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A QUANTITATIVE POPOVICIU TYPE INEQUALITY

FEN WANG

(Communicated by S. Varosanec)

Abstract. In this paper, we prove a general quantitative multiple Popoviciu type inequality for
positive definite matrices. As corollaries, we obtained generalized multiple Hartfiel’s inequali-
ties.

1. Introduction

Positive definite (or positive semi-definite) matrices have similar properties with
positive (or nonnegative) numbers, especially about inequalities, please see [0, 7, 12,
15]. One of the fundamental inequalities is the following: for any two positive definite
matrices with the same order, we have (e.g. [7, p. 511])

det(A+ B) > det(A) 4 det(B). (1)

In 1970, E. V. Haynsworth [4] made the first improvement of (1) by using the
Schur complement method. Please see [13] for more about the Schur complement and
its application.

To be precise, E. V. Haynsworth [4] proved that:

THEOREM 1. [4, Theorem 3] Let A, B be positive definite n x n matrices. Then

n—1 n—1
dt dt
det(a+B) > 1+ 3, Gon © dec) + ( 1+ 3L G © det(B),

where Ay, By, k=1,2,--- ,n—1 denote the k-th leading principal submatrices of A,B
respectively.

Later on, D. J. Hartfiel [3] proved a quantitative and sharp version of Theorem 1
in 1973 as follows.
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THEOREM 2. [3] Let A,B be positive definite n x n matrices. Then
n—1 n—1
det (By) det (A
det(A+B) t(B
et(a+ <+Zdet(Ak) +Zdt ()

+ (2" —2n) \/det (AB),

where A, B,k =1,2,---,n—1 denote the k-th leading principal submatrices of A,B
respectively. And the equality holds if and only if A = B.

Along this line, M. Lin [9], Hou-Dong [8] and Hong-Qi [5] generalized above
results to three positive definite matrices.

THEOREM 3. [9, Theorem 1.1] Let A,B,C be positive definite n X n matrices.
Then

det(A+ B+C)+det(A) +det(B) + det(C)
>det(A+ B)+det(B+C)+det(A+C).

THEOREM 4. [8&, Theorem 1] Let A,B,C be positive definite n X n matrices.
Then

det Ak)
n—1
(1 N Z det (Ay) +det(Ck)> det(B)

n—1
det(A+B+C) > (1 + 2 det(Br) +det(c")> det(A)

det Bk)
") det(Ay) + det (By)
1 det(C
( +Z det(Cy) et(€)

(2"~ 2n) <\/det (AB) + \/det (BC) + \/det (AC)) .

where Ay, By, Cr,k =1,2,---.n— 1 denote the k-th leading principal submatrices of
A, B,C respectively.

THEOREM 5. [5, Theorem 3] Let A,B,C be positive definite n X n matrices.
Then

det(A+ B+C)+det(A) +det(B) + det(C)
> det(A + B) + det (B+C) + det(A +C) + (3" +3 — 3-2") [det(ABC)]

According to the conclusion for two or three positive definite matrices, it is nat-
ural to search for its multiple version. Recently, in a remarkable work of W. Berndt
and S. Sra [1], a Popoviciu type inequality for positive operators was obtained. When
restricted to determinants, they proved the following multiple version theorem.
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THEOREM 6. [l, Theorem 4.3] Let Ay,Az,---,An(m = 3) be positive definite
n x n matrices. Then

et <§A1> + (m — 2) ﬁ det (A,) > Z det (A,' —|—AJ') .
=

j=1 1<i<j<m

In this paper, we first extend the Popoviciu type inequality Theorem 6 to a quanti-
tative version, which is Theorem 7. And as corollaries, we will obtain some generalized
multiple Hartfiel’s inqualities, which are Corollary 1 and Corollary 2.

2. Lemmas

At first, we introduce some lemmas needed for the proof of our Main Theorem 7.

Let x = (x1,x2,"-+,x,) € R", then rearrange the components of x in decreasing

order and obtain a vector x} = <xf,x%7 . ,xﬁ) , where

125>

S —

X ..Zx

Given x,y € R", we say that x majorizes y, written x > y, if

k k 2 <
Sxl=Yyifor 1<k<n—1and Yxi=Yyh
i=1 i=1

i=1 i=1

LEMMA 1. [9, Lemma 2.2] The function

n
f) =TT +x) Hx,,
i=1
where x = (x1,X2,--+,X,) € R, is Schur convave, that is to say if x,y € R’ ,x =y, then

fx) < f().

For an n x n Hermitian matrix X, we denote the vertor of eigenvalues of X by
AX) = (M (X), A2(X), -+, An (X))

with 4 (X) > A(X) > --- > A,(X). We also need the following classical result of Fan
for n x n Hermitian matrices Aj,Ap, - Ay.

LEMMA 2. [15,p. 356] Let Ay,As,---,Ay be n X n Hermitian matrices, then

“)

HME

1M

A(A )>7L<

J
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LEMMA 3. Let A1,Az,---,An be n X n positive definite matrices, then

1(1en ()11 (Ea) =111+ B ) -TTE 00

i=1 i=1 i=1j=1

Proof. Tt is straight from Lemma | and Lemma 2. [

The following Lemma is diagonal case for Theorem 7.

LEMMA 4. Suppose xj;i >0 forany 1 < j<m—1,1<i<n, then

ﬁ<1+’:2;xﬁ> 1 zx,,+ bl Hx,, ST 450+ (m—2)

i=1 i=1 j= j=li= j=li=1

1
m—1

+[(m—1)"—(m—1)— 2" = 1) (m—2)( —1)] lnxll szl ﬁx(m_l)i

1
n n n mn
> [m" —m— "1 —1)(m— 1)m| lnxli JTx2i --Hx,m-]
i=1 i=1 i=1
Proof. Expand polynomial

n m—1 n
(1 So) - AE S - T om0,
i=1 j=1 i=1 j=1 j=li= j=li=

After cancelling all negative terms, we only have m" — (m—1)"+ (m—1) — (m—1)2"
terms left, which are all with coefficient 1. And there are m" ™! — (m —1)" ! +1 27!
terms of them contain x;;. Written

—2=141+--+1
~—————
m—2
and

1
m—1

[(m —1)'—(m—-1)— (2"_1 —1)(m—2)( ] lnxll szl f[lx(ml),-]

1 1
Iz m—1

n n n n n n
= [T T T Ty + qu-szi---wanf] :
i=1 i=1 i=1 i=1 i=1 i=1

(m—1)"—(m—1)—(2"1-1)(m—2)(m—1)

then we have
" = (m = 1)+ (m — 1) — (m— 1)2'] + (m — 2)

+[(m—1)"—(m—1)— (2" ' = 1)(m—2)(m—1)]
=m" —m— 2" = 1)(m—1)m
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terms which with coefficient 1, and the power of x;; in the product of them is

(m—1)"—(m—1)— 2" "= 1) (m—2)(m—1)] ——
_|_mn—1 _ (m_ 1)n—1+ 1 _Zn—l

=m" ' 12" = 1)(m—1)

_ % [ —m— (2"~ 1)(m — 1)m)].

Therefore, by the symmetry of x;; and the Arithmetic Mean-Geometric Mean Inequal-
ity, we obtain that

n m—1 n
{1+ Eo) TS wt S o T 00042
i=1 j=1 i=1 j= j=li= j=li=

1
m—1

+[(m—1)"—(m—1)— 2" = 1) (m—2)( —1)] lnxll szl ﬁx(m_l)i]

1

n n n m
> [ —m— (2" = 1) (m — 1)m] [qu-szf---wa—m] =
i=1 i=1 i=1
3. Main results

Now, we are in a position to extend the Popoviciu type inequality Theorem 6 to a
quantitative version.

THEOREM 7. Let Aj,Ay,---,Au(m = 3) be positive definite n x n matrices. Then

det (
J

> 2 det(A,-—i—Aj)—i—

I<i<j<m

M=
M=

A,>+(m 2) det(A;)

1 1

" —m— (2" = 1) (m — )m] [det(A1A - Ay)]m

~.
I

—

Proof. The proof of the theorem is by induction on m.
Step 1: For m = 3, the inequality reduces to

det(A; +Ay +Az) +det(Ay) +det(Ay) + det(As)

wl—

>det(A] +Ay) +det(Ay +Az) +det (A3 +A;) + (3" —3-2"+3) [det(A1A243)]3,

which is clearly true by Theorem 5.
Step 2: Suppose that the inequality holds for m — 1. Denote

1 1
Aj=An2AA T 1< j<m—1,
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=1 1<i<j<m

[det (iAj +(m—=2)Y det(Aj))— Y,

det (Ai—l—Aj)

-det(4,,")

:det< Aj+1, —|—(m—2)<2det(ﬁj)+det(ln)>
j=1

I<i<j<m—1

m—1
=det| Y A;j+1,

j=1

s (gew
(Ai+Aj) = X det(d;+1)
)-

det <leA ) + det (EA ,)

m—1
+(m—-2) (2 det (A;) +det(1,,)>
=1
- Y det(Ai+Aj)— Y det(d;+1,)
1<i< j<m—1 1<j<m—1
m—1 m—1
:det<ZAj+I> det(ZA )
j=1
m—1
+det<2fi,~>+(m—3)2det(ﬁj)— Y det(Ai+A))
-1 =1 1<i< j<m—1

m—1
+ Y det(4;) +
j=1

(54) 129

1<j<m—1

—(m—1)= (2" "= 1)(m—2)(

(m—2)det(l,) — Y. det(A;+1,)

e
] [det A1A2 Am—l)] m=1

+ EHAL-(A,-)Jr(m—z)— > H(1+/l (4,))

1<j<m—1i=1

e
] [det A1A2 Am—l)] m=1

+ Y [Ta@A)+m-2)- ¥ [T0+4(4)))

m)] [det(AA; -
)] [det(A;A -

3=

A )]
Am 1)] [det( )}_mTil’
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where the first inequality comes from Lemma 3 and the second inequality follows from
) on both sides, we obtain that

Lemma 4. Multiplied by det(A,,
m m
et| YA+ Z det(A;)— Y, det(A;+Aj)
j=1 j=1 1<i<j<m
1
)m)] [det(A1As -+ Ay)]7 . O

> [(mn —m— 2" 1) (m—1

As applications, we have the following generalized multiple Hartfiel’s inqualities
COROLLARY 1. Let Ay, Ay, -+, Ap(m = 3) be positive definite n x n matrices.
Then
Zdet jk
m #l
! det (A;)

det (;Aj> >> |1+ 2 det(A

i=1

+(2"=2n) Y y/det(A;)det(A

1<i<j<m
1

L0 == @ = )= 1m)] det( A4

where A ji denote the k-th leading principal submatrix of Aj, 1 <j<m,1<k<n

Proof. By Theorem 7 and Theorem 2, we have

et(iA,-) +(m—2)idet(Aj)
=1 '

j=1
S det(Ai+Aj)+ [(m"—m— (2" = 1)(m— 1)m)] [det(A 1Az Ap)]

1<i<j<m
[< n—1 det(Ajk)> det(A;) + (1 + Zl ;i:tt( ))> det(A;)

S|-

P

> 2 * ,{; det(Ay)

I<i<j<m

+ (2" —2n) y/det(A;) det(A))
@ = )] (A

( 'y det(4) det(A;) + (2" — 2n)
i

1
Am)} m

B

Y \/det(A;)det(A

1<i<j<m

— 1)m)] [det(A1Az- A, )}7

+[(m"—m—(2”_1— (m
n—1 Zdet(AJk)
P det(A)+(2"—2n) Y y/det(A;)det(A

1<i<j<m

S|—

—1)(m—1)m)] [det(A142---Ap)]
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Therefore,

, , . %det jk
det(ZAj) >y 1+2’
i= i=1

2 det ) det (A,)

+(2"=2n) Y. /det(A;)det(A

1<i<j<m

+[(m" —m— (2" = 1)(m — 1)m)] [det(A; A, -

S=

. Am)]
REMARK 1. When m = 3, Corollary 1 is an improvement of Theorem 4

COROLLARY 2. Let Ay, Ay, Ap(m >

det (2 AJ») > det(A;) + (m" —m) [det(A1As -
j=1 i=1

1
CAp)]
Proof. By Corollary 1, we have
Zdet(Ajk)
m m n— ,7&1 d (A)
det Ai | > 1+ et (A;
XA )2 2\ 1 2 T
+(2"=2n) Y, /det(A;)det(A
1<i<j<m
1
+[(m"—m— (2"*1—1)( —1) )] [det(A1A -+ Ay ™
n m n— det
=S+ 35 3 S0 daata)
i=1 i=1k=1 j#i
+(2"=2n) Y, /det(A;)det(A;)
1<i<j<m

+ [(m" —m— (2" -

S|—

1)(m—1)m)] [det(A1As -+ Ap)]

" w1 det W)
> Y det(A;) +m(m—1)(n—1) HH et(A;)

i=1 t=1k:1]7éz

2 o). M 1) m

" t(A;)det(

v 2| T sy

Jj<m

+[(m"—m— (2" -

1)(m—1)m)] [det(AA; -

S|—

. .Am)}

3) be positive definite n X n matrices
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S=

= idet (A)+m(m—1)(n—1)[det(A;Az---Ap)]
i=1

+ 2" —n)ym(m— 1) [det(A1Ay - Ay
(" —m (22— D)~ 1m)] [det(A147 - A

S=

S=

= idet (A,) + (m" - m) [det(A1A2 . Am)] s
i=1

where the last inequality follows from the Arithmetic Mean-Geometric Mean Inequal-

ity.

O

REMARK 2. In Theorem 7, Corollary 1 and Corollary 2, it is easy to check that

the equality holds if and only if

A=Ay = =Ay,

which show that our conclusions are sharp.

REMARK 3. By the standard continuity method, all conclusions hold for positive

semi-definite matrices.

REMARK 4. Recently, Haynsworth’s inequality and Hartfiel’s inequality were also

extended to sector matrices, please see [2, 10, 11, 16] and the references therein.
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