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Abstract. A conditional weighted composition operator T, : L (X) — LP (/) (1 < p <o), is
defined by T,(f) = E“J(u fo@), where ¢ : X — X is a measurable transformation, u is a
weight function on X and E“ is the conditional expectation operator with respect to .<7". In
this paper, we study the subspace-hypercyclicity of 7, with respect to LP(</). First, we show
that if ¢ is a periodic nonsingular transformation, then T, is not L?(<7)-hypercyclic. The
necessary conditions for the subspace-hypercyclicity of 7, are obtained when ¢ is non-singular
and finitely non-mixing. For the sufficient conditions, the normality of ¢ is required. The
subspace-weakly mixing and subspace-topologically mixing concepts are also studied for 7).
Finally, we give an example which is subspace-hypercyclic while is not hypercyclic.

1. Introduction and preliminaries

Suppose that T is a bounded linear operator on a topological vector space X .
If there is a vector x € X such that the orbit orb(T,x) := {T"x:n=0,1,2,...} is
dense in X, then T will be hypercyclic and x is called a hypercyclic vector. Here, T"
stands for the n-th iterate of 7 and T is the identity map /. Let M be a closed and
non-trivial subspace of X. An operator T is subspace-hypercyclic with respect to M
(M -hypercyclic), if there is a a vector x € X such that orb(T,x) "M is dense in M.
Also an operator T is subspace-transitive with respect to M , if for any non-empty open
set U,V C M, there exists an n € N such that 77"(U) NV contains an open non-empty
subset of M. An operator T is subspace-topologically mixing with respect to M, if
for any non-empty open set U,V C M, there exists an N € N such that T7"(U)NV
contains an open non-empty subset of M for each n > N. It is called subspace-weakly
mixing if T @ T is subspace-hypercyclic with respectto M & M.

The study of subspace-hypercyclic linear operators was initiated by B. F. Madore
and R. A. Martinez-Avendafio [25]. They found out that subspace-hypercyclicity like
as hypercyclicity, can occur only on infinite-dimensional spaces and even subspaces.
Also, they proved an interesting Kitai’s type subspace-hypercyclicity criterion on a
topological vector space as follows.

Assume that there exist D; and D;, dense subsets of M, and an increasing se-
quence of positive integers () such that
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o T"x— 0 forall xe Dy;

e foreach y € D;, there exists a sequence {x;} in M such that x; — 0 and 7" x; —
ys
e M is an invariant subspace for 7" for all k € N.

Then T is subspace-transitive and hence is subspace-hypercyclic [25, Theorem 3.6].
But the converse is not true, see [24, 29] for more details. Further, it is showed that the
compact or hyponormal operators are not subspace-hypercyclic.

For the dynamics of linear operators the survey articles [1], [8], [25], [28], [30],
[32] and the books [6], [17] are useful.

Let (X,%, 1) be a complete o -finite measure space and <7 is a o -finite subalge-
bra of X. For each 1 < p < co, the Banach space L¥(X,<7, 1 ) is denoted by L (<)
simply. All comparisons between two functions or two sets are to be interpreted as
holding up to a u-null set. The support of any X-measurable function f is defined by
o(f) ={x€ X : f(x) #0}. The characteristic function of any set A and the class of
all o7 -measurable and simple functions on X with finite supports will be denoted by
x4 and §(X), respectively.

A Z-measurable transformation ¢ : X — X is called non-singular whenever u o
¢~ ! is absolutely continuous with respect to u, which is symbolically shown by u o
¢~ ! < u. In this case, Radon-Nikodym property is denoted by h := M.

A X-measurable transformation ¢ : X — X is called periodic if ¢ =1 for some
m € N. It is called aperiodic, if it is not periodic. Also, if for each subset F' € 2 with
finite measure, there exists an N € N such that F N ¢"(F) = 0 for every n > N, then
¢ is called finitely non-mixing.

Set 2o =21 @ "(X) and suppose that & is Z.,-measurable. The assumption
po@~! < u implies that wo @ " < u forall n € N and then
duoe™  duog™ duog™!
du  duoe D du

= (hop " 1)... (ho @) Ilhow

h,:=

Note that always ho @ >0 and h, = h"* whenever ho @ = h. When it is restricted to a
o -subalgebra 7, is denoted by h;ff = W.
The change of variable formula

| re@'du= [ hfdu, acx reL),
o (A) A

will be used frequently.
When ¢(X) CX and po@ < u, then a measure u is called normal with respect
to ¢ and in this case K= dg—;‘p is defined. Now, consider that

. du 71_ dyo(p*lo _1_ 1
- \duog N du ¢ " hog
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and

duo " _
B = Mdu(p = (ko™ V) (h Hhﬁo‘/’ _Hho‘l’> L
i=1

hho@ >0, 1, =hho.

Let 1 < p < e. For any non-negative X-measurable functions f or for any f €
LP(X), Radon-Nikodym theorem, ensures the existence of a unique .2/ -measurable
function E(f) such that

/Eﬂ(f)du:/fdu, forall A e .
A A

A contractive projection E : LP(X) — LP (/) is called a conditional expectation op-
erator associated with the o -finite subalgebra <7 .
Here, we list some useful properties of the conditional expectation operator:

o EY(1)=1;

o If g is .« -measurable, then E¥ (fg) = E“ (f)g;
E ()P <E“(|f]7);

Foreach f >0, o(f) C 6(E¥(f));

e Monotonicity: If f and g are real-valued with f < g, then E“ f < E“g;
e Foreach f>0,E7(f)>0.
o Myt =hE? ®(h) oo =h,E? " (h)o ! [20].

A detailed information of the condition expectation operator may be found in [19, 23,
26, 27].

A weighted composition operator uCy : LP(X) — LP(Z) defined by f+ ufo@
is bounded if and only if J € L=(Z), where J := hE“ (|u|P) o ¢!, and in this case
JuCyl? = 1] (see [20, 21, 311).

Now, we are ready to define a conditional weighted composition operator T, by:

T, : LP(S) — LP ()

T.f == E¥ ouCy(f) = E” (uf 0 ).

For the fundamental properties of the conditional type operators, the reader is refereed
to [13, 14, 15, 16].

The hypercyclicity of the well-known operators such as weighted shifts, weighted
translations, conditional weighted translations and weighted composition operators in
different settings has been studied in [1, 3, 4, 5, 7, 8, 11, 30, 32]. Recently, the space-
ability of the set of hypercyclic vectors for shift-like operators has been studied in [12].

Separability and infinite-dimension are two essential objects for the underlying
space to admit a hypercyclic vector [6, 17]. To that end, it is important to know that
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LP(X,%, ) is separable if and only if (X,X, 1) is separable, i.e., there exists a count-
able o -subalgebra .# C X such that for each € >0 and A € X we have u(AAB) < ¢
for some B € .% . For more details consult [26].

In this paper, we will survey the dynamics of a conditional weighted composition
operator T, = E“ (uf o @) on LP(X) spaces. First, we prove that T}, cannot be LP(.e7)-
hypercyclic if ¢ is a periodic non-singular transformation. In addition, the necessary
conditions for the subspace-hypercyclicity of 7,, are then given provided that ¢ is non-
singular and finitely non-mixing. For the sufficient conditions, we also require that ¢
is normal. The subspace-weakly mixing and subspace-topologically mixing concepts
are also studied for 7. At the end, about what we argued, an examples is given.

2. Subspace-hypercyclicity of 7, on L”(X)

In this section, the L”(.«7)-hypercyclicity of a conditional weighted composition
operator 7, is studied. When ¢ is periodic transformation, it is seen that 7, is not
L? (/) -hypercyclic. But, when it is aperiodic, by Kitai’s subspace-hypercyclicity cri-
terion we obtain some necessary and then sufficient conditions for 7, to be subspace-
hypercyclic. We are thankful to the techniques used in [1 1, 30].

THEOREM 1. Let ¢ be a periodic non-singular transformation and ¢~'o/ C
/. Then a conditional weighted composition operator T, : LP(X) — LP (/) is not
subspace-hypercyclic with respect to LP (), for each 1 < p < eo.

Proof. Suppose that there exists an m € N such that ¢ =I. Since ¢ '/ C o7,
the orbit of 7, ateach f € LP(X) is written as follows:

OVb(Tu,f) :{fva7 Tmf}U{Tm+lf7Tum+2f7'"7Tu2mf}u"'
U{Tkm+lf, Tkm+2f, , k“rl f}U

= {fLE7 (uf 0 0),E” WE” (uf o 9)o @, HE” op'E” (ufop)og™ '}
m—1

U{HE"?{( o @'E“ (uf o HEW Yo @' EY (WEZ (ufo@)oq,---,

m—1 m—2

HE.!Z{ O(P HE.!Z{ O(plEQ){(ufo m l}

u{( HE”’ u)o @) E” (uf o HE”’ OV EY (WE” (ufo@)oq,--,

(T £ W) 002 T] B 0)0 0'E (uf o 9) 09" 1 }U
i=0

i=0
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Now we consider that ||TT/,' E (u) o ¢'|| < 1. Since ||T,|| < 117, 7| <
Tl < |J]* , and for each n € N we have

1T 1l < max{ |11l p, I E< (uf © @) | |IEZ W)E (uf o @) 0 @llp, -+,

VTTE ()0 0B (wfo @)o 0™ 1]}
i=0

1 2 m—1

Therefore, orb(Ty, f) is a bounded subset and cannot be dense in L” (7).

In the second case ||TI",' E< (1) 0 ¢'||- > 1, assume that T,, is subspace-hyper-
cyclic with respect to LI’(sz’ ). Then there exists a subset F € &/ with 0 < u(F) < oo
for each € > 0, such that |H;.”;Ol E“(u)o@'| > 1. Then there is a subspace-hypercyclic
vector f € LP(«/) and n € N such that

If =2xrllp <& and (L)' fll, <e.

We set S={re F:|f(t)] <1} and note that ys < xs|f —2| < xs|f —2xr|. Thus,
wu(S) < €. On the other hand,

mn—1

e > 1Nl = [ I TLE w0 oa'soe™ P an

m—1

= [T Gewisan > [ \pdu>utze-s)
Therefore, u(F) = u(S)+ u(F —S) < 2e?, which is a contradiction. [J

REMARK 1. If ¢ is a periodic non-singular transformation, ¢ ~'.o7 C &/ and
u = 1, then a conditional composition operator T, f = E<(f o @) is not subspace-
hypercyclic with respect to LP (/) either. Since its orbitat f € LP(X) i.e., orb(T,, f) =
{fLE? (fo@),EY (fo@)o@,EY (fop)o@®--- EY(fop)o@™ '} is a bounded sub-
set. Indeed,

m—1

2 m—1
1T fllp < (171 p max{1, HhH e, lrfl=" 3

COROLLARY 1. Suppose that o7 = ¢~'Z and @ is a periodic non-singular trans-
formation. Then

m—1
orb(Ty, f) = {f,E® () f o 0, E® Z(W)E? *(w)opfo?,---, []E? *(u)og'f}
=0

and hence T, is not subspace-hypercyclic with respect to LP(¢~'X), for each 1 < p <

oo,
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THEOREM 2. Let ¢ : X — X be a non-singular and finitely non-mixing transfor-
mation and ¢~'.o/ C /. Suppose that T, : LP(Z) — LP (/) is subspace-hypercyclic
with respect to LP (7). Then for each subset F € o/ with 0 < W(F) < e, there exists
a sequence of </ -measurable sets {Vi.} C F such that u(Vy) — u(F) as k — oo, and
there is a sequence of integers (ny) such that

np— 1 .
tim T £ @ 001l =0
and |
np—
. k(o o i —n,
lim [ ¢/ [E? HTT E? (w)o @) o @[y, ]|l =0.

i=0

Proof. Let F € </ be an arbitrary set with 0 < u(F) < oo and let € > 0 be an
arbitrary. A transformation ¢ is finitely non-mixing and hence, there is an N € N such
that F N @"(F) =0 for each n > N. Choose & such that 0 < g < lj—g Since the set
of all subspace-hypercyclic vectors for 7,, is dense in L”(.<7), there exist a subspace-
hypercyclic vector f € LP (/) and m € N with m > N such that

If =xrllp <& and [T —xrl, <ef-
Put P,y ={teF:|f(t)—1|>€} and Ry ={r € X —F :|f(t)| > & }. Then we have
> = el = [\ el
> [, 1= 1)+ | 1700 du)
€]

£f(H(P£1) +nu'(R81))

Then, max{u(Py, ), u(Re,)} < €. Set Sy, ={t € F : |T1, 1E‘?Y/( Yo@ifo@™(t)—
1| > €} and now consider the following relationships:
el > |1 — xrllp

m—2

_/‘HEM oq)‘E“‘{(ufO(p) m— I_XF|pd,u

> [ LB G0 0B ro )00 ) - 11dute)

i=0

WV

m—1
| TLE7 @ oe'roe™ )~ 11du)

i=0
> 8{7“ ( m,€| )

to deduce that [ (Sy.¢, ) < €. But for an arbitrary 7 € F , it is readily seen that ¢ (z) ¢
F because of FN@ ™ (F)=0. Hence, foreach 1 € F — (Sp¢, U@ ™(Rg,)), we have

< E.

ni_[lEQ.V ()| |fO(p ()|< €1

1—¢ 1—¢
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Now, let Upe, = @ "({t € F : /b (1) |[E® "I EZ (u) o
€1}). Here, we remind that [T E“ (u)o @'o @™ =TI | E“ (u
Use the change of variable formula to obtain that

2
P - xrlly

m—1
- /Xl [TEY w)oo'foe™— xrlPdu
=0

Q)o@ "(1)f(1)| >
)oo~ on o(hy).

m—1
> / EC T EZ (u)o @) foe™ —E? ") (xr)|Pdu
X i=0

m—1
> [T EY w0 g')fo " P
Un.e i=0

m—1
> [ BT EY o eh) oo " Vi du
" (Un,e;) i=0

> el u(@" (Une,)),

which implies in turn that (¢ (Uye,)) < €. That E? ") (yr) = 0 is concluded of
the fact that FN¢~"(F) = 0. Note that for each t € F — (¢ (Upn,¢; ) U P¢, ), we have

(@) [EOT") HE 0 oo (1) f(1)] < —— <e.

l—-&

Finally, put Ve, :=F — (Pe; UQ " (Rune; ) USme; UQ™ (Unye, ). Then, clearly pu(F —
Viney) < 4el’, [T EZ () 0 ') 'y, || < € and

14/ o [E? " HE ) o @)oo "y, [l < €.

By induction, for each k € N we get a measurable subset V; C F' and an increasing
subsequence () such that u(F — Vi) <4(3)7, [|(TTH, 1E”( Jo @)ty |le < € and

[ hf:[Ew*W(n?;alE%(u)o<pf>]ocp-"kmuw<e. O

THEOREM 3. Let T, : LP(X) — LP(</) be bounded with o(u) =X, and let ¢
be a normal and finitely non-mixing transformation provided that ¢~ '.o/ C o C .,
and sup,, ||h;§f{’jHoo < oo, If for each subset F € of with 0 < U(F) < o, there exists a
sequence of < -measurable sets {V;} C F such that u(Vy) — u(F) as k — o, and
there is a sequence of integers (ny) such that

nkl

lim [|( HE‘?{ N vl =0

k—sco0

and

Jim [ /T H u)o ¢'lo @ "y, [|l.. =0,



556 M. R. AZIMI AND Z. NAGHDI
then T, is subspace-hypercyclic with respect to LP (<7 ).

Proof. Since, S (X) is dense in LP(.<7), we may take D; = D, = S (X) in the
subspace-hypercyclicity’s criterion. For an arbitrary f € §7 (X), one can easily find
{Vk} Co(f) suchthat u(Vy) — u(o(f)) and finds an Ny such that o(f)Ne"(c(f)) =

0 for each n > N;. Now, for each n; > N; define the vector f; = T T f O‘(p )nk : -
u)o@ilop™"

Since ¢~/ C of C Z.., then f; € LP(/) and the simple computations show that

T.* fi = f. Now, we will show that ||T,”* f||, — 0 and || fi||, — O as k — . For an

arbitrary € > 0, there exist M,N; € N, sufficiently large such that Vy, C o(f) and

€
u(o(f) =) < M7

By Egoroff’s theorem, there exists an N> such that for each m >N, || ¢/hs/ [[T1%,, o E (u)

o@lop K|k < i fH 7 on Vy, . So, there exists a non-negative real number M such that

| hﬁ[]’[?ial E“ (u)o@']o @ ||2, <M < o on o(f). Now, by the change of variable
formula, for each n; > N = max{N;,N,} we have

nk—2 .
515 = f 1 T B0 0B (urog)o g~ P
nk l
_/ | W)o ' f o |Pdu
nkfl .
:/ | TTEZ (w)o g oo " f|Phydu
o(f) i=o
nkfl .
:/ | TT E¥ (w)o @ oo " f|Phy,du
o W i=0
nk—l .
+/ | [T EZ ()o@ oo " f|Phydu
W i=0

nk—l

</ hy [T EZ ()o@’ 0 0™ [I2]| f]12 (0 (f) — Viv)
i=0

&
+ | £IIZ < 2.
A%

By taking into account that sup, 15370 < oo, we have

o
TR A [T R —
k—so0 P e X Hl"ia EO‘/(M) o@io@ Mk

= lim | f |Ph, du

k=eJo() 1%, E< (u) 0 @
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f
<SUPHth|| (hm |W
W Ly E7 (u)o ¢

P
+1}E}olo/| "k IEM (u)o @ |d,u)

|Pdu

Finally, it is clear that T,/*LP(«/) C LP(/) for all k € N, because of ¢ o/ C o/ and
hence 7, satisfies in the subspace-hypercyclicity criterion and is subspace-hypercyclic.
O

PROPOSITION 1. Suppose that ¢ : X — X is a normal and finitely non-mixing
transformation with ¢~!(&7) C &/ C ... Let sup, ||A4]|- < o and (x) = X. Then
the following conditions are equivalent:

(i) T, satisfies the subspace-hypercyclic criterion.
(ii) T, is subspace-hypercyclic with respect to LP(<7).
(ili) T, @ T, is subspace-hypercyclic with respect to LP(o7) & LP ().

(iv) T, is subspace-weakly mixing.

Proof. (i) = (ii). Note that if an operator satisfies the subspace-hypercyclic cri-
terion, then it is subspace-transitive and hence is subspace-hypercyclic [25, Theorem
3.5]. For the implication (ii) = (iii), we show that T, ® T, is subspace-topologically
transitive, according [25, Theorem 3.3]. To begin, pick two pairs of non-empty open
sets (A1,B1) and (A2,B) in LP(&/) @ LP(</) arbitrarily. For j = 1,2, choose the
functions fj,g; € S (X) with f; €A; and g; € Bj. Let F = o(fi)Uc () Uc(g1)U
0(g2). Then w(F) < oo. Assume that {V;} C F, {(IT"*," E“ (u) o @)~} and
{¢/n E‘/’f""(”)(]'[;’gl E“(u) o @) o @} are as provided by Theorem 2. There
isan N; € N, such that for all n > Ny, FN@"(F) = 0. Moreover, for each € > 0 there
exists N, € N, such that for each k > N, and ny > Ny, || {/hs E‘/’f""(”)(]'[?ial E7 (u)o

@) o M|y I2 < Hf AT on Vi. Hence, for k > N,, we get that
1Tl = [ 1T P
np— 1
= 1T &7 e oo an

H E““{(u)oq)i} 0@ f|Phy du < €.
i=0

= [l
Vi

Now, define a map Dy(f) = % on the subspace $(X). Then for each f €

SY(X), T/*D(f) = f. Again, we may find an N3 € N such that for each k > N3 and
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—1 i\ — o
me> N ([T E () 0 @) Y12 < 55 on Vi, where M = sup, |, oo < oo

On the other hand, for each k > N3 note that

Il = [, I S jray
e 0% (Vo) [Ty EZ (u) 0 @i] o
8j Pyt
= v‘]’[’” lEgz() i\ hidu < €.

For each k € N, let f,u.k = fixv. + D¢ (g;xv,) . Then we have ff_k €Ll (o),

1= S5l5 < UF 12 s (F = Vi) + 1D (g w1

and
HTu"kfﬁk —gillh < lgillZ u(F = Vi) + | T (fixvi) 15

Hence, limy .. f}, = f;. lim_o. Ti* f1, = g; and Ty*(A;) N B; # 0 for some k € N.
Moreover, since ¢! (/) C & then T, *(LP(</)) C LP (/). So T, ® T, is subspace-
hypercyclic on LP (/) © LP ().

To prove the implication (iv) = (i), we use Bes-Peris’s approach stated in [6,
Theorem 4.2]. Assume that 7, & T, is subspace-hypercyclic on L?(</) & LP(</) with
subspace-hypercyclic vector f @ g. Note that for each n € N, the operator I G 7, has
dense range and commutes with 7, ® T, , therefore orb(I® T, f®g) = (IS T} )orb(T,®
T.,f ®g). Eventually f @ Tg is subspace-hypercyclic vector as well. We show that
the subspace-hypercyclic criterion is satisfied by Dy = D, = orb(T,, & Ty, f © g). Let
U be an arbitrary open neighborhood of 0 in L”(.«7). Hence, one can find a sequence
(gx) C U and an increasing sequence of integers (n;) such that T,/* f & T,/* g — 0D g
and g; — 0. Clearly, T,)*(L?(«/)) C LP (/). O

COROLLARY 2. Under the assumptions of Proposition 1, the following conditions
are equivalent:

(i) T, is subspace-topologically mixing on LP(</).

(ii) For each <f -measurable subset F C X with 0 < u(F) < oo, there exists a se-
quence of </ -measurable sets {V,} C F suchthat u(V,)) — u(F) as n— oo and

limy—es || (T £ ()0 9) ™y, leo=Timu—es || /1 (T1}Z5 E (w)0 @' 0 0™y, ||
=0.

Proof. By Theorem 3 and Proposition 1 the implication (ii) = (i) is established,
just use the full sequences instead of subsequences. For the implication (i) = (ii),
let € >0 and F € & with 0 < u(F) < e be arbitrary. Consider a non-empty and
open subset U = {f € LP(</) : ||f — xr||, < €}. Since T, is subspace-topologically
mixing and ¢ is finitely non-mixing, one may find N € N such that for all n > N,
THU)NU # 0 and FN@"(F) = 0. Hence, for each n > N, we can choose a function
fn€U suchthat 7' f, € U. Then || f, — xrl||, < € and || T, f, — xr||p < €. The rest of
the proof can be proceed like as Theorem 2. [
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EXAMPLE 1. Let X =R be the real line with Lebesgue measure p on the o-
algebra X of all Lebesgue measurable subsets of R. Let ./ be the o -subalgebra
generated by the symmetric intervals about the origin. For a positive real number ¢
define the transformation @ : R — R by ¢(x) =x+1, x€R. Clearly, ¢~ l.o7 C o7 C
.. and in this setting, E (f) = W, which is the even part of f € LP(X). Fix
r > 1 and define the weight function # on R by

2x+r, 1<x,
ux)=<{ —x*—3+2,-1<x<1I,
x3—|—%, x < —1.
Then, we have
r, 1 <x,
EY(u)(x) =4 % 42, -1 <x<1,
%, x< —1.
For an arbitrary F = [—a,a], take Vi = (—a+ +,a— ). In this case, one may eas-

ily find a sequence (ny) such that both quantities ||(H7i61E'W(u) 0 @)y ||~ and

1

[RYZA 175" E (u) 0 9] 0 9 ™|y, || tend zero as k — oo. Because, hy = hﬁn =1

and [H?iglE“‘f(u) o@'lop =TI* E¥(u)o @, since ¢ is onto (or O'(h‘;i) =
R). Therefore, by Theorem 3, 7, is subspace-hypercyclic with respect to LP(</)
while it is not hypercyclic on L”(X) [5, Theorem 2.3]. For this, just consider that

1/ g B (T35 00 @) 0 07"y [l = || T 0 @]y | oo = 0.
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