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APPROXIMATION BY NORLUND MEANS WITH
RESPECT TO WALSH SYSTEM IN LEBESGUE SPACES

NIKA ARESHIDZE AND GEORGE TEPHNADZE*

(Communicated by L. E. Persson)

Abstract. In this paper we improve and complement a result by Mdricz and Siddiqi [12]. In
particular, we prove that their inequality of the Norlund means with respect to the Walsh system
holds also without their additional condition. Moreover, we prove some new approximation
results and inequalities in Lebesgue spaces for any 1 < p < eo.

1. Introduction

Concerning some definitions and notations used in this introduction we refer to
Section 2. Fejér’s theorem shows that (see e.g. [9] and [10]) if one replaces ordinary
summation by Fejér means o, defined by

1 n
an = ZSkf7
Ly

then, for any 1 < p < oo, there exists an absolute constant C,, depending only on p
such that the inequality

||O-"pr < CP ”pr

holds. Moreover, (see e.g. [16])let 1 < p < oo, 2V <n <2V f € LP(G) and n € N.
Then the following inequality holds:

N 28 ]
lonf = £ll, <32 3@ (1/2°.£). (1)
5s=0

It follows that if f € lip (o, p), i.e.
®, (1/2",f) =0(1/2"%), asn — oo,

where

op (1/2.f) = sup |Ifr+h) = f@)]],-

0<|h|<1/2k
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then
o(1/2Y), if a>1,

lonf—fll, =4 OWN/2Y), if a=1,
o(1/2N),  ifa<l.
Moreover, (see [16])if 1 < p < e, f € LP(G) and

|2 f = fll, = 0(1/2"), asn — e,

then f is a constant function.
Boundedness of maximal operators of Vilenkin-Fejer means and weak- (1, 1) type
inequality

we r>1<zlflh,  (FeL'6), 2>0)

can be found in Zygmund [21] for trigonometric series, in Schipp [17] for Walsh series
and in Pal, Simon [14] and Weisz [19, 20] for bounded Vilenkin series.

Convergence and summability of Norlund means were studied by several authors.
We mention Baramidze, Persson and G. Tephnadze [2] (see also [1], [3], [4] and [5]),
Fridli, Manchanda, Siddiqi [8], Persson, Tephnadze and Weisz [16] (see also [15]),
Blahota and Nagy [6] (see also [7] and [13]). Mdricz and Siddiqi [12] investigated the
approximation properties of some special Norlund means of Walsh-Fourier series of L
functions in norm. In particular, they proved thatif f € LP(G), 1 < p < oo, n =2/ +k,
1 <k<2/ (neNy) and (qi,k € N) is a sequence of non-negative numbers, such that

ny-1n= 1
y qu ), forsome 1<y<2, (2)
On i<
then
; 1 1
Htl’lf_f”[? Qn 22 qn— 2’wp <§’f> +C[7wp (2_jaf> ) (3)

when (gg,k € N) is non-decreasing, while

C, '

1 1
of =l < G 3 (@01 = 0y wev.r) o4 (5.4 ) +Coa (377 ).

when (g, k € N) is non-increasing.

In this paper we improve and complement a result by Méricz and Siddiqi [12]. In
particular, we prove that their estimate of the Norlund means with respect to the Walsh
system holds also without their additional condition. Moreover, we prove a similar
approximation result in Lebesgue spaces for any 1 < p < eo.

The paper is organized as follows: The main results are presented, proved and
discussed in Section 3. In particular, Theorems 1, 2 and 3 are parts of this new ap-
proach. In order not to disturb the presentations in Section 3, we use Section 2 for some
necessary preliminaries.
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2. Preliminaries

Let N, denote the set of the positive integers, N := N, U{0}. Denote by Z, :=
{0,1} the additive group of integers modulo 2. Define the group G as the complete
direct product of the group Z, with the product of the discrete topologies of Z,’s. The
direct product u of the measures u* ({j}) :=1/2 (j € Z,) is the Haar measure on G
with t (G) = 1. The elements of G are represented by the sequences

X = (x()axlr"axka'“) (.XkEZQ).
It is easy to give a base for the neighborhood of G, namely
Ih(x) =G, Ii(x):={yeG|yo=x0,-.,Yn-1=%-1} (x€G, neN).

Denote I,(0) by I, i.e I, := I,(0). It is well-known that every n € N can be uniquely
expressed as

n=Ynj2/, where nj€Zz (jeN)
k=0

and only a finite number of n;’s differ from zero.
First define the Rademacher functions as

ri(x) = (=1)%, (keN).

Now we define the Walsh system w := (w, :n € N) on G as
=[[r*¥(x) (neN).
k=0

The Walsh system is orthonormal and complete in L? (G) (see e.g. [18]).

If f€ L' (G), then we can define the Fourier coefficients, the partial sums of the
Fourier series, the Fejér means, the Dirichlet and Fejér kernels with respect to the Walsh
system in the usual manner:

Fk) : :/fwkdm (keN),

G

f( Kwi, (neNy, Sof :=0),

&

\

I
||M\

onf 1= %2 Scf (neNy),
k7

n—1
DH:ZZWka (n6N+)a
k=0

l n
=YD, (neNy).
M=t

K, :
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Recall that for Dirichlet and Fejér kernels D, and K, we have that (see e.g. [9])

2" if x €1,
Dy (x) = . “4)
0, if x¢I,,
Don_py (x) = Don (x) — won_1 (X) Dy (x), 0 <m < 2" 5)
|n|
n|Ka <3 2" |Ky], (6)
1=0
where |n| =: max{j € N,n; # 0} and
| Ka@due) =1 sup [ 1K, (0] dux) <2. ™
G neN
Moreover, if n > t, t,n € N, then
2 xeL\Ly1, x—e €1y,
Ko (x) = 25 xel, 8)
0, otherwise.
The n-th Norlund mean ¢, of the Fourier series of f is defined by
tnf = —Eqn WSif, where Q= 2 G- )

On

We always assume that {g; : k > 0} is a sequence of nonnegative numbers, where
go >0 and lim,_... O, = e=. Then the summability method (9) generated by {g;:k >0}
is regular if and only if (see [11])

dn—1

n

lim =0.

n—oo

The following representation play central roles in the sequel

1 n
tnf (x /f x—1t)du(r), where F,=: Q—Eqn,ka

k=1

is called the kernels of the Norlund means.

It is well-known (see e.g. [16]) that every Norlund summability method generated
by non-increasing sequence (qi,k € N) is regular, but Norlund means generated by
non-decreasing sequence (g, k € N) is not always regular. In this paper we investigate
regular Norlund means only.

If we invoke Abel transformation we get the following identities:

n—1
Oy = Eq, Eqn i 1= (gn-j—Gn—j-1) j+qon (10)
j=1
and

l nfl
thf = Q_ (Z (CIn—j—CInj1)jij+510”an> . an
n j=1
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3. Main results

Based on estimate (1) we can prove our first main results:

THEOREM 1. Let 2V <n < 2N*! and t,, be a regular Norlund mean generated by
non-decreasing sequence {qi : k € N}, in sign qi 1. Then, for any f € LP(G), where
1 < p < oo, the following inequality holds:

18! 1 1
of =1l < g 3. 20,20, (5.5 ) + 120 (.7

i=
Proof. Let 2V < n < 2N*1. Since 1, are regular Norlund means, generated by

sequences of non-decreasing numbers {qk : k € N} by combining (10) and (11), we
can conclude that

([t f (x) = F ) p
n—1

o (-21 (-5 = 0--1) 7163£(0) = S+ qon| o () ~ f<x>||p>
j=

=141,
Furthermore,
1 2N _q
1= 57 3 (@ au i) dlopf ) = £

n jil
1 "= 1

+— > (@nj—anj1) iloif(x) = fX)lp =1 +D.
01 4

Now we estimate each terms separately. By using (1) for I; we obtain that

3 N-12K 1 25
h<g X X (omi—an I)Jsz (1/2.1) (12)
n p— =2k
. 12’<+1 1 k s
22 " 2 q"*.f_q"—j—l)zzzkwp(l/zs f)
Jj=2k
6 N—1
anE (qn 2k — {4, _ok+1 22 Cl)p 1/2X )
6 N=1 N—1
ZZS(up 1/2%, )]; (qn_zk—qn_2k+l)
6 N—1 l

22% 20, (1/2°, ).
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It is evident that

3 n—1 Zs‘
L < Q_ z (Qn Jj qn—j— l)]z 2N 1/28 ) 13)
" j—oN

3_2N+1 n—1 N K

2
< o, jEN(Qn—j—Qnipl)ZzN p (1/2°, )

6q N
< — = 225 (1/2%f)
O 5

Qn 22 an-20p (1/2°, )

6N1

Qn 22 an-20p (1/2°, f) + 60, (1/2V,f) .

For II we have that

3gp2V ! & 2 . s .
o Z(')ZN(DP(I/Z Q Zan stp(l/z )+6a)p(1/2 ,f)

The proof is complete. []

11 <

Our next main result reads:

THEOREM 2. Let t, be Norlund mean generated by a non-increasing sequence
{qr : k€ N}, insign gy |. Then, for any f € LP(G), where 1 < p < oo, the inequality

n—1 ~s

2
e = Fllp < 3, 500 (1/2%1 +32

holds.

2n s_n 1/2S )+3wp(1/2n7f)

Proof. By using (5) we find that

1 21
tonf = Don % f — O S i (war_1Dy) = f). (14)
k=0

By using Abel transformation we get that

2"-2

1
tonf = Don* f — On Y (qj—aqj+1) j(war1Kj)* f) (15)
on =0
—LQ2H71(2" — 1) (wan_1Kpn_1 * f)
O
)
= Doy x f — 0 Y (aj—aqj+1) j(wr1K;j) * f)
on =0
1

———qw_12" (w1 Kpn % f) +

O ( wan_1Don  f)
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and

b f () — f(x) = /G (f(x-+1) = £())Dan(t)dr (16)

1 2"—2

o Zﬁ (‘lj—cle)J'/G(f(Hf) — f(x))wan_1 (1)K (2)dt

g2 [ (o) = S s (K (1

+qg2;1 G(f(X+l) — f(x))wan_1 (t)Don (t)dt

=14+0+11+1V.

By combining generalized Minkowski’s inequality and equality (4) we find that

||1||p</1 1f Get1) = F) | pDan (1)dt < @ (1/2°,f) -

and

V10 < [ 140 = Sl D ()t < @, (1/27.5).

Since
znq2”—1 < Q2"a ne N7 (17)

If we combine (8), (17) and generalized Minkowski’s inequality, then we get that
111, < [ 1 G40 = £ @)l Ko (1) A0
= [ G40 = F @)K () du(e)

+z/’nfmw F @I, Ko (1) dia (e

2"+ 1
< [t - £, =5 dnto)

+22/ If (1) = £ @], dae)

In(es

2"+1

n—1
du(t) + zr/ o, (1/2°, f)du(r)

s=0 In(es)

n—1 28 ]
O (1/2',1)+ X 5,0 (1/2.)

%OMAﬂA

N

12 '
<X e (1/2.0),
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From this estimate also it follows that
n
2 [ e+ = £, Ko () < X 20, (1/2f). (18)
s=0

Let 28 < j < 281 — 1. By applying (6) and (18) we find that

p
< 3;{)2S/C;f(x+t)—f(x)p1(2s (1)du(r)
k1
<3 X 2w, (1/2°,f). (20)
[=0s5=0

Hence, by applying (6) and (19) we find that

1 2"—1

il < g 3% (ar=apn)J [ L70s00) = SR )

1 n—12k+1_1

S, (= ayen)J [ 17Ge0) = £ 1K 1) e

~
Oy k=0 j—2k

12k+1

Y S (@ qw)ZZf (1/2'.f

Q2”k 0 j=ok

3 n—1

(Gok — qoics1) Z Z2Swp(l/2s7f)

O /5 =05=0

3 n—1ln—1
Z(qzk—qzk+1 22 o, (1/2°,f)
2" 1=0 k=l
n—1 ]
2122“wp(1/2“,f)
2" =0  s=0
n—1

anZz w, (1/2°,f) qul

3n1

0 (1/2°,f) ga:(n—s)

SC]z s
—w,(1/2
22,“ >, (1/2.1).

The proof is complete. []

Finally, we state and prove the third main result.
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THEOREM 3. Let 2V < n < 2N*! and t, be Norlund mean generated by non-
increasing sequence {qy : k € N} (in sign qy | ) satisfying the condition

1 1
@:0<;>,as A @)
Then, for any f € LP(G), where 1 < p < oo, we have the following inequality
N 9j )
linf = £llp <€ X 3w (1/2.).
j=

where C is a constant only depending on p.

Proof. Let 2V < n < 2V*1. Since t, is a regular N6rlund means, generated by a
sequence of non-increasing numbers {g; : k € N} by combining (10) and (11), we can
conclude that

[t f (x) = F ) p
n—1
. (Zl (9n—j1—anj) jll0;f () = F(x)]]p + gonl|onf (x) _f(x)”p)
no\ j=

=1+1I.
Furthermore,
1 2N
1= o, > (@n-jo1—qny) lloif (x) = F)l,
n jil
1 "= 1
> (gneje1— an—j) jlloj f(x) = F(X)l,
0r S
=1L+5h.

Analogously to (12) we get that

2 N—1
I Q z (qn 2kt — 2") ZZ Wp l/zs )
n k= s=0

N—-1

On Z 25(‘017 1/25 ) kzt (qn—2k+1 _qn—2k)

N—-1

2
Q 226017 1/2%, f) (qy—on — Gn-2v)
2qn 2N K
< ) 22% 1/25,f)
n s=0

<2
qo Zzwp 1/2°,f).
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Moreover, analogously to (13) we find that

2L 2¢
Q—g(qnu G- /)JZZN (1/2.f)
2

N s

2
- Qn (an Qn) 2 2N

2’1610
Qn 2N

@, (1/2°,f)

22‘(»,, (1/2%, 1)
2
< 200°$ 2, (12, ).
n s=0

For II we have that
2N+1 N X

2
2 i <28 S v

Hence, by using (21) we obtain the required inequality above so the proof is com-
plete. O

11 <

As a consequence we obtain the following similar result proved in Méricz and
Siddiqi [12]:

COROLLARY 1. Let {qy : k = 0} be a sequence of non-negative numbers such
that in the case q; | condition

i 1
%zO(Z),as n— oo, (22)

is satisfied, while in case qi | condition (21) is satisfied. If f € lip(o,p) for some
oa>0and 1 < p<oo, then

o(n—%), if O<ac<l,
ltnf = fllp =4 O 'logn), if a=1, (23)
o(n™h, if  a>1,

As a consequence we obtain the following similar result proved in Méricz and
Siddiqi [12]:

COROLLARY 2. a) Let t, be Norlund means generated by non-decreasing se-
quence {qi : k € N} satisfying regularity condition (22). Then for any f € LP(G),
where 1 < p < oo,

,}i_I:I.}oHt”f_f”p_)O’ as n— eo.

b) Let t, be Norlund mean generated by non-increasing sequence {q; : k € N}
satisfying condition (21). Then for any f € LP(G), where 1 < p < oo,

lim ||t,f — f|[, = 0, as n— eo.
n—oo
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