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ON A CONJECTURE RELATED TO THE
GEOMETRIC MEAN AND NORM INEQUALITIES

SHAIMA’A FREEWAN AND MOSTAFA HAYAJNEH *

(Communicated by J.-C. Bourin)

Abstract. A conjecture of Dinh, Ahsani, and Tam, was recently settled in [7]. In this note, we
give a refinement to that result, namely if A; and B; are positive definite matrices and Z = [Z;;]

1 m 1
is the block matrix such that Z;; = BI-2 (Z Ak> B; forall i,j=1,---,m, then
k=1

p

e L
m 7 m P m 2i »
<z < DA > Bi DA )
-1 i=1 i=1

for all unitarily invariant norms, for all p > 0 and r > 1 such that rp > 1. Our approach
provides us with an alternative proof without using the method of majorization that was used
in [7]. As a byproduct, we get a refinement to a result of Audenaert in 2015.

$ (s

1. Introduction

Throughout this paper, the set of all matrices with complex entries and a size of n
is referred to as M, (C). The set of all Hermitian matrices in M, (C) are represented by
the symbol H,. We use the notation A > 0 if A € H,, is a positive definite matrix, that
is, (x,Ax) >0 forall x € C"—{0}. The set of all positive definite matrices in M, (C) is
represented by the symbol P,. The symbol ||.|| indicates any unitarily invariant norm
on the space M[,(C). Let A, B € IP,. Then the matrix A#B is called the geometric mean
of A and B and is given by

1

2

1 =1 = 1
AfB=A" <A2 BA’ ) A*.

For all ¢ € [0,1], the matrix A#;B is called the ¢-geometric mean of A and B and is
given by
I N
At B=A" (A *BA’ ) A’
In his remarkable paper [5], Bourin asked the following question.
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QUESTION 1. If A,B € M,(C) are positive semidefinite matrices and p,g > 0, is
it true that

[||A7*9+BPH||| < |||(AP 4 B?) (A1 + BY)]||?

In [8], Hayajneh and Kittaneh gave an affirmative answer for the trace norm and the
Hilbert-Schmidt norm. In [2], Audenaert provided an affirmative answer to Question 1

by proving
m 1 1 2 m m
S COIREN
i=1 i=1 i=1

forall A;,B; € P,, i=1,...,m such that A;B; = B;A; and all unitarily invariant norms.
As a generalization of inequality (1), Dinh, Ahsani, and Tam established the fol-
lowing non-commutative inequality in [1, Theorem 3.1],

< (i&) (iﬂ‘) (i&') ) ()

forall A;,B; € P,, i=1,---,m, and for all unitarily invariant norms. Also, the authors
in the same paper [ 1, page 787] proposed the following conjecture.

Y (AiB)) (1)
i=1

m

2 (4B’

CONJECTURE 1. If A;,B; € P, forall i=1,---,m, then

J&) GG -

for all unitarily invariant norms.

i (A2jjB2

i=1

The authors in the same paper [1, Corollary 3.3] proved Conjecture 1 for the case
of the trace norm ||.||;. In [7], Freewan and Hayajneh gave a proof of Conjecture 1 in
its full generality. Actually, the authors found it more convenient to treat the following
more general conjecture.

CONJECTURE 2. If A;,B; € P, forall i=1,---,m, and 7 € [0, 1], then

m m (I—t)pr m 2tpr " (1—t)pr
YA B; YA ;
i=1 =1 =1

> (A7B})
i=1
for all 2r > 1 and for all p > 0 and for all unitarily invariant norms.

==

They proved this conjecture for the cases

1
t:2, p>0, r>1 suchthat pr>1. 4)
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Note that the case p =1, r =1 is included in (4) and is nothing but the case that
corresponds to Conjecture 1. Thus Conjecture 1 is completely settled in [7].

In this paper, we provide another proof to Conjecture 2 for the cases in (4) and for
all unitarily invariant norms without using the method of majorisation. In fact, we give

a refinement to the above result, namely if A; and B; are positive definite matrices and
1 m

Z = [Z;;] is the block matrix such that Z;; = B ZAk> B2 forall i,j=1,-
then

w T NP m \E\7
<|llz"|l < (ZAi> (th) (Z&') ;
i=1 i=1 i=1

for all unitarily invariant norms, for all p > 0 and » > 1 such that rp > 1. The main
ingredient of our proof is the remarkable matrix version of Cauchy-Schwarz inequality,
namely Lemma 4. Also, in this paper we propose the following conjecture, which is a
generalization of Conjecture 2.

ZI (Ai tB

CONJECTURE 3. Let A;,B; € P, forall i=1,---,m andlet ¢ € [0,1]. Then

1
(1=1)srp tsrp (1=1)srp 7
m 2 m ' m 2
Y A > Bi YA )
i=1 i=1 i=1

for all p > 0, for all » > 0 and s > 0 such that sr > 1 and for all unitarily invariant
norms.

i ASﬁtBS

2. Preliminaries and definitions

We begin with a few fundamental well-known facts that will be used to demon-
strate our main results.

LEMMA 1. If A,B € P, then there exists a unitary U € M,(C) such that
[
AtB= A*UB”.

Proof. See [4, page 108]. [

LEMMA 2. Let A,B € M,,(C) such that the product AB is normal. Then for every
unitarily invariant norms, we have |||AB||| <|||BA||.

Proof. See [3, page 253]. U
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LEMMA 3. If Z=[Z; ;] € M (C) is a block matrix such that Z; j € M,(C) is a

normal matrix for all i,j € {1,2,---,m} or Z is Hermitian, then
m
Wzl < ||| X 1Zil|||>
ij=1

for every unitarily invariant norms.

Proof. See [5, page 7]. O

The following lemma is the celebrated matrix version of the well known inequality,
namely, Cauchy-Schwarz inequality. This inequality is the main ingredient in the proof
of our main theorem.

LEMMA 4. Let X,Y € M,,(C). Then for all unitarily invariant norms
1 1
2 2
XY I < XX (YY)

Proof. See [3, page 266]. [

To prove our main result in Theorem 2, we need to use Lemma 5, Lemma 6, and
Lemma 7.

LEMMA 5. Let A; >0 forall i=1,---,m. Let f:[0,00) — [0,00) be a convex
Sunction with f(0) = 0. Then for all unitarily invariant norms, we have

)l

LEMMA 6. Let A,B € P, and r > 1. Then for all unitarily invariant norms

<[[l=]]-

Proof. See [6, Theorem 1.2]. [

r

JIZYIES B

Proof. See [7, Lemma 2.9]. [

LEMMA 7. Let A,B€ P, andlet r > 1 and p > 0. Then for all unitarily invariant

norms
[@asy :

<l

Proof. See [3, page 258] and [7, Lemma 2.13]. [
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3. Main results

We begin with the following theorem before proving our main theorem.

THEOREM 1. Let A;,B; € P, forall i =1,---,m and let Z = [Z;;] be the block
1

1/ m 1
matrix such that Z;; = Bl-2 ZAk> B; forall i,j=1,---,m. Then for all unitarily
k=1

<lzll = <2A> (ZB> <2A>

Proof. Using Lemma 1, we have A?ﬁB? = A;U;B; for some unitary U; € M, (C)
and forall i=1,---,m. Let X,Y € M,,;,(C) be given by

invariant norms

0 |—

moo,o,
2 AiiB;
i=1

1 1

1 1 1
B UFA? 0 B2 00| |Af A
X = and Y = AN 0 -0
1 1 1 . ool
0 BLUA> B, 0---0 0 --- 0
Then
LA T
Y (47287
i=1
m
=|||> (AUB)
i=1
3 3 1 1 1
Ap Ay | | A2 UBE 0 Bl 0---0
B 0 -0 , S
: ool 1 1 1
0 --- 0 0 A U.BY | |BLO---0

< |[IX*Y]|] (by Lemma 2)

1 1
XX [[YY*||I°  (by Lemma )

=

1 1
UiA U B} 0 B} 0 .
' [heallk

N

1 1
0 UAnUnB,, 0 B,
(by Lemma 2)
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2 2
AlﬁBl 0 1
w1112
= YY||
0 ALEB,
1
m 2 1
< (AfﬁBf) IIYY*[]|> . (by Lemma 3)
i=1
Hence
&[22 .
> (7)) ||| < lvre.
i=1
But
: B .. B
312 0---0 i 1 by
A O
YY = i lZlk R
1 Lot .
B, 00 00 0 -0
From (5) and (6), we get
mn 2. 2
> (4t8))||| <1zl
i=1

Now, using (6) and Lemma 2, we have

11211l

[ -
Blz 0---0 m % 1T m % Bl “'Bm

— S A 0 YAl o[ |00
0 o

1 o
By 0---0 - = 0 --- 0

n

1 1

&) (50 (5

This completes the proof. [

Now, let us prove our main theorem.

&)

(6)
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THEOREM 2. Let A;,B; € P, forall i=1,---.m and let p >0 and r > 1 such
1 m 1
that rp > 1. Let Z = [Z;j] be the block matrix such that Z;j = Bl-2 <2Ak> sz- forall
k=1

i,j=1,---,m. Then for every unitarily invariant norms
p

oo L
m 2 [ m P ?P P
<[lIZ'l < DA YBi| (XA
i=1 i=1 i=1

Proof. Using Theorem 1 and Lemma 6, we have

‘(fA?ﬁBf) <1zl = (iAl)z(iBi) (im)z ™
i=1 i=1 i=1 i=1

Now, note that
> AjtB]
i=1

Zofo2 o\
Y, (Ai1B;
5 ()|
(because f(x) = x" is convex and by Lemma 5)
< 1zl (by (7))

= <2Ai> (2 Bi) <2Ai> (by (7))
i=1 i=1 i=1

Aj Bi Y A
i=1 i1 i1

(by Lemma 7 and because pr > 1)

)y (47287 ‘

<

N
NgE

This completes the proof. [

THEOREM 3. Let A;,B; € P, forall i =1,--- ,m. Then for all unitarily invariant
1 m 1
> B | YA B} )
k=1

1<i,j<m
1 [ m 1
Proof. Let Z = [Z;] be the block matrix such that Z;; = Bf | Y Ay B; for all
k=1
i,j=1,---,m. We conclude that Z € H,, from (6). From Theorem 1 and Lemma 3,

we get
1 m 1
B! | Y A | B;

k=1

<

S AL4B;
i=1

< 12| <

>

1<ij<m

)

m
Y A;tB;
i=1

for all unitarily invariant norms. This completes the proof. [l
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