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ESTIMATIONS OF COVERING FUNCTIONALS OF SIMPLICES

MAN YU, SHENGHUA GAO, CHAN HE AND SENLIN WU *

(Communicated by H. Martini)

Abstract. Let S, be an n-dimensional simplex and T',(S,) be the smallest positive number y
such that S, can be covered by p translates of yS,. We obtain an upper bound of the least
positive number 3 such that —S,, can be covered by two translates of 35, , which is tight when
n=3. In addition, we get the exact value of I',42(S,) and an upper bound of T',;3(S,). We
also provide the precise value of I'¢(S3), new lower and upper bounds of T';(S3), and an upper
bound of T's(S3).

1. Introduction

Let R" be the n-dimensional Euclidean space and ej,es,---,e, be the standard
orthogonal basis of R". For A CR", we denote by affA the affine hull of A. A compact
convex subset K of R” having interior points is called a convex body, whose relative
interior, relative boundary, interior, and boundary are denoted by relintK, relbdK,
intK, and bd K, respectively. The set of extreme points of K is denoted by extK. We
denote by .#™ the collection of convex bodies in R”. For each K € 2™, we denote by
¢(K) the least number of translates of intK needed to cover K. Concerning the least
upper bound of ¢(K) in ™", there is a long-standing conjecture:

CONJECTURE 1. (Hadwiger’s covering conjecture) For each K € ™", we have
¢(K) <2",
and the equality holds if and only if K is a parallelotope.

Although many in-depth studies have been carried out (see, e.g., [1,2,3,4,5,6,7,
8,9,11,12,13,14,16,17,18,19,21,23,25]), this conjecture is completely solved only in
the two-dimensional case. Note that, for each K € #", ¢(K) equals the least number
of smaller homothetic copies of K (i.e., sets having the form ¢+ yK with y € (0,1)
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and ¢ € R") needed to cover K (cf., e.g., Theorem 34.3 in [8]). Therefore, ¢(K) < p
for some p € Z7" if and only if

FAKy:mm{y>ou{qyﬂqm}ngLKgLJ@+ym}<L
i€[p]

where [p]:={i€Z"|1<i< p}. The map
T,(): A" —[0,1]
K —T,(K)

is called the covering functional with respect to p. For each p € Z", T'(-) is an affine
invariant. More precisely, I',(K) =T',(T(K)) holds for each non-degenerate affine
transformation 7 on R”".

The convex hull of n+1 affinely independent vectors in R” is called an n-simplex,
which is denoted by §,,. Any n-simplex is the image of the standard n-simplex

pi={(n ) eR | Fa<t wmd az0vieW} )
i€[n]

under a non-degenerate affine transformation. Therefore, I',(A,) = I',(S,) holds for
each pair of m,n € Z*. In [13], M. Lassak provided exact values of T,(S;) when
3 <m < 9. Chuanming Zong [27] mentioned that T'4(S3) = 3/4 and T's(S3) =9/13.
Fangyu Zhang et al. proved that I'¢(S3) < 27/40, I'7(S3) < 81/121,and I's(S3) <5/8
(cf. [26]). Exact values of I'¢(S3), I'7(S3), and I's(S3) were not known. In a recent
work [15], Xia Li et al. obtained some estimations of I',,(S,) for large n. Moreover,
they showed that, if P € Z™" is a convex polytope with m+ 1 vertices, then

Ip(P) <Tp(Sm), 2)

which shows the importance of estimating T,(S,). For this purpose, several lemmas
are proved in Section 2. In Section 3, we provide the precise value of I',12(A,). Mean-
while, we prove that —A, can be covered by two translates of (n — 1)A, when n >3
and that the coefficient is best possible if n = 3. Based on this result, we provide an
upper bound of T, 3(A,) and the exact value of T'¢(A3). In Section 4, new lower and
upper bounds of I'7(A3) and an upper bound of T'gs(A3) are presented. Covering func-
tionals of A4 are also estimated by using results in [22]. By (2), results mentioned above
yield also estimations of covering functionals of convex polytopes with few vertices.

2. Auxiliary Lemmas

For c € R"” and 7> 0, set A" = ¢+ yA,. For each x € R” and each i € [n], we
denote by p;(x) the i-th coordinate of x. Clearly, we have

LEMMA 1. Let x=(0y,...,04) and ¢ = (B1,-..,Bn) be two points in R". Then
x €AY if and only if

X (ei=P) <y and oj—P;>0,Vj€n]. )

i€(n]
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For a finite set S CR", let ¥(S) =min{y>0[3c € R"s.t. S C A,Cq’y}.

LEMMA 2. Let S CR" be a finite set. Then

7(S) =maX{ > (pilx) = B) IxéS},

i€[n]
where B; = min{p;(x) |x € S}, Vi € [n].

Proof. Let o = maX{Eie[n] (pi(x)—Bi) |x€S} and ¢ = (By,---,Bs). For any
x € S, we have

Y (pilx) =B) <o and  pj(x)—B; =0, V)€ [n].

i€(n]

Thus S C A;%, which implies that 7(S) < . Conversely, let ¢’ € R" be a point satis-

fying § C Af,/7Y(S). Then pi(c’) < pi(x) holds for each x € S and each i € [n]. Hence
pi(¢") < Bi, Vi € [n], which implies that

2 (pi(x) = Bi) < X (pilx) = pilc)) < ¥(S), Vx €S.

i€(n] i€[n]
Therefore, o < y(S). This completes the proof. [

For K€ .#" and p € Z™", aset C of p points satisfying

KCT,(K)K+C=|J(T,(K)K+c)

ceC

is called a p-optimal configuration of K .

LEMMA 3. For y€ (0,1) and ¢ € R", there exists ¢’ € (1 —y)A, such that

J
ASYNA, CAST.

Proof. We only need to consider the case when A, "NA, #0 and ¢ = (B1,---, )
Z (1 —y)A,. Let I = {i € [n] | Bi < 0}. We distinguish two cases.

Case 1. I=0. Then Y;c, Bi > 1 — 7. Put

/ (I_Y)ﬂi . ! ! !
= -———>—,Vie[n] and ¢ = s By)-
B S B, [n] (Bi>-+:By)
Jj€ln]
Then
0<B/ <Bi,Vic[n and ¢ €(1—7y)A,.
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For each point x = (ay,---,04) € AyTNA,, we have
=B >—Bi>0,Vien and Y (o;—B)= aj—(1-7)<7.
Jj€ln] J€ln]

Thus AS7NA, C ALY
Case 2. I #0. Set ¢ = (B{,---.B,), where B/ = f; if i € [n]\I and B/ =0

n

otherwise. Let x = (o, -+, ;) be an arbitrary point in AN A, . We have
o4, iel .
o — B = >0, Vie
ﬂl {ai_ﬁh ZG[I’Z]\I [ ]

and

D (=B < X (o=Bj) <.

Jj€ln] Jj€ln]
Thus Y e, Bj’ <Yjep @ < land x€ Aﬁl’yﬂAn. Hence

e, and ASTNA, CASTNA,.

If ¢’ € (1 —y)A,, then the proof is complete. Otherwise, by Case 1, there exists ¢’ €
(1 —79)A, such that

. J M
AYNA, CTATNA, CASY.
Le., ¢” is a point with the desired property. [

COROLLARY 4. For each positive integer p, there exists a p-optimal configura-
tion of A, containedin (1 —T,(A,))A,.

LEMMA 5. For y> 0 and ¢ € R", there exists ¢’ € [—1,0]" such that
ASY N (=A,) C AT,
Proof. Tt sufficies to consider the case when Ay N (—A,) #0 and ¢ = (By,---, B,)

Z[—1,0]". Let
I={ien]|Bi<—1}.

Then f; <0 foreach i € [n] and I #0. Set ¢/ = (B],---,B,;), where B/ =B if i € [n]\]
and B/ = —1 otherwise. Clearly, ¢ € [—1,0]". For each point x = (04, -, @,) in
AN (=A,), we have

+1, el .

o—pl =% >0, viel
ai_ﬁh ZG[I’Z]\I

and

Y (=B <Y (ai—Bi) <.

ic[n] i€[n]

Thus ¢’ is a point with the desired property. [
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LEMMA 6. Let y€ (0,1), ¢ € (1 —7)A,, and x € bdA, N ALY . We have

(@) cebd((1—-7)A,),
®)yc=o0ifx=o,
(©) c=(1—7y)e; if x=re; for some i € [n].

Proof. Assume that ¢ = (By,---,B,) and x = (0q,---,0).
(a) Otherwise, we have

Bi>0,Vie[n and » Bi<l-—v.
Jj€ln]

Since x € bdA,, either ¥ c(, o; = 1 or there exists i € [n] such that o; = 0. In the
former case, we have

D (o =Bj) >,
Jj€n]
a contradiction to (3); in the later case, we have o; — f§; < 0, yields also a contradiction.
) If x=o0,then 0< B; < 0;=0,Vi€[n]. Thus c=o.
(c) Without loss of generality, we may assume that x = e;. By (3) again, 3; =0
when i # 1. Therefore,

Y (aj—Bj)=o—Bi=1-B1 <.
Jj€ln]

which implies that §; > 1 —y. Since ¢ € (1 — y)A,, we have f; < 1 —7y. Hence
ﬁl =1- Y. O

For ye [0 set

’n+1}
P(n,y) = {(al,---7an)€R”|y< Z o<1 and 0<a;<1l—vy,Vjen ]}
i€[n]

Obviously, P(n,at) C P(n,y) if a > y. By (1), we have
A, = P(n,y)U UA"V 4)

where ¢o =0 and ¢; = (1 — y)e;, Vi € [n]. Indeed, it is clear that

n

P ) U ((J A7) C A

i=0

If x=(ay, - ,0,) €A\ P(n,7), then either 0 < Y, o; < v, which implies that x €
ic[n]
A2 | or there exists k € [n] such that oy € (1 —v,1], which shows that x € AT,
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LEMMA 7. For ye€ (0,1) and p € ", T i nt1(An) <y if and only if P(n,y) can
be covered by p translates of YA,.

Proof. Let co =0 and ¢; = (1 —7)e;, Vi € [n]. If Tpippi1(Ay) < 7, then there
exists a set C C R" with |C| = p+n+ 1 such that

An € C+ YA,

By Lemma 3, we may assume that C C (1 —¥)A,. Since o and {¢; | i € [n]} are con-
tained in bdA,, Lemma 6 shows that {c¢; | i € [n]U{0}} C C. For each i € [n]U{0},
we have intP(n,7) NA;"Y = 0. Thus

intP(n,y) C (C\{ci | i€ [n]U{0}}) + yAn.

Since YA, is closed,

P(n,y) € (C\{ci| i € [n]U{0}}) + vA,.

Conversely, let C' C R" be a p-element set satisfying P(n,y) C C' + yA,. By (4), we
have
A, C (CIU {Ci ‘ i€ [}’l} @] {0}}) + vA,,

which implies that ', 1(A,) <7y. O

LEMMA 8. Forn€ Z" and y € [*=2, Ll} we have

+
P(n,y) = (y=n+nn)A+(1-7) Y e

i€n]

Proof. The case when y= 5

[”n—l %) Let S = P(n,y) — (1 —7) Xicjy €i- Then

is clear. In the following, we assume that y €

={(B17---,ﬁn)6R”Iﬁj+(1—y)€[0 -y vjiehl, Y Bi+n(l—y)¢€ [%1}}

i€(n]

={(ﬁ1,~~~,ﬁn>eR”lﬁj6[y 0], Vj€n Eﬁl [y— n+n7,1—n+n7]}.
€ln]

Since y—1<y—n+ny<0and 1 —n+ny=>0, we have

S={(B17---7ﬁn)€R"lﬁj6[Y—n+n% JVieml, Y Biely- n+n%0]}

i€n]
:{(y—n+ny)(a1,---7an)eR”|aj [0,1], Vj € [n Za, }

= (y—n-+ny)A,
This completes the proof. [l
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LEMMA 9. Supposed that K is bounded and relbdK C Ujc|,, Ki, where K; is
convex, Vi € [m]. If there exists p € K such that p € (icp Ki, then K C Uicpu Ki-

Proof. Let x € K. We claim that there exist a number o € [0,1] and a point
y € relbdK such that x = ap+ (1 —o)y. When x € relbdK, take oo =0 and y = x.
The case when x = p is also clear. Now suppose that x € relintK \ {p}. Since K is
bounded, there exists y € ([p,x)\ [p,x]) NrelbdK. Then x € [p,y]. The claim is proved.

Since relbd K C ;e Ki, there exists j € [m] such that y € K;. By the convexity
of K;, we have

X € Kj - U K. O

ic[m]

3. Covering a simplex by its negative homothetic copies
Let K € Z". For each x € K, put
rg(x) =max{y>0|(l+y)x—yK CK}.

The number
rx = max {rg(x) | x € K}

is called the critical ratio of K (cf. [24]). A point x € intK satisfying rg(x) = rg is
called the critical point of K. It is shown that rx > 1/n holds for each K € #" and
the equality holds if K is an n-simplex (cf. [24] again). Thus n is the least positive
number y such that —S,, is contained in a translate of ¥S,. Indeed, we may assume,
without loss of generality, that o is a critical point of S,,. Then —S,, C nS,. Suppose
that there exist ¢ € R” and 8 € (0,n) such that —S, C ¢+ f3S,. Then

<1+%) (—ﬁ)—%sngsn and  —ce (1+B)Su,

which implies that rg, > 1/B > 1/n, a contradiction.

THEOREM 10. For n € Z*, we have T 12(A,) = #

Proof. In [20], it is proved that I, 2(A,) < ﬁ We only need to prove the
reverse inequality. Clearly, ”n;l < n2+"—z+l < 47~ By Lemma 8, we have
n? n n+1

_—_— ) = — A [+
n7n2—|—n+1) n?+n+1 n+n2—|—n+1i§’[n]el

P(

2

n
n2+nt+1" -

By Lemma 7, T',12(A,) >

Lemma 8 shows that it is important to study the problem of covering a simplex by
its negative homothetic copies. Januszewski et al. proved that K can be covered by two
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translates of (—4/3)K for each K € ¢, and if K is a 2-simplex, then —4/3 is the
best negative ratio (cf. [10]). Similar results are still missing for higher dimensions.

Let C be a finite set in R” satisfying A, C C — YA, and P be a permutation of
coordinates on R”. Then A, C P(C) — yA,. We shall use this simple observation in the
proof of the next result.

THEOREM 11. For an integer n > 3, —A, can be covered by two translates of
(n—1)A,. When n =13, the coefficient n— 1 is best possible.

Proof. Let

a=B-Der— Y e and cx=—e+(B-1) Y e,
i€n]\{1} i€n]\{1}

where 8 = —LQJ Obviously, —A, =1, UL U3, where
2

I = {(061,-“7(Xn)€—An lon e [B—1,0] and » &€ [—I»ﬁ_l]}7

i€(n]

12:{(a1,---,an)e—Anale[ﬂ—l,o} and Ea, —10}

i€(n]

L= {(al,---,a,,)e—A,,al €[-1,B-1] and Y o€ [—I,B—l]}.

i€n]

Since
n—ci={(0n, -+ 0) €R" |y € [0,1-B], o € [0,1], ) € [n]\ {1},
Y oen-1-Bn-1]}
C (n—1)An, N

we have I} Cc1+ (n—1)A,. Let x = (0,--+,0,) € LUL. When n is odd, we have
B=2/(n+1)<1/2. It follows that
n?—n+2

— <—(n— =— " <n—1.
lez[n]al n—1)B-n<—-(m—1)B+n 1 Sn 1 (5)

When n is even, we have n >4 and 8 =2/n < 1/2. Hence

2_2n+2
ZOC, [(n=1)B n}g—(n—l)ﬁ—l—ng%gn—l. (6)
n

€lnl

Moreover,

o =B —1,Vjen\{1}. @)
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Since, otherwise, we would have

ZOC'< ﬁ—L x €,
S 2B-1)<-1, xeh,

which yields a contradiction. By (5), (6), and (7), we have L U3 C ¢y + (n— 1)A,.
Consequently, —A, € Ujep (ci+ (n —1)Ay).

In the following, we consider the case when n = 3 and show that 2 is the least
positive number 7y such that —A3 can be covered by two translates of yAz. Otherwise,
there exist ¥ € (0,2) and a set C = {c|,c2} such that —As C C+ yAs. If there exists
¢ € C such that ¢+ yA; contains at least three vertices of —Aj, then, by Lemma 2,
Y = 2, acontradiction. Therefore, for any ¢ € C, ¢+ YAz contains precisely two vertices
of —Aj. By applying a permutation of coordinates if necessary, we may assume that

{—e1,—e2} Ccr1+yA; and {—e3,0} Ccp+ YAs. (8)

Applying Lemma 5, we may assume that p;(cy), pi(c2) € [-1,0], Vi € [3]. By Lemma
1, there exist real numbers o, 3, and 1 such that

Clz(_l7_17a) and C2:(ﬁvn7_1)'

Since —e; and o are covered by different translates of YAz, by (8), there exists u; €
[—1,0] such that

{(@1,0,0) € [—e1,0] | oy € [~1, 1]} Cc1 + YAs,
{(061,0,0) c [—61,0] ‘ o € [,ul,O}} - 02+YA3.

For any point x = (0, 00, 03) € [—e,0]N (¢ + YA3), we have

Y o= Y pilcl) Sm+2-a<y<2.
i€[3] i€[3]

For each point x = (0, 0, 03) € [—e1,0] N (c2 + YA3), we have

o= =pi(c)=PB and Y 05— Y pi(cr) <—PB-n+1<y<2.
i€[3] i€[3]

Therefore, we have
B<m<a )

and
B+n>-1 (10)

Similarly, there exists , € [—1,0] such that

{(0,00,—1—0p) € [~ez, —e3] | 0n € [~1,12]} C 1 +7As,
{(0,062,—1 —m) € [—62,—63} | o € [‘LLQ,O]} C cr 4 vA;.
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If x = (0o, 00,03) € [—e2,—e3] N (c1 + YA3), then
03 > —1— = p3(c1) = o
if x=(0u,00,03) € [—e2,—e3] N (c2+ YA3), then
0 =l > pa(ca) =M.

Thus
a+n<oa+u < —1. (11)

By (10) and (11), we have B > o, a contradiction to (9). [

From Lemma 8 and Theorem 11, it follows that

COROLLARY 12. For an integer n > 3, we have T',13(A,) < ”;—1, the equality
holds when n =3.

By Theorem 10, Corollary 12, and (2), we have

COROLLARY 13. For a convex polytope with m vertices P, in R", we have

2
m m—1
and T3 (Pm+1) < —.

Ty (Ppil) < ———
m+2( m+l) m2+m+1 m

4. New estimations for 3-simplies
When y € (1/2,2/3), P(3,7) is an octahedron with vertices:

vi=(1=70,1-7),v,=02y—-1,0,1—7),vs=(0,2y—1,1—7),
vi=(0,1-71=7),vs=2y—L1-y1-7),ve=(1-72y-11-7),

v7=(0,1=7%2y—1), vg= (27— 1,1 =7,0), vo = (1 — 7,2y 1,0),
vio=(1-7,02y— 1), vi1=(1-79,1—7,0),vip=(1—7y,1—7,2y—1);

four triangular facets:

A1 = COIIV({V3,V4,V7}), A2 = COHV({Vl,Vz,Vlo}),
Az =conv({vg,vy,vi1}), Ay = conv({vs,ve,vi2});

and four hexagonal facets:

Bl = COHV({Vl,V2,V3,V4,V5,V6}), B2 = COHV({V27V37V77V87V97V10}),

B3 = conv({vi,ve,v12,V11,V9,V10}), B4 = conv({v4,vs,vi2,Vi1,V8,V7}).

See Figure 1.
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% Vs Vil

Figure 1: P(3,y) when y€ (1/2,2/3)

THEOREM 14. T7(A3) < 11/17.

Proof. Let C = {cy,ca,¢3}, where ¢; = (3/17,3/17,0), c2

and c3 = (3/34,0,3/17). Set

11 .
Ki=ci+ ﬁA3’ Vie [3]

Since

26161’( 1;) (ﬂKJ’),

803

= (0,2/17,2/17),

by Lemma 9, it sufficies to show that relbd P(3,11/17) C U;c[3 K. By Lemma 1, we

have

€K3, v3= (O,

2 2 ek

17’17)E >
ek _ (8358 ek
1, V6 = 17°17° 17 1,

6 5 5 6 6 5
= (0,—~, 2 ) ek, vg= [ =, — Ki,vo= [ —, 2 K
V7 (0, 7 17) €Ky, vg (17, 17,0) €Ki, v (17, 17,0> €Ki,
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Hence, by the convexity of K;, Vi € [3], we have
AICK;, ACK;, A3CK;, and A4 CK.

By Lemma 1, Avy + (1 —)»)V3 ek if A € [0,3/10]; Avy + (1 —)»)V3 eK;if A e
[3/10,1]. Thus [v2,v3] € Uiz (1} Ki - Similarly,

va,vs] € U Ki, [v,vs] € | Ki, [vi1,v6] € K;, and
ic2] i€2] i€3\{2}
[vo,vi0] € | Ki-
i€(3]

Let by = (3/17,3/17,6/17), by = (3/17,4/17,4/17), b3 = (6/17,3/17,3/17), and
by = (3/17,6/17,3/17). Then

bieBiN([)K;) and relbdB; C | J K;, Vie[4].
JjeR] Jjel]

V2 V] X
B,
< z
Vi V6 V4 Vs
V10 Vi2 V7 V12
Vo Vi1 y Vg Vi1 X
B3 By

Figure 2: By, By, B3, and By of P(3,11/17). For any i € [4], the green, yellow and red parts
represent the intersection of B; and K|, K>, and K3, respectively.

By Lemma 9, B; C U;c3K;, Vi € [4], see Figure 2. Hence relbdP(3,11/17) C
Ui Ki- Applying Lemma 9 again, P (3,11/17) C ;3 K;. By Lemma 7, I'7(A3) <
11/17. O
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THEOREM 15. T7(A3) > 0.6.

Proof. Suppose the contrary that there exist a number y € (0,0.6) and a set C C
R? of 3 points satisfying P(3,0.6) C C+ yA;3. Let ¢ be an arbitrary point in C and

S = (c+7yA3)NextP(3,0.6).

Claim 1. For each i € [4] and each point v € extP(3,0.6) \ extA;, extA;U{v} Z S.

Otherwise, there exist ip € [4] and a point v € extP(3,0.6) \ extA;, such that
extA;, U{v} C S. Then there exists jo € [4]\ {io} such that v € extAj,. For the case
when iy € [3], we may assume, without loss of generality, that iy = 1. Then

min{p2(x) |x €S}, min{p3(x) |[x€ S} <02 and min{p;(x)|xeS}=0.

If jo # 4, then min { Pio(x)[xeS } 0. Therefore, by Lemma 2,

S pilva) =02, jo#4

S) > i€[3] —06
7s) > pi(v)—04,  jo=4 ’
i€[3]

a contradiction. Now suppose that ip = 4. We have
min{p;(x) |x€5}<0.2,Vie[3] and min{pj(x)|xeS}=0.

By Lemma 2 again,
S) P Z Pi(VS) —-04= 067
i€[3]
which yields also a contradiction. This completes the proof of Claim 1.

Claim 2. S cannot contain points from three distinct triangular facets of P(3,0.6).
Otherwise, there exist i, j € [3] with i # j such that S contains a point u € extA;,
apoint v € extA;, and a point w € extP(3,0.6) \ (extA;UextA;). Then

min{p;(x) | x € S} =min{p;(x) [x €S} =0 and p;i(w), pj(w) >0.
By Lemma 2, y(S) > pi(w) + p;j(w) = 0.6. This completes the proof of Claim 2.

Claim 3. S contains precisely four vertices of P(3,0.6) and there are two trian-
gular facets of P(3,0.6), each one of which contains two points in S.

By Claim 1 and Claim 2, S contains at most four vertices of P(3,0.6). Thus S
contains precisely four vertices of P(3,0.6). By Claim 2, S intersects at most two
triangular facets of P(3,0.6). By Claim 1, each of these two facets contains two points
in S. This completes the proof of Claim 3.

Claim 3 shows that, for each v € extP(3,0.6), there exists a unique ¢ € C such
that v € ¢+ yAs. Clearly, there exist a triangular facets F' of P(3,0.6) and two distinct
points ¢y, ¢z € C such that

(c1+yAs)NextF, (co+yAs)NextF #£0.
Then we have |(c; +YA3) NextF| = |(ca + YAs3) NextF | =2, which is impossible. [
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THEOREM 16. Tg(A3) < 8/13.

Proof. Let C ={cy,c2,c3,¢4}, where

5 9 1
1 = <26 0 0) ) = <07§7%>7
(17 17 3 (3103
ST \1047104°52) “T \52726'13 )

Set K; = ¢i+ (8/13)A3, Vi € [4]. Note that
— Z cep (3 N k)
‘ 13 o
jell

Therefore, we only need to show that relbd P (3,8/13) C ;¢4 K. By Lemma 1, we

have
35
EKI? V3 = <07E7E> EK27

55 3
”2_(13 3 13>EK3

AICKy, ACK;, A3;CK;, and A4CKjs.

By Lemma 1, AV2+(1 —A)V3 ek, if A e [071/4}; Avy + (l —A)V3 € Ky if
Ae [1/475/6}, AV2+ (l —A)Vj, e K, if Ae [5/6,1] Thus [Vz,\/j,] - Ui6[4]\{3}Ki'
Similarly,

Hence

bavs) € U K, D] S K

ic[4]\{1} i€2]
vivel € U Ky vl € UK
ic[4]\{2} i€[3]
Put
8 8 5 5 5 3
bl_ <@a@7ﬁ)7 b2_ (%7%aﬁ>a
5 9 3 5 5 3
b3_ <E75_27E)7 b4_ (%7E7E>
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Hence

bjeB;N([)K:) and relbdB; C ] K;, Vj € [4].
ic[4] ic[4]

V4 V5

V10 V7 V12

vs Vi1 X
By

Figure 3: By, By, B3, and By of P(3,8/13). For any i € [4], the green, yellow, red, and blue
parts represent the intersection of B; and K, K>, K3, and K4 respectively.

By Lemma9, B; C Ui€[4] K;, Vj € [4], see Figure 3. Therefore, relbd P (3,8/13) C
Uiep4 Ki- By Lemma 9 again, P (3,8/13) C Ujc(4 Ki . This completes the proof. [

In [22], Senlin Wu and Ke Xu proved that, if K € Z", then

Ts1(C) < Vmez’, (12)

2 Tu(K)

where p € R™ 1\ R" x {0} and C = conv((K x {0})U{p}). Therefore, we obtain that
I'g(A4) < 17/23 and Ty9(A4) < 13/18 by Theorem 14 and Theorem 16, respectively.

As we have mentioned in the introduction, Fangyu Zhang et al. proved that
T(Az) < 27/40, T7(A3) < 81/121, and T'g(A3) < 5/8 (cf. [26]); Senlin Wu and Ke
Xu [22] proved that T(C) < 15/22, T7(C) < 2/3, and Tg(C) < 11/17, where C is
a cone whose base is a triangle. Compared with these known estimations, we provide
better estimations about I',(A3) when p € {6,7,8}.
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