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EXACT CONSTANTS IN ESTIMATES OF APPROXIMATION OF
LIPSCHITZ CLASSES OF PERIODIC FUNCTIONS BY CESARO MEANS

OLGA ROVENSKA

(Communicated by I. Peri¢)

Abstract. We study the problem of computing the exact constant of approximation of classes of
continuous functions by linear methods. Specifically, we describe the best constants of estima-
tions for the rate of approximation of Lipschitz classes of periodic functions of several variables
by Cesaro means of second and third order.

1. Introduction

Let RY be the Euclidean space of vectors x = (x1,x2,...,xg), T¢ = [-m:m]?. Let
C(T9) be the space of continuous 27 -periodic on each variables functions f(x) with
the norm

IA1 = (17 llc = max |£(x)].
xeT!

Denote by H%(T¢) the set of functions f € C(T?), such that

d
F(@) = fEN <Y -4, &, ¥ €T,

i=1

where 0 < o < 1, i = 1,d are fixed constants. If o = o, i = 1,d then H&(T") =
H*(T9).

Let f € C(T¢), § € N?. The rectangular Cesaro means Géé) [f] for function f
are defined by relationship [25]

d
ogé)[f](f):n—d/f(ﬂz T1&% (1) an.
d i=1

(&) B k
Ky, +2< l+1) ..(1 —n,-+5,->COSkt'
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If § =1, i =1,d, then rectangular Cesaro means Géé) [f] are rectangular Fejer
means o;[f] of function f

where

4
sl =n [+ DIy

is rectangular partial sum of Fourier series of function f, and D, (#;) is Dirichlet kernel
of power Vv;.

Let Uy[f], n € N be a sequence of linear polynomial operators defined on the
set C(T) and w(f;u,) be a modulus of continuity of function f for a given sequence
U, > 0. In the one-dimensional case, the problems of computing the exact constant in
inequality

1f = Unlf1ll < A(f; i)

were considered by Wang Xing-hua [24], Stechkin [20], Schurer and Steutel [17, 18],
and others [2, 3, 7, 11]. Holland’s survey [10] should also be mentioned. Exact con-
stants in Jackson-type inequalities, as well as in their generalizations, are intensively
studied in nowadays [6, 8, 13, 19, 21, 23]. Here it is difficult to mention all the relevant
published research papers in this area. Recently, we have seen the appearance of several
important works [1, 4, 22].

In the multidimensional case, finding the exact constant is not trivial. On class of
continuous functions of two variables exact constant were obtained in [2] for Jackson
polynomials, in [9] for Rogozinski polynomials, in [14] for Cesaro means of second
order.

The main aim of the paper is to present exact constant of the estimation of the
approximation of classes H'(T¢) by rectangular Cesaro means of third order. Also, we
generalize the results of [14, 15] to the case of functions f € H'(T%).

2. Results
Main result is the following.
THEOREM 1. Let f € H'(T?). For any i € N? the inequalities hold

3n2 -8 & In(n;+ 1)

Hf—a,§i>[f}H< A2 = a1 (1)
7= H\nlnz r(znl—:_ll) 2)

The constants in (1), (2) are exact.
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The proof of Theorem 1 is based on the following lemma.

LEMMA 1. Let 7 € N¢. Then

sup
feH! (T9)

- d
f—G}ES)[f]H :n—lzf\ti\K,S?")(n)dzi. 3)
i=lT

Proof. First we find the upper estimate for the quantity

sup
feH!(T9)

F-o® [f]H . @)

Since f € H'(T?) and the quantity K,(l?i)(ti) satisfies the conditions (see [7], [25,

Ch. 111, §3])

K@) >0, n’I/K,(f")(ti)dt,-:L meN, i=T.d, 5)
T

then

(8

73 = a2 1(x)

d
< / F(F) — £F+ 0| TTE (@)
Td i=1

d d d
_ i — 5i
<r d/z ‘ti|HK}’(l?)(ti)dti =T 12/|15‘Kr(li )(Zi)dli.
i=1  i=1 i=1
Td T

Next, we find the lower estimate of (4). Consider the function f*(x), which is a
d
27 -periodic continuation in each variable on set R¢ of the function Y, |x;|. We have

i=1
f* e H'(T9), and

1

- 5 - dd

70~ X110 =m | 3Tk )
Td =1 i=1

Thus

sup
feH(TY)

_ d d
r-aipl| = [ S T&ED )
i=1 i=1
Td

The Lemma 1 is proved. [

Proof of Theorem 1. Taking into account the equality

sup |0 =01 [g]| = i [1[] (0), ©
peH!(T)
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and Lemma 1, we have

r-ofu| =% sup Jlo- o] @

sup
feH!(T4) i=1 oeH! (T
Denote
2®) ] Ll (8)
n = Su
q)eHlp(’]I‘) In(n+1)
In [15] it was shown that
2
(2) _ () _ 3" —8
j‘gg’“q =M= S

and obtained the exact inequality
—8In(n+1
3% 8 In(n+1) feHYT), neN.

)

)

H‘P o H S 32+l
By (7), (9), we have
_ 2 d
(2) H 3nc—8 & In(n;+ 1)
su — 0= < . 10
fem?m S=or WIS S ; ni+1 1o
On the other hand, directly from (3) as n; =1, i =1,d, we find
In2
sup el H _ d“— (11)
feH!(Td)
Combining (10), (11), we obtain the statement of the Theorem 1 in the part that

concerns the approximation by means of G}gz) [f]-
Next, we find the exact estimate of the quantity

qoes};llp H(P Gn [(p]H

For n € N, we have

= (b5, 527) ()
X (1 —%) c0sk(t—x)> dt

1
- 27t(n+1)(n+2)(n+3)]/f(t) ((n+1)(n+2)(n+3)

(n—k—+ l)(n—k+2)(n—k+3)cosk(t—x)) dt.
1

+2

M=

k
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Using the formulas
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2 2k+1

n % %

]Zl!tCOS(kt)dt ;ZE) 2k—|—1
we get

(3) _ 4 1 2 y L
M= et | et )(”+3>k7[2m](2k+1)2
—l2
[HTH]_l 1
+((n+D)(n+2)+ (n+2)(n+3)+(n+1)(n+3)) >, ——
& 2k+1
(2] [%‘]—1
—(3n+6) (2k+1) (12)
k=0 k=0
Applying the inequalities
T it T dx
/ 2x+1 < ZH 2k+1 z < / D)
ES k=["5"] gy
) ("5 ]-1
11 & 1 11
§n+2< 2

and [12, p.208]

—1n2m+1 2 <1+—1n(2m—1)

1
14+ =1 =2,3,...
P 2k—|—1 5 < —l—znn7 n=23,...,
we have

3) 4 n+1 32+ 12n+11
A <7‘cln(n—|—1) (2(n—1)+ n+2)(n+3) 1+
3(n— ) n? )
— . (13
20+3) dnrmay ) 1P
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‘We consider the function

4 x+1 3%+ 12x+11 1
v = wln(x+1) <Z(x—1) * (x+2)(x+3) <1+§lnx)
3(x—1) x? )

20 13) A +2)(x43)

forx>5.

Denote

4 x+1 13x% + 48x + 44 (3x* +12x+11)Inx
T \2(x—DIn(x+1) 4(x+2)(x+3)In(x+1) 2(x—|—2)(x—|—3)1n(x—|—1)

3(1—-x)
+ 2(x+3)In(x+1) ) ZY

Obviously, the functions 7, (x), 75(x) are monotone decreasing for x > 5. There-
fore

maxyr =71(5), maxy=mn(3). (14)
The functions y3(x), y1(x) are not monotone decreasing, but
3
P(x) < X Ya(x) <0, x=3. (15)

Combining (14), (15), we obtain y(x) < 3.42, x> 5. So, 4}* <3.42, n > 5.
From (12), we find 4 > 1 > 19 > 219 > 3.42.
This implies the relation

A3 20
en T T Tme

and exact inequality

—2In(n+1) !
Hf G" H\ mn2 n+1 ° feH(T), neN. (16)
By (7), (16), we have
d
(3) H nz+1
su — 0 < . 17
feHIET") =0 min2 ; ni+1 a7
From (3)as n;=1, i=1,d, we find
In2
sup H_ d“— (18)
feH(T4)

Combining (17), (18), we obtain inequality (2). The proof of Theorem 1 is now
complete. [
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3. Concluding Remarks

We considered the problem of exact constants in Jackson-type inequalities for ap-
proximation of continuous 27 -periodic functions of several variables by Cesaro means
G}?)[ f] of their Fourier series. We studied specific cases of this problem for the Lip-
shitz class H'(T¢). For the values 8 =2, 3, our results are new in the literature. The
solved problems open up a certain range of questions that seem interesting to us for
further research. The first question that arises is it possible that Lemma 1 holds for
general Lipschitz classes H%(T¢)? Or some of the results that follow? The answer to
this question is positive. The analogue of Lemma 1 holds for the class C(T). Also, we

know the asymptotic equality [5]

w Hf o) H 28 28Inin(n+1) 0( 1 ) 551
;iﬂ%&w(f 1“("+1> T win(n+1) In(n+1) -

and hence the exact inequality

Hf—G;f[ﬂH < <1+§)w<ﬂ@), VfeC(T), n>N(5).

In our case, establishing estimates of the type of formula (13) for the class H%(T)
requires the use of the tool of special functions. Further work on this issue will be
presented in the near future.

Next, in connection with the established results for x,Ez) s /1,53) , the question arises,
what about 7Ln(4), and 1,55) 7 Is there some conjecture on the general case? Or round-
about argument? Is ll(a) computable in general? Is there an counterexample that this
is not the sup JL,q(a) ? In the general case, we know the following relations

neN
2
6  m(6+1)-8
M= T nme O¢h
(9) S 51 (nr 1)1
A= —— +(—1 2k+1
mwin(n+1) [% 2k+1 ) ( kgg)
(21
5“21’[n+z+€ ) X k), a9)
Cj=1 £=0i= 0
and recursive formulas
xrsgﬂ)_ n+0o 8 , T n+1

Tarsr U T2 irer ) D)
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%) _n+l,@ W n+1
M= st O ) e )

From (19) follows the asymptotic formula

(3)_ 26 1 .
A= n+0<1n(n+1))’ e

which was first proved in [16]. The method proposed in the work is universal and

in combination with formula (19) allows to calculate sup QL,SE) for arbitrary concrete

neN

6 € N. In the general case, the calculation of sup)L,Sé) is practically impossible due to
neN
the great computational difficulties.

Finally, we comment that using the methodology of the work, it is possible to
obtain exact inequalities for the case of approximation of classes H'(T?) by Cesaro

means 0'};5)[ f] with different values of components & € {1,2,3}, i = I,d without any

additional conditions.

Acknowledgements. The author wish to emphasize the excellent and constructive
attention received from the referee.
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