Di Di B B

1 1 1 1 1

———<=<———+1 i=12, (€29)]

2 2 2
rnax(Zl 1, i_—é><2é_. (32)

i—1 Pi q ;=1 Di

REMARKS. When 1/p;—1/c; <0 in (31), this means p; < e. The condition
(31) is necessary for 1 < o; < o and (32) is necessary for ¢ >0 and § > 0.

As a corollary we can prove the diagonal extrapolation theorem by Li, Martell and
Ombrosi [16]. Note that they prove a multilinear extrapolation theorem. We restate
their theorem for the bilinear case. Let 1 <rj < p; <oo, I < < pr<oo, 1 <3< oo
and 5 > p1p>/(p1+p2) be fixed, andlet 1/p:=1/p;+1/p,. We define a new weight
class.
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DEFINITION 6.

[(Wl 7W2)}A(171,p2;"17"27"3)
,J3 l/p—l/rg 2

s —pii l/ri_l/pi
= sup (7[ (wi/mwé/m)'éf’> (f(w}”’)fﬁ) :
Q o i=1 \/Q

THEOREM D. (Theorem 1.1 in [5]) If

1/pi  1/p2\p i
/ng”(wl wy ") dx
1/p1 1/p2
< C([(Wl7w2)]A(p1,p2;r|,r2,r3)) (/]R” flplwl dx) </l%" f2172W2 dx) (33)

Jor all weights w such that [(wi,w2)]a( ) < oo, then

IR TS
/ng (Wl Wy )dx
_ 1/p1 ~ 1/p2
< Clomm ) ( [ 1) ([ Awar) T ao

for all weights w such that [(wi,w2)]a(
1/p1+1/p> and

P1:P2:71,12,13

Prpairirars) < % where 1 < p1,p2 <eo, 1/p=

~ ~ P1p2
rn<pi, T <p2, Vg>ﬁ. (35)
pP1+p2

REMARK. This theorem assumes that 1 <r; < p; and 1 < p; (i=1,2). We can
weaken this condition as follows.

1 1 1 1
0<———<1 and 0< —— =<1, seetheproof below.
ri  pi i Ppi

Proof of Theorem D. Assume that indices satisfy 1/p = 1/p; + 1/p, and (35).
As in the proof of Theorem B, we rewrite (33) as follows.

1/p
(/ gp(Vl\’z)pdx)
1/p1 1/p2
< C([(Vll”7V12?2)]A(p1,p2;r1,r2,r3)) <~/R" flplvlfl dx) <‘/]Rn fgzvlgz d.Xf) .

We define o; and B as

- -
al-’:—p” and f= Pfy
pi—ri rh—p
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Note that if r3 = 1 we define § = p. Then

[(V!l)1 ) ng)]A(Phpz;rwzh) = [(v1, V2)}A(oc17a2;[3)

and we have

(/ngp(vl\’z)pdx)l/p

1/p1 1/p2
SC([(Vl’Vz)}A(al,az;ﬁ)) </Rn 1171\)1171 dx) (/Rn §2v1272dx> .

1 1+1 I 1 1+l g—p and G=p
&iﬁipi(xi’ﬁﬁpﬁ’ .

Then all indices satisfy the assumption of Theorem 2 and we have

( / ngﬁ (vlvz)ﬁdx)l/ﬁ

5 5 1/p 5 5 1/p2
_ 1,01 2. D2
s C([(Vl 7 v2)}A(5¢1,5¢2;ﬁ)) <~/R" fl " dx) <~/Rn f2 2 dx) .

~ ~
~ 14 ~ pr
al'/:~pll and B:/—3~7

pi—ri r—p

Let

Since

we obtain (34) by the same argument above. []

4.1. Proof of Theorem 2

By the method of freezing one parameter, we can reduce the proof of Theorem 2
to the following theorem, see [16] Section 4.

THEOREM 3. [If
(f1,/2,8) satisfies weighted LP' x LP* — L1 for A(a,b;c),
then
(D) (fi,fo.8) satisfies weighted LP' x LP> — L% for A(a,b;cs)

where b> 1 and
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and

(i) (fi,fo,g) satisfies weighted LP'x P> — LT for A(a,b;c)

where a > 1 and

1 1 1
max(———,———,———,) <=<——--+1L
P g9 p1 ap ¢ P1 pr a
REMARK. We prove Theorem 2 by using Theorem 3. We shall prove Thereom 3
in the next subsection. The notation A(a,b;c) is not standard, but we substitute several

indices into a,b and c in the proof of Theorem 2.

To prove Theorem 2, we need a lemma. Assume that all indices satisfy (29)—(32).

LEMMA 8. When 3 < g,

1 1 1 1 1 1
Sl o Sl (36)
Pt 4 D1 P2 g9 P2
When B > q,
1 1 1 1 1 1
— <= or ——=<=. (37)
B p B p

Proof. When B < ¢, assume that both inequalities in (36) do not hold, then

1 1 1 1 1 1 2
+

~ _ = .
qg 49 p1 pP1 p2 p2 (¢

Therefore —1/g > 1/q. This is a contradiction. The proof for the case 8 > g is the
same. [l

Proof of Theorem 2 by using Theorem 3. Let B < g. Taking account of Lemma 8,
we assume that 1/p; — 1/g < 1/p;. We define auxiliary indices g; and f3; as follows.

1 1 1 1 1 1 1 1
—==-——+->0, ===-—+=>0
qi pr Pt q B1 o o P
Then
1 1 1 1 11 1
ppop @1 g o o B B
and
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Applying Theorem 3 (ii) for a = o, a= Gy, b=, c = and & = By,
(fi,/2,8) satisfies weighted [PV x LP2 — [9  for A(&l,ag;ﬁl).

By the definitions of indices, we have
1 1 1 1 1 1 1 1

p2op2 q§ @1 % m BB

and

111 11 1 11
max| ——=,—— —, —— = | < =< ———+1.
P2 g1 p2 02 p2 [ P2 P2 O
Therefore we can apply Theorem 3 (i) for a = oy, b = 0, b=0n, c= 51, &= 57
g =qi and ¢» = g, and have that
(fi.fo.8) satisfies weighted L' x LP2 — L9 for A(¢y,00:pB).
The proofs for the cases 1/p, —1/g < 1/p, and B > ¢ are similar. [

4.2. Proof of Theorem 3

Now return back to the standard notation and we shall prove (i) for the following
formula. The proof of (ii) is the same.

THEOREM 3’. [If
(f1,/2,8) satisfies weighted LP' x LP2? — L1 for A(oy,00;p),
then
(i) (fi,f2,8) satisfies weighted LP' x LP* — LT for A((xl,&g;ﬁ)

where o > 1 and

(38)

<1 1 1 1 1 1) 1 1 1
mx|———,———,———, | < =< ———+1.
P2 g p ompr B P2 P2 0

For the proof we define a new weight class.

DEFINITION 7. Let y be ameasure on R”. When p > 1, we say that w € A, (d )

1 ! "
DA U N WA B gy ) o,
WAy au) o (u(Q)/QW ”) (u(Q) /Qw Yo

l / ) —1
w =sup| —— | wdu )esssupw(x < oo,
Wl Qp(u@ [ wan ) essupts)

if

and
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We use a variant of Theorem 1 for measure spaces. Since its proof is same as the
one of Theorem 1, we omit the proof, see [16] Theorem 3.1.

DEFINITION 8. We say that a measure u is a doubling measure if

where 20 is the ball with the same center as Q whose radius is twice as large.
The following lemma is well-known, see, for example, [9].
LEMMA 9. If w € Up> 1A, then the measure w(x)dx is a doubling measure.
THEOREM 1’. Let U be a doubling measure and 0 < p,q < oo, 1 < o0 < oo and

0 < B < oo. Assume that for some family of pairs of nonnegative functions (f,g), and
for all weights w such that wP € Ay (dp),

1/q 1p

(/ ngqdu> < (WP ap) (/R fpwpdu) '

N\ ) N
(/ng‘lwqa'[.i> < C([wﬁ}Aa(dﬂ)) (/Rn fpwpdu)

for all weights w such that wh ¢ Ag(dw), where indices satisfy (1)—(3).

Then

We need some lemmas. Assume that all indices satisfy (38). Let

1 1 1 1 1 1
o I (39
S az ﬁ N a2 ﬁ

The next lemma is easily obtained from the definitions.

LEMMA 10.
s=s,
B 1+B/d
B 1+B/og’
~<1 1)+sq+
s\ mw— = |+ = +5=4¢,
B q) o
~ s s Spo
P2 —1—|————>+~—+s:0.
( B Ofé

The next lemma is obtained from Holder’s inequality.
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LEMMA 11. Forany a > 0,b >0, cubes Q and weights w,

1/a 1/b
(][ w”dx) (][ whdx> > 1.
] o

Proof. Let 1 = w/(ath) .y,=ab/(a+h) and yse Holder’s inequality. [

The next three lemmas are important for the proof of Theorem 3°.
LEMMA 12. If (wi,w2) € A(aq,00; ), then w) EA1+s/oci and
[WSI}AHs/Dti < [(lew2)]5x(al,a2;/3) where 1/s=1/o5+1/B.

Note that if o =1 then wj € Aj.
In the proof of Theorem 3 we use the following formula.

LEMMA 12 . If (wy,v2) EA(al,&z;B), then w} €Ay 54 and

)

[W§1A1+s/a; <[Oweva)ly o 505
REMARK. Since s =7,
[WSJAHs/ai = [WﬂAHF/ai'
This equality is used in the estimate (43) below.

Proof of Lemma 12. 'We prove the case that o; > 1. When ¢; = 1 for some i, the
proof is similar.
We write w} = (wiw2)*-w,*. Using Holder’s inequality, we have

s/B (B—s)/B
][ wi dx < <][ (wiwa)P dx) <][ Wzﬁs/(ﬁ.s)dx)
o Q o
s/B o s/0l)
= (7[ (wiws)P dx) (7[ w, 2dx> ,
0 0
and obtain

L\ |
[W‘HAHS/D!i = stép (J[Qw} dx) <][Q W, o dx) < [(lew2)m(a1,a2;ﬁ)' |

LEMMA 13. Let wi € Ayyy/q- If a weight W satisfies wh ¢ A1+ﬁ/aé(wsldx),
then (Wl,W-Wl_1+S/I3) cA(ay,00;B) and

[(w1, W.W;H.y/ﬁ)]A(ahaZ;ﬁ) < [WP]/P : [Wg]i/.y

AHﬁ/aé (widx) 1+s/of ’
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Proof. We prove the case that o; > 1.

1/B , /oy , 1/c)
<][Q (w1 -WWI_HS/ﬁ)ﬁdx) <][le—al dx) (72 (le_1+s/l3)7a2 dx)

1/B o 1/of , 1/0f
= (][ whw; dx) (f W, 1d)c) (f W~ %w} dx)
Q Q Q
1 5 1/B 1 Y 1/04
= WPwS dx /W_ 2w5dx>
(wﬁQ)/Q 1 ) (Wﬁ(Q) 0 1
1/B+1/0 o 1/of
X <][ wi dx) (][ w, ldx)
o Q
1/s , /0
S[Wﬁ]fll/l3 (W dv) (7[ wi dx) (7[ w, 4 dx)
1+ /05 \ "1 0 0
U

B11/B 11/
W L‘Hﬁ/%’ () d) [Wl]Al+s/ai '

LEMMA 14. Assume that (wy,vs) EA(OQ,&Q;B), and let W := w'i/az

WBEA

%)

145/ (widx) and

(w}dx) < [(W17V2)]I3 ~ BV

B
W Al062:B)

1+B /et

Proof. We prove the case that o; > 1. Let

1 = 1 -, B/ob
I:= Whws d — [ W%y .
<w§<Q>/Q i x) (wi<Q>/Q i x)

Note that N
WPl = (win)P and W%y = v, 2

‘We have

- _ 1/B , 1/ ., 1/3
1B = (][ (wiv,)P dx) (][ w, dx) (][ v, 2 dx)
o Q Q
g\ Ve ~1/B-1/&%
X (7[ w, 1dx) (7[ wi dx)
Q o

o —1/a —1/s
gKWhV?)]A(al,az;E) <][Qw1 ldx) <][Qw-i dx) < [(w1,v2)}A(al

by Lemma 11. [

. Then

7&2;5)
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Proof of Theorem 3’ (i). We shall prove when «,0p > 1. The proofs for the
cases o; = 1 are similar. We follow the argument in [16] Section 4. Let

1 1 1 1 1 1
3 = a—é—i-ﬁ, §:: &—é—i-ﬁ.
Note that s =5 by Lemma 10. Let f| be fixed and take w; such that
Wi €A1y
and fix. For any W such that WA € A, 1B/t (w}dx), we have by Lemma 13
(wi,W-w, P € Afoy, 003 B).

By the assumption of Theorem 3’,
q —1+s5/B\g l/a B s
ng (w1 “Ww, ) dx <C(w }AH,B/%(W{‘”)’[Wl}Alﬂ/ai)

1/p1 Lis/p 1/p2
c([amtras) ([ o ad)
Rn Rn

and we have

1/q
S 1/B=1/q) S B
(/n(g Wy yiwa wldx) <C(w ]Al+ﬁ/a2’

1/p1 Lis/Bos 1/p2
X (/ Fwit dx) (/ (fa-wy - ﬂ/m)pszz Wi dx) )
Rn n

Since f; and w; are fixed, we can apply Theorem 1’ to the pair
—14s/B—s s(1/B—1
(fz W +s/B /m,g-wl( /B /q)>

and the weight W with respect to the measure dy = wj dx and obtain

(wydx) [wsl ]AH»s/o!i )

1/q ~
s(1/B—1 avird ... 5
( / ,,(g'Wl( /B /q))tIWq.Wldx> <CWP Ly gy Wi, )

1/p1 Lts/Bs/ oy 1/pa
<([pwtran) " ([ e )
Rn n

where WB € As(widx), B >0, 7> 1 and

11 1 1 1 1
— e m = 40
P 2 4 9 B B 0
B B
= 41
7 1+B/d “h
1 11 1 1 1 1 1+B/c
—_——— e )<< —— 42
max<p2 q’ p2 ﬁ><pz<pz B+ B 2
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The conditions (40) and (42) are satisfied by the assumptions of theorem. By Lemma
10 we have y= 14/} > 1. We can write

R 1/q ~ ‘
(/n(g.w.sl(l/ﬁ 1/‘1))‘1W‘1~w-idx> gC([Wﬁ] w.;dx),[w‘}]Am/ai)

Al+ﬁ/5z§(
1/p1 . o 1/p2
x( /]R ff”lw’fldx> ( /]R (o +S/’i“s/”Z)"zvvm-wi‘dx) *)

where WP € A widx).

1/ B
For any (wy,v2) € A(0y,0;B), we have by Lemma 12
W1 €A115/als

and

[wli]APrS/ai = [wli]APr;/ai g [(W17v2)]2(a1’&2;5)' (43)

Let W= w) % .y,. By Lemma 14 we have
B N 5

w 6A1+ﬁ/&£(wldx).
Therefore we can substitute W into (). By Lemma 10 we have
1//3—1/4)17W21'Ws1 — (

s( g
Wl le2)q7

—1+5/B—5/p2)Parrrir s 5
wg +s/B s/1?2)1?2‘;[/172‘4)‘1 :ng_

By (43) and Lemma 14, we obtain

(/n gg(W1V2)qu> .

1/p1 I 1/p2
gc([(whvﬁf‘(alﬁz;ﬁ)p(/Rnflmwfldx> (/Rnfgzvgzm) -

5. Multilinear extrapolations
Finally we consider multilinear extrapolations.

DEFINITION 9. We say that m-tuple of weights (w1, wy,...,wy) € A(0q,00,...,
OCm;B) if

(Wi waseeswm)aen.on.....om:p)

1/B m , 1/of
;= sup (][ (wiws - Wi )P dx) 11 (f w, % dx) < oo,
0 o i=1 \JQ
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We obtain the following.
THEOREM 4. Let pi,q >0, o; =1 and B >0.If (f1, /2, fm,g) satisfies
weighted LP' x ---x LP" — L9 for A(0q,0p,...,0m;p3),

then (f17f2a~~~fm7g) Satisﬁes

weighted LP'x ---x LP" — L9 for A0, 00, .., 0m;B),

where p;,q >0, o; > 1, B>O and

We show an outline of the proof.

Important lemmas. Corresponding to three important Lemmas 12-14, we have the

following lemmas. Let

lzzi and —:i=—+—

Sio Gz G s B

where ¥ ;; means the summation over {1,2,...,m}\ {i}.
LEMMA 12, If (wi,wo,...,wp) €EA(Qy,00,...,0m;B), then

WfiGAl_Hi/&’{ i=1,2,...,m,

N
(Wiwz - Win1)* € ALg(1/af 41/t /et )

REMARK. In fact we need to consider (w;---wy,)* where 1/s=1/aj+1/f, and

so on.
LEMMA 13°. Assume that
wi' €A i=1,2,....m—1,
(wiwa - wm—1)" € ALt /0f 41/ 41/ct],_,)-
Then for any W such that WP € Arg o, (Wiwa - wy—1)° dx),

_ !
(W1 W2 e Wi 1, W (Wiws - w1 )~ %) € A0ty 02, ..., O3 B).
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LEMMA 14°. Assume that (wy,...,Wp_1,Vm) € A(,..., 0y_1,0m; ), and let
W= (w ~~~wm_1)“‘/5‘47 V.

Then

wh €A, 55 (Wi Wp1)’ dx).

Reduction to linear cases. Corresponding to Thorem 3 we prove the following.

THEOREM 5. Let pi,q >0, o; =1 and B > 0. If (f1, /2, fm,g) satisfies
weighted L' x---x LP" — L1 for A(oy,0n,...,0m;0),
then (fi,fa,...fm,g) satisfies
weighted LP' x -+ x LPn=t x [Pn — [9 for A(O{h...06,11,1,56,,,;5)7

where py,q >0, 04 > 1, B>0 and

1 1 1 1 1 1 1
max| ——— ———= | < —< ———+1.
p m aﬂ’l p m ﬁ p m p m aﬂ’l
REMARK. In fact we need to freeze several indices, for example, LPV x LP? x

<o x LPm — 4 and so on.

Proof of Theorem 4 by using Theorem 5. Different from the bilinear cases, it is
important what indices to be frozen.

We consider the case that B < g. By the definitions of indices, there exists 1 <
i <m suchthat 1/p;—1/g < 1/p;. Assume that

l/Pm—l/61< l/ﬁm

We define auxiliary indices ¢, and Em as follows.

1 . 1 1 1
Gm ) Pm DPm 6]7
1 1 1 1

Em o pm  Pm B
By Theorem 4 we have that (f1, f2,... fm,g) satsifies
weighted LP! X --- x LPm-1 x LPm — [4m  for A(a17...am,17&,n;ﬁm).

Similarly, there exists 1 < i< m— 1 such that 1/p;—1/g,, < 1/p;. Assume that

1/pm—l - 1/gm < l/ﬁm—l-
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1 1 1 1
= == — + =,
dm—1 Pm—-1  Pm—1 gm

1 1 1 1

4

Emfl o ﬁmfl Pm—1 B;H’

and we have that (f1, f2,...fm,g) satisfies

weighted LP!' x ... x [Pm=2 % LPm=1 5 [Pm — [dm-1  for A0ty 1, O Bu—1)-

Continuing this procedure we obtain the desired result.

The proof for the case 8 > ¢ is similar. [
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