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Abstract. In the paper, the author proves the logarithmically complete monotonicity of a func-
tion involving q -gamma functions and apply the logarithmically complete monotonicity to de-
rive some inequalities for q -multinomial coefficients and q -multivariate beta functions. These
conclusions generalize corresponding ones for gamma functions, multinomial coefficients, and
multivariate beta functions, respectively.

1. Introduction and preliminaries

Suppose that h : I → [0,∞) is an infinite differentiable function on an interval
I . If the inequality 0 � (−1)m−1h(m−1)(u) < ∞ is valid for m ∈ N , then we call h a
completely monotonic function; if the function h : I → (0,∞) is positive and the in-
equality (−1)m[lnh(u)](m) � 0 is valid for m ∈ N , then we call h a logarithmically
completely monotonic function; if the function h : (0,∞) → [0,∞) can be written in
the form h(u) = a

u + b+
∫ ∞
0

1
s+udμ(s) , where a,b are non-negative constants and μ

is a measure on (0,∞) such that
∫ ∞
0

1
1+s dμ(s) < ∞ , then we call h a Stieltjes trans-

form. For more details on definitions and properties of these kinds of functions, please
see [15, Chapter XIII], [40, Chapter 1], and [41, Chapter IV]. Among these three kinds
of functions, there are the following relations:

(i) a function h is completely monotonic on (0,∞) if and only if it is a Laplace trans-
form, i.e., there is a positive measure μ on [0,∞) such that h(u) =

∫ ∞
0 e−us dμ(s) ;

(ii) the set of all logarithmically completely monotonic functions is a strict subset of
all completely monotonic functions;

(iii) the set of all Stieltjes transforms is a strict subset of all logarithmically completely
monotonic functions on (0,∞) .
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For details on these relations, please refer to [4, 7, 28, 30, 40] and closely related refer-
ences therein. For information on new developments of these kinds of functions, please
refer to [6, 8, 26, 27, 31, 34, 38, 39, 40] and closely related references therein.

The classical Euler’s gamma function Γ(w) can be defined [25] by

Γ(w) =
∫ ∞

0
uw−1 e−u du, ℜ(w) > 0

or by

Γ(w) = lim
m→∞

m!mw

∏m
j=0(w+ j)

, w ∈ C\ {0,−1,−2, . . .}.

The logarithmic derivative of Γ(w) , denoted by ψ(w) = Γ′(w)
Γ(w) , and the derivatives

ψ( j)(w) for j ∈N are respectively called the digamma (or psi) function and polygamma
functions. See [1, Chapter 6] and [16, Chapter 5].

The q -analogue Γq(t) of the gamma function Γ(t) for q > 0 and t > 0, called the
q -gamma function, can be defined [3, pp. 493–496] and [5, Section 1.10] by

Γq(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(1−q)1−t
∞
∏
j=0

1−q j+1

1−q j+t , 0 < q < 1;

(q−1)1−tq(t
2)

∞
∏
j=0

1−q−( j+1)

1−q−( j+t) , q > 1;

Γ(t), q = 1.

(1)

They satisfy

lim
q→1+

Γq(t) = lim
q→1−

Γq(t) = Γ(t) and Γq(t) = q(t−1
2 )Γ1/q(t).

The q -analogue ψq(t) of the digamma function ψ(t) for q > 0 and t > 0, called the
q -digamma function, is defined by

ψq(t) =

⎧⎨
⎩

Γ′
q(t)

Γq(t)
, q �= 1;

ψ(t), q = 1.

The q -analogues ψ(k)
q (t) of the polygamma functions ψ(k)(t) for k ∈ N are called the

q -polygamma functions. From the definition (1), we obtain that,

(i) when 0 < q < 1 and t ∈ (0,∞) ,

ψq(t) = − ln(1−q)+ (lnq)
∞

∑
j=0

q j+t

1−q j+t = − ln(1−q)+ (lnq)
∞

∑
j=1

q jt

1−q j ,

(ii) when q > 1 and t ∈ (0,∞) ,

ψq(t) = − ln(q−1)+ (lnq)

(
t− 1

2
−

∞

∑
j=1

q− jt

1−q− j

)
.
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The formula (1.11) in the paper [10] and its corrected version [11] reads that

ψq(t) = − ln(1−q)−
∫ ∞

0

e−tu

1− e−u dγq(u) (2)

for 0 < q < 1 and t > 0, where

γq(u) =

⎧⎪⎨
⎪⎩
− lnq

∞

∑
j=1

δ (u+ j lnq), 0 < q < 1

u, q = 1

(3)

and δ (u) represents the Dirac delta function, that is, dγq(u) is a discrete measure with
positive masses | lnq| at the positive points k| lnq| for k ∈ N . Accordingly, we obtain∫ ∞

0
e−tu dγq(u) = −qt lnq

1−qt and
∫ ∞

0
ue−tu dγq(u) =

qt(lnq)2

(1−qt)2

for 0 < q < 1 and t > 0. Differentiating with respect to t on both sides of (2) yields

ψ( j)
q (t) = (−1) j+1

∫ ∞

0

u j e−tu

1− e−u dγq(u), 0 < q < 1, j ∈ N. (4)

In [9, p. 1245, Theorem 4.4, (4.15)], [19, Lemma 2.3 and Remark 2.1], [21, Theo-
rem 7.2, (7.5)], and [36, p. 152, Theorem 4.22, (4.20)], it was presented that, when
0 < q < 1, the identity

ψ( j−1)
q (t)−ψ( j−1)

q (t +1) = (lnq)
d j−1

dt j−1

(
qt

1−qt

)

is valid for t ∈ (0,∞) and k ∈ N . One can also find these knowledge in [12, 19, 21, 22,
24, 35] and closely related references.

2. Motivations

Let bbbbb = (b1,b2, . . . ,bm) with b j > 0 for 1 � j � m , let wwwww = (w1,w2, . . . ,wm) with
∑m

j=1 wj = 1 and wj ∈ (0,1) for 1 � j � m , let(
∑m

j=1 b j

b1,b2, . . . ,bm

)
=

Γ
(
1+ ∑m

j=1 b j
)

Γ(1+b1)Γ(1+b2) · · ·Γ(1+bm)

denote the multinomial coefficient, and let

B(b1,b2, . . . ,bm) =
Γ(b1)Γ(b2) · · ·Γ(bm)
Γ(b1 +b2 + · · ·+bm)

be the multivariate beta function. In [17, 37], the authors considered the function

Q(t) = Qbbbbb,wwwww;m(t) =
Γ
(
1+ t∑m

j=1 b j
)

∏m
j=1 Γ(1+b jt)

m

∏
j=1

w
bjt
j

=
(

t ∑m
j=1 b j

tb1,tb2, . . . ,tbm

) m

∏
j=1

w
bjt
j =

∑m
j=1 b j

∏m
j=1 b j

∏m
j=1 w

bjt
j

tm−1B(b1t,b2t, . . . ,bmt)
(5)



118 F. QI

for t ∈ (0,∞) and m � 2, and, among other things, proved the following theorem.

THEOREM 1. ([17, Theorem 2.1] and [37, Thereom 2.2]) The function Q(t) =
Qbbbbb,wwwww;m(t) defined in (5) is logarithmically completely monotonic in x ∈ (0,∞) .

For more information on the backgrounds, history, motivations, origins, and ap-
plications of the function Q(t) = Qbbbbb,wwwww;m(t) , please refer to [2, 13, 17, 37] and closely
related references therein.

In this paper, we will consider the q -analogue of the function Q(t) = Qbbbbb,wwwww;m(t) ,
investigate logarithmically complete monotonicity of Q(t) , and apply the logarithmi-
cally complete monotonicity of Q(t) to derive some inequalities for q -multinomial
coefficients and q -multivariate beta functions.

3. A logarithmically completely monotonic function involving
q -gamma functions

Let bbbbb = (b1,b2, . . . ,bm) with b j > 0 for 1 � j � m and let wwwww = (w1,w2, . . . ,wm)
with ∑m

j=1 wj = 1 and wj ∈ (0,1) for 1 � j � m . Define

Qq(t) = Qq;bbbbb,wwwww;m(t) =
Γq
(
1+ t ∑m

j=1 b j
)

∏m
j=1 Γq(1+b jt)

m

∏
j=1

w
bjt
j (6)

for q ∈ (0,1) , t ∈ (0,∞) , and m � 2. It is clear that

lim
q→1−

Qq(t) = lim
q→1−

Qq;bbbbb,wwwww;m(t) = Q(t) = Qbbbbb,wwwww;m(t).

THEOREM 2. The function Qq(t) = Qq;bbbbb,wwwww;m(t) defined in (6) is logarithmically
completely monotonic on the infinite interval (0,∞) .

Proof. From (3) for 0 < q < 1 and the well-known property δ (at) = δ (t)
|a| for

a �= 0, it follows that

γq

(
t
τ

)
= − lnq

∞

∑
j=1

δ
(

t + jτ lnq
τ

)
= −τ lnq

∞

∑
j=1

δ (t + jτ lnq)

for τ > 0. This implies that

dγq

(
t
τ

)
= τ dγq(t). (7)

Direct calculation gives

lnQq(t) = lnΓq

(
1+ t

m

∑
j=1

b j

)
−

m

∑
j=1

lnΓq(1+b jt)+ t
m

∑
j=1

b j lnwj,
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[lnQq(t)]′ =

(
m

∑
j=1

b j

)
ψq

(
1+ t

m

∑
j=1

b j

)
−

m

∑
j=1

b jψq(1+b jt)+
m

∑
j=1

b j lnwj,

and

[lnQq(t)]′′ =

(
m

∑
j=1

b j

)2

ψ ′
q

(
1+ t

m

∑
j=1

b j

)
−

m

∑
j=1

b2
jψ ′

q(1+b jt).

Making use of (4) for j = 1 and the equality (7), it follows that

ψ ′
q(τt +1) =

∫ ∞

0

u
1− e−u e−(τt+1)u dγq(u) =

∫ ∞

0

u
eu−1

e−τtu dγq(u)

=
∫ ∞

0
h

(
v
τ

)
e−vt dγq

(
v
τ

)
= τ

∫ ∞

0
h

(
v
τ

)
e−vt dγq(v),

where τ > 0 and h(u) = u
eu−1 . Hence, we have

[lnQq(t)]′′ =
∫ ∞

0

[(
m

∑
j=1

b j

)3

h

(
v

∑m
j=1 b j

)
−

m

∑
j=1

b3
jh

(
v
b j

)]
e−tv dγq(v). (8)

By calculus, we have

d
du

[
u3h

(
1
u

)]
=

d
du

(
u2

e1/u−1

)
=

e1/u(2u+1)−2u

(e1/u−1)2
,

d2

du2

[
u3h

(
1
u

)]
=

2u2− e1/u
(
4u2 +2u−1

)
+ e2/u

(
2u2 +2u+1

)
(e1/u−1)3u2

→ 0,

d3

du3

[
u3h

(
1
u

)]
=

e1/u
(
e2/u +4e1/u +1

)
(e1/u−1)4u4

> 0

as u → 0+ on (0,∞) . As a result, the function u3h
(

1
u

)
is strictly convex on (0,∞) .

Recall from [14, p. 650] that

(i) a function Φ : [0,∞) → R is said to be star-shaped if Φ(αs) � αΦ(s) for all
α ∈ [0,1] and s � 0;

(ii) a real function Φ defined on a set S ⊂ R
n is said to be super-additive if s,t ∈ S

implies s+ t ∈ S and Φ(s+ t) � Φ(s)+ Φ(t) ;

(iii) if Φ is a real function defined on [0,∞) , Φ(0) � 0, and Φ is convex, then Φ is
star-shaped, but convexity is not a property of all star-shaped functions;

(iv) if Φ : [0,∞) → R is star-shaped, then Φ is super-additive.

Consequently, since limu→0+
u2

e1/u−1
= 0, the function u3h

( 1
u

)
is star-shaped, and then

super-additive, on (0,∞) . As a result, it follows inductively that(
m

∑
j=1

b j

v

)3

h

(
1

∑m
j=1(b j/v)

)
�

m

∑
j=1

(
b j

v

)3

h

(
1

b j/v

)
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which can be rearranged as(
m

∑
j=1

b j

)3

h

(
v

∑m
j=1 b j

)
�

m

∑
j=1

b3
jh

(
v
b j

)
.

Combining this with (8) yields that the second derivative [lnQq(t)]′′ is completely
monotonic on the infinite interval (0,∞) .

Complete monotonicity of [lnQq(t)]′′ implies that the first derivative [lnQq(t)]′
is strictly increasing on (0,∞) . Hence, from (2), it follows that

[lnQq(t)]′ � lim
t→∞

[(
m

∑
j=1

b j

)
ψq

(
1+ t

m

∑
j=1

b j

)
−

m

∑
j=1

b jψq(1+b jt)

]
+

m

∑
j=1

b j lnwj

=

[(
m

∑
j=1

b j

)
lim
t→∞

ψq

(
1+ t

m

∑
j=1

b j

)
−

m

∑
j=1

b j lim
t→∞

ψq(1+b jt)

]
+

m

∑
j=1

b j lnwj

=

[
−
(

m

∑
j=1

b j

)
ln(1−q)+

m

∑
j=1

b j ln(1−q)

]
+

m

∑
j=1

b j lnwj

=
m

∑
j=1

b j lnwj < 0.

By definition, the function Qq(t) is logarithmically completely monotonic on (0,∞) .
The proof of Theorem 2 is complete. �

4. Inequalities for q -multinomial coefficients

Let bbbbb = (b1,b2, . . . ,bm) with b j > 0 for 1 � j � m . Then q -multinomial coeffi-
cients for q ∈ (0,1) is(

∑m
j=1 b j

b1,b2, . . . ,bm

)
q
=

Γq
(
1+ ∑m

j=1 b j
)

Γq(1+b1)Γq(1+b2) . . .Γq(1+bm)
. (9)

With the aid of logarithmically complete monotonicity of Qq(t) = Qq;bbbbb,wwwww;m(t) , we now
present some inequalities for q -multinomial coefficients.

THEOREM 3. Let q ∈ (0,1) , �,m � 2 , and bbbbb = (b1,b2, . . . ,bm) with b j > 0 for
1 � j � m. If y j > 0 for 1 � j � � and θ j ∈ (0,1) with ∑�

j=1 θ j = 1 , then

(
∑�

j=1 θ jy j ∑m
j=1 b j

b1 ∑�
j=1 θ jy j,b2 ∑�

j=1 θ jy j, . . . ,bm ∑�
j=1 θ jy j

)
q

�
�

∏
j=1

[(
y j ∑m

j=1 b j

y jb1,y jb2, . . . ,y jbm

)
q

]θ j

(10)

and the equality in (10) holds if and only if y1 = y2 = · · · = y� .
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Proof. The logarithmically complete monotonicity in Theorem 2 indicates that the
function Qq(t) is logarithmically convex on (0,∞) . Hence, one acquires

Qq

(
�

∑
j=1

θ jy j

)
�

�

∏
j=1

Q
θ j
q (y j).

Using the expression

Qq(t) =
(

t ∑m
j=1 b j

tb1,tb2, . . . ,tbm

)
q

m

∏
j=1

w
bjt
j

leads to

(
∑�

j=1 θ jy j ∑m
j=1 b j

b1 ∑�
j=1 θ jy j,b2 ∑�

j=1 θ jy j, . . . ,bm ∑�
j=1 θ jy j

)
q

m

∏
j=1

w
bj ∑�

j=1 θ jy j

j

�
�

∏
j=1

[(
y j ∑m

j=1 b j

y jb1,y jb2, . . . ,y jbm

)
q

m

∏
j=1

w
bjy j
j

]θ j

which can be rearranged as (10). The proof of Theorem 3 is complete. �

THEOREM 4. Let q ∈ (0,1) , �,m � 2 , and bbbbb = (b1,b2, . . . ,bm) with b j > 0 for
1 � j � m. If y j > 0 for 1 � j � � , then

�

∏
j=1

(
y j ∑m

j=1 b j

y jb1,y jb2, . . . ,y jbm

)
q

<

(
∑�

j=1 y j ∑m
j=1 b j

b1 ∑�
j=1 y j,b2 ∑�

j=1 y j, . . . ,bm ∑�
j=1 y j

)
q

. (11)

Proof. In [2, Lemma 3], it was proved that, if g : [0,∞) → (0,1] is differentiable

and g′(s)
g(s) is strictly increasing on (0,∞) , then the inequality g(s)g(t) < g(s+ t) is valid

for s, t ∈ (0,∞) . As a result, we can inductively deduce

�

∏
j=1

g(y j) < g

(
�

∑
j=1

y j

)
.

Applying this inequality to the logarithmic convexity of the function Qq(t) reveals

�

∏
j=1

[(
y j ∑m

j=1 b j

y jb1,y jb2, . . . ,y jbm

)
q

m

∏
j=1

w
bjy j
j

]

<

(
∑�

j=1 y j ∑m
j=1 b j

b1 ∑�
j=1 y j,b2 ∑�

j=1 y j, . . . ,bm ∑�
j=1 y j

)
q

m

∏
j=1

w
bj ∑�

j=1 y j

j

which can be rewritten as (11). The proof of Theorem 4 is complete. �
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THEOREM 5. Let q ∈ (0,1) , m � 2 , and bbbbb = (b1,b2, . . . ,bm) with b j > 0 for
1 � j � m. If 0 < a � c and t > 0 , then

(
(a+ t)∑m

j=1 b j

(a+ t)b1,(a+ t)b2, . . . ,(a+ t)bm

)
q

(
c∑m

j=1 b j

cb1,cb2, . . . ,cbm

)
q

�
(

a∑m
j=1 b j

ab1,ab2, . . . ,abm

)
q

(
(c+ t)∑m

j=1 b j

(c+ t)b1,(c+ t)b2, . . . ,(c+ t)bm

)
q

(12)

and the equality in (12) holds if and only if a = c.

Proof. For 0 < a < c , set

V (t) = lnQq(a+ t)+ lnQq(c)− lnQq(a)− lnQq(c+ t).

Because

V ′(t) =
Q′

q(a+ t)
Qq(a+ t)

− Q′
q(c+ t)

Qq(c+ t)

and the logarithmically complete monotonicity of Qq(t) hints that the function
Q′

q(t)
Qq(t)

is

strictly increasing on (0,∞) , we see that V ′(t) < 0 and V (t)<V (0)= 0. Consequently,
it follows that

lnQq(a+ t)+ lnQq(c) � lnQq(a)+ lnQq(c+ t)

which is equivalent to

ln

[(
(a+ t)∑m

j=1 b j

(a+ t)b1,(a+ t)b2, . . . ,(a+ t)bm

)
q

m

∏
j=1

w
bj(a+t)
j

]

+ ln

[(
c∑m

j=1 b j

cb1,cb2, . . . ,cbm

)
q

m

∏
j=1

w
bjc
j

]
� ln

[(
a∑m

j=1 b j

ab1,ab2, . . . ,abm

)
q

m

∏
j=1

w
bja
j

]

+ ln

[(
(c+ t)∑m

j=1 b j

(c+ t)b1,(c+ t)b2, . . . ,(c+ t)bm

)
q

m

∏
j=1

w
bj(c+t)
j

]
.

This can be simplified as (12). The proof of Theorem 5 is complete. �

5. Inequalities for q -multivariate beta functions

Let bbbbb = (b1,b2, . . . ,bm) with b j > 0 for 1 � j � m . Then q -multivariate beta
functions for q ∈ (0,1) is

Bq(b1,b2, . . . ,bm) =
Γq(b1)Γq(b2) · · ·Γq(bm)
Γq(b1 +b2 + · · ·+bm)

.
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In [3, p. 494 or p. 544], it was proved that Γq(t + 1) = 1−qt

1−q Γq(t) with Γq(1) = 1 for
q ∈ (0,1) . Applying this recurrence relation to (9) yields(

∑m
j=1 b j

b1,b2, . . . ,bm

)
q
=

(1−q)m−1
(
1−q∑m

j=1 b j
)

∏m
j=1(1−qbj)

1
Bq(b1,b2, . . . ,bm)

. (13)

Substituting (13) into those inequalities in Theorems 3 to 5, we can conclude several in-
equalities for q -multivariate beta functions Bq(b1,b2, . . . ,bm) . Equivalently speaking,
Theorems (3) to (5) can be respectively reformulated as follows.

Let q ∈ (0,1) , �,m � 2, and bbbbb = (b1,b2, . . . ,bm) with b j > 0 for 1 � j � m . If
y j > 0 for 1 � j � � and θ j ∈ (0,1) with ∑�

j=1 θ j = 1, then

∏m
j=1

(
1−qbj ∑�

j=1 θ jy j
)

1−q∑�
j=1 θ jy j ∑m

j=1 b j
Bq

(
b1

�

∑
j=1

θ jy j,b2

�

∑
j=1

θ jy j, . . . ,bm

�

∑
j=1

θ jy j

)

�
�

∏
j=1

[
∏m

j=1(1−qyjb j )

1−qyj ∑m
j=1 b j

Bq(b1y j,b2y j, . . . ,bmy j)

]θ j

(14)

and the equality in (14) holds if and only if y1 = y2 = · · · = y� .
The inequality (14) implies that the function

∏m
j=1(1−qbjt)

1−qt ∑m
j=1 b j

Bq(b1t,b2t, . . . ,bmt)

for m � 2 is logarithmically concave with respect to t ∈ (0,∞) . Generally, we claim
that the function

1−qt ∑m
j=1 b j

∏m
j=1(1−qbjt)

1
Bq(b1t,b2t, . . . ,bmt)

for m � 2 is logarithmically completely monotonic with respect to t ∈ (0,∞) .
Let q ∈ (0,1) , �,m � 2, and bbbbb = (b1,b2, . . . ,bm) with b j > 0 for 1 � j � m . If

y j > 0 for 1 � j � � , then

1

(1−q)(�−1)(m−1)

�

∏
j=1

[
∏m

j=1(1−qbjy j )

1−qyj ∑m
j=1 b j

Bq(b1y j,b2y j, . . . ,bmy j)

]

>
∏m

j=1

(
1−qbj ∑�

j=1 y j
)

1−q∑�
j=1 y j ∑m

j=1 b j
Bq

(
b1

�

∑
j=1

y j,b2

�

∑
j=1

y j, . . . ,bm

�

∑
j=1

y j

)
.

Let q ∈ (0,1) , m � 2, and bbbbb = (b1,b2, . . . ,bm) with b j > 0 for 1 � j � m . If
0 < a � c and t > 0, then

1−q(a+t)∑m
j=1 b j

1−q(c+t)∑m
j=1 b j

∏m
j=1(1−q(c+t)b j)

∏m
j=1(1−q(a+t)b j)

Bq((c+ t)b1,(c+ t)b2, . . . ,(c+ t)bm)
Bq((a+ t)b1,(a+ t)b2, . . . ,(a+ t)bm)

� 1−qc∑m
j=1 b j

1−qa∑m
j=1 b j

∏m
j=1(1−qab j)

∏m
j=1(1−qcb j)

Bq(cb1,cb2, . . . ,cbm)
Bq(ab1,ab2, . . . ,abm)

(15)
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and the equality in (15) holds if and only if a = c .

REMARK 1. This paper is a revised version of the electronic preprint [20] and
a companion of the papers [17, 18, 23, 29, 32, 33, 37] and closely related references
therein.

6. Conclusions

The main contributions in this paper are as follows.

(a) In Section 3, we prove the logarithmically complete monotonicity of a function
involving q -gamma functions.

(b) By applying the logarithmically complete monotonicity in Section 3, we derive
some inequalities for q -multinomial coefficients and q -multivariate beta functions
in Sections 4 and 5.

In summary, our new results generalize and extend corresponding ones for gamma
functions, multinomial coefficients, and multivariate beta functions, respectively.
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