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AN INEQUALITY BETWEEN Ly;(A,1,X) CONSTANT
AND GENERALIZED JAMES CONSTANT

XIANGRUN YANG AND CHANGSEN YANG*

(Communicated by S. Varosanec)

Abstract. In this paper, a simple inequality
3max{A%, u?} +min{A%, u%}
(A +u) (A2 +12)

was given for the constant Ly;(A,u,X) and the generalized James constant J; ,, (X), which
can be regarded as a further generalization of Alonso’s inequality Cy;(X) < J(X).

Lyj(A,u,X) < Tpu(X)

1. Introduction

Let Sy (resp. Bx) be the unit sphere (resp. the unit closed ball) of a real Banach
space X . Throughout this paper, we always assume Banach space X is nontrivial, i.e.,
dimX > 2.

Recall that the von Neumann-Jordan constant Cy;(X) of a Banach space X was
introduced by Clarkson [3] as the smallest constant C for which,

2 2
I R i
¢S 2P+ 1)

holds for all x,y € X with ||x|%> 4 ||y||*> #0.
An equivalent form of this constant is

x+ )2 + [lx = yl]?
2(][x 1>+ Iy lI?)

Cus(X) = sup { Y EX, (6y) £ (0,0)}.

The smaller constant than Cyy(X) is the following constant

2 2
o) —sup (g
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and we know that a relationship between them is as follows [1]

Cvi(X) <2 [1 +Chy(X) — zc;vj(x)} .
Another geometric constant is James constant which is defined by

J(X) = sup{min{|lx+y[|,[[x =y} : x,y € Bx}.

An important relationship between the von Neumann-Jordan constant and the
James constant is Alonso’s inequality [11, 13]

Cs(X) < J(X). (1.1)

The properties of Cy;(X) and J(X) have been investigated in many papers, and
these classical constants has been generalized in many directions (for example, see
[4, 6, 10, 12, 14]).

It is well known that a necessary and sufficient condition for a Banach space to
be an inner product space is the parallelogram law. Instead of the parallelogram law,
Moslehian and Rassias [9] have recently proved a new equivalent characterization of
inner space which is called the Euler-Lagrange type identity. Motivated by the new
characterization of inner space by Moslehian and Rassias, the authors in [7] introduced
anew geometric constant Ly (A, u,X) for A, u > 0 as follows

2+ py||? + | ux — Ay>
(A2 4 w?) (x> + [1y11%)

LYJ(/LH»X):SUP{ 7x7yEX7(x»y)7é(070)} (12)

A similar constant

[ A%+ pay||* + [| px — A2
2(A%+u?)

L’Y,(/Lu,x)zsup{ 7x,yESX} (1.3)
was also introduced by Liu et al. in [8].

Now let us collect some properties of these constants (see [7, 8]). For a Banach
space X , then

i 21
() 1 <Lys(A,u,X) <2 and 1 <L}, (A, u,X) < 1+A2+A;2;

(ii) X is Hilbert space if and only if Ly;(A,,X) =1 or Ly, (A, 1u,X) = 1;
(iif)
202 2V2A|A — A —up.
Ly;(A,u,X) < ey S X))t —m 5 A1 vEe +,12+ 2’

20U

(iv) X is uniformly non-square if and only if L}, ;(A,u,X) <1+ pEE
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)

2min{A%, 42} Cly (X)
A%+ u?

< L;J()ﬂ‘uax)

247,

2V2A 14— u
)L2_|_‘u2 NJ( )

P EENT /12+u

To further estimate the upper bound of the constant Ly;(A,u,X), in this paper,
we will give a relationship among the constant Ly;(A,u,X) and generalized James
constant J ,(X), which is defined as

Ty, w(X) = sup { min{|l2:x-+ o], llsx = 2911} 5,3 € By }.

And we point out that this relationship inequality covers Alonso’s inequality (1.1).

2. Main results

LEMMA 2.1. Let A,u > 0 and X be a Banach space. If there exist two positive
numbers E and F such that

sup { [ Ax+ oy >+ [ljux—Ay|*: xyeSx} <E

and
sup {A[[Ax+ puyl| + u|lpx — Ayl 1 x,y € Sx} < F,

then

E—2F+ \/(E—ZF)2+4(F—/12—M2)2
2(A2+u?)

LYJ(AML“X) < 1+

Proof. Let x,y € Sy, then clearly
[ Ax+ peyl| < £l Ax+ wyl| 4+ (1 —1)A

and
[ux —1Ay|| <tljux—Ay|[+ (1 —1)u

for every ¢ € [0,1], which implies
1A+ paty||* + || x — 1Ay

< [t Ayl + (1= AP + el x = Ay + (1 = 1))
<EP+2(1—1)F+(1—1)* (A2 +u?).
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Thus,

1A+ pey|® + || wx — 1Ay

Lyj()k,,th)ZSUP{ x7y6SX,O<t<l}

(A2 +u?) (1+12)
Ef?+2t(1—t)F+ (1 —1)*(A2 + u?)
< { o<i<i)
B (E—=2F)*+2(F —A*—u?)t
_l—l—sup{ EETSIERE) |0<r<1

E—2F+ \/(E—ZF)2+4(F—)L2—M2)2

<1 )
+ 2(A2 1 i)

where the last inequality is obtained by

(E—zF—\/(E—zF)2+4(F—)L2—u2)2)z2

+4(F =22 —p?)r— (E—2F+\/(E—ZF)2+4(F—)L2—M2)2)
<0

forany 7 € [0,1].
In fact, when E —2F — \/(E —2F)2+44(F — A2 — u?)* =0, itis obviously valid.

When E—2F—\/(E—2F)2+4(F—/12—,u2)2#O,wehave

(E—zF—\/(E—zF)2+4(F—)L2—u2)2)z2

+4(F =22 —p?)t— (E—ZF—l-\/(E—ZF)2+4(F—)L2—,LL2)2)

- <E—2F—\/(E—ZF)2+4(F—)L2—u2)2>

2(F — A% —u?)
E—ZF—\/(E—ZF)2+4(F—/12—M2)2

X | t+

<0

foranyreal r. O

LEMMA 2.2. If0< u <1 and x,y € Sx, and Fy, = ||x+ uy|| + u|jux—y
we have

, then

+u?

CJieX)

Fy < (1+p)? w(l+p)+u(1+p%),
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where Ji ;(X) = sup {min{||x+ uyl|, || ux—y||} | x,y € Bx }.

Proof. a) If max{|lx+ uyl[, [ ux =y} < J1u(X), then

Foy <(L+ p)J1u(X) < (L+p)? 4 p (1 +p?) (1—11:(;))

which follows from
u(1+p)

o (2.2)

JiuX)>u >
b) If € := [[ux —y|| > J1 u(X), then for every sufficient small positive number o,
we have € > J; ,(X)+ 0.
Letting

€ € [lx+ py|l”

JiuX)+0o JiuX)+o
(X)) + y—l—u(l— LX)+ ) X+ uy ’
€ € [+ py

JiuX)+0o JiuX)+0o
o TuX)+ x+(1_ LX)+ ) Xty

we have ||| < 1,]y'[| <1 and
|ux' =y'|| =T+ 0> Jiu(X),

which implies
[+ [ < J1u (),

thatis,
JiuX)+o Jiu(X O L X
%X‘F”)}"—(l_%) (l “2) <J1#( )

Hence, we can get

el < e (1= 7= ) (1+42) 23)

by 0 — 0F.
Therefore, by € > J; ;(X), we obtain

Foy<(1+u)e+ (1 —ﬁ) (14 u?)

<(1+u)e+<1—ﬁ>u(l+u2).
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o) If & := [|x+ uyl| > Ji u(X).
Similar to (b), it can concluded that

syl < et (1= 55 ) (1), (24)

which implies
€ 2
<(I4+pe+(1- 1+ .
y<(I+u) ( Jl#(?f)) ,u( u )

Therefore, from b) and ¢), we have

Ey<mu{0+uﬁ+<l—ii%3)u0+uﬂ:seM#@%1+M}
= (1—1—“—%) (14 u)+u (L4 p?)
by (2.2). O
LEMMA 2.3. Let 0 < u <A. If J (X) = sup{min{H?Lx—FuyH, | px— Ayl }:
x7yEBX}, then
A%+ u?
V24

Proof. In [5], the author proved that there exist u,v € SX such that [ju+v| =
||u—v|| = V2. Now by taking x = Pg“u—f——v} and y = [Tu—k’H“ } , we
can get

J)L,u(x) 2

L[A+u  A—p] 1 [A—u )L+u
e R A
A+u A—u u—~r A+u
1Ax+uyll = H (— +7)“‘< 7 "t )‘
- (A2 +u?) (u+v) >)Lz+,u
a 22 Vo
and
A+u  A—u u—~A A4u
|ux—Ay| = H (— +—2)L )—/1(—2)L u+ o v)‘
(P +A2) (=) || A2+ u?
22 ~V2a

/12+;12
Therefore, J;W(X) > VTR O



ON Ly;(A,u,X) CONSTANT AND GENERALIZED JAMES CONSTANT 577

LEMMA 2.4. Let Eyy = ||x+ uy|*> + ||ux —y||? for x,y € Sx, if 0 < u < 1, then

P < (L HW [(1 _111:&2)> (1+u)+1+uz}2

forany x,y € Sx.
2
Proof. Assume H(g) = &>+ [(1 - ﬁ:—’&i) e+ 1+ ,uz] , then we can prove that

Ecy <max {H(e) [J;u(X) <e<1+pu}.

In fact, if max{|lx+ py||, |ux—y||} <Jiu(X), then Evy <27y u(X)* =H (J1u(X)) .
On the other hand, if & =: ||ux—y|| or & =: ||x+ puy|| > J1 x(X), then € <1+ u and

by 2.3) or (2.4), we have Eyy < e+ (e+ (1 - 725 ) (14 42) )2 = H(e).

Because H(¢) is convex, we have
Exy <max{H (J1 u(X)),H(1+u)}.
Finally, by applying Lemma?2.3, we obtain

H(1+ ) = H (J1 (X))
= (1+u—J1u(X))
L+ u—Jpu(X) 0 +“2)2 C2(l+p)(1 +u?)

x [2(1+pu+J1 X))+ Jip(X)? Jiu(X)

(1+p—J1u(X))
Jiu(X)

x -2(1+M)J17#(X)+J(11;;)) (1422)” 1271 0 (X)2— (1462) > —2(1+u) (1+u2)}

1+.“—Jl.,u(x)
Jiu(X)

B 2
x z\/2(1+u)2(1+u2)2+2- (1%‘2) — (1412 —2(1+ ) (1+ 1)

L = J) (X
= L a0 (1442) <2000 (1449)]

=

=0,
which complete the proof. [
LEMMA 2.5. If O < u < 1, then

34 p° (X). 2.5)

Lyl uX)< ——H%
LIS T e
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Proof. If u =1, then (2.5)is just (1.1). Now we can suppose that 0 < u < 1. Let
2 2
E=(1+up?+ {1+u+(1+u2) (1—J1{:(‘;())} and F = (14 u)? - 3450 (1 +
w)+ u(1+u?), we have
1+u \? 2 1+u
E-2F=(1- 1+ u?) +2(1+p) (1+u? (1— )
( Jl,u(X)) () +2(4 ) (L4 J1u(X)
2(1+u?)

+m#(1+ﬂ)—zﬂ(1+ﬂz)

B (1 - J:&L)) (1) {(1 ) (1 - Jf:(;) +2}

F (141 =u [(1+u2) (1—11:(;)>+2].

By Lemma 2.1, Lemma 2.2 and Lemma 2.4, we can get

and

E—2F+ \/(E—2F)2+4(F—1—u2)2

LYJ(la.u7X) < 1+

2(1+pu?)
2
_ _l+u _14u 4u?
_1+1 JI‘H(X)+\/<1 Jl.u(X)> BRCETE (2.6)
B 2
1 1+u?
y 3+“2_( +u) (1+u°)
Jiu(X)
So, in order to get (2.5) we just need prove
(L+p) (1+4?)
X))z —————= 2.7
17#( ) 3"‘“2 ( )
and
1+ T+u > 4p2 21 (X
_ TR (1— “>+ E < 1’“()2~ (2.8)
Jiu(X) J1u(X) (14+u2)?*  (I+u)(1+p?)
In fact, (2.7) is clear by v2(1+ 1) < 2v2 < 3+ and Jy u(X) > 24 >
2
% . Moreover, (2.8) is equivalent to

Tip(X)? = (14 1) (14 %) Ty u(X) + (14 p)* > 0.
Because
A= (L (14 12)" =41+ )2 = (14 [ (1+02)° - 4] <0,

and hence we can see (2.8) is valid. [
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THEOREM 2.1. If A,u >0, then

3max{AZ, u?} +min{A? u?}

LYJ(A'nqu)g (l-ﬁ-u)(lz—FHz) JA,M(X)'

and

2
__Atu _ A+u 4022
! meﬁ\/ (1 me) + G
2max{A?, u*} (2.9)

A2 2 2 2_@4‘“)(’12"‘“2)
><<2ma A u b+ A7+ 7 a(X)

LY‘](A“LL,X) <1+

Proof. Let u' = n‘i‘;’)‘:ﬁ{iz}}, then 0 < u’ < 1. By Lemma 2.5 and note that
LY‘](A,‘LL,X) = LYJ(‘U,A,X) = LYJ(I,‘LL/,X), we have

3+ 2
LYJ(A7H7X):LYJ(17H/7X)< a )Jl,#/(X)7

that is

3max{A2, 1} + min{A?, u?}
Gz )

Similarly, (2.9) can be obtained from (2.6). [

LYJ(AML“X) <

As an application of Theorem 2.1, we have
THEOREM 2.2. If A, >0, then X is uniformly non-square if and only if J ,(X)
<A+u.
. . / _ ZA«M
Proof. If X is not uniformly non-square, then Ly (A, 1, X) =1+ T then
(2.9) implies
2 AU
A%+ u?
2
At A+ 4022
I=7am T \/ (1 Tin (X>> t ATy

2max{A%,u%}

1+

<1+

(A+p) (A +p?)
X <2max{/12,,u2}—|—7tz+uz— 70X )

2 2,2
<1+1—M+\/<1 A“‘)) 1 A

J/L,u(X) - J)L.,,u(X A2+ u?)?
A+u ' A+u ' 24U
<I41- = +
S pu(X) SouX) | A2+ p?
g 2R

A2+ u?
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Hence, J; , (X)=A +u.

On the other hand, if J; ,(X) = A + u, then there exist x,.y, € By such that
|Axn+ tynll — A +u and ||ux, — Ayy|| — A + u. We can easily get ||x,]], |[ya]] — 1
and [|A 2+ pptp || — A+ poand [[upts = At || — A + . Therefore, Ly, (A, 4, X)

_ 2Au
=1+ 22+ 2

by (1.3) and this implies that X is not uniformly non-square. [
REMARK 2.1. By the proof of Theorem 2.2 and (2.9), we also have

2Au
1< Ly, u,X) <1+ 222

v (A, 1, X) +/12+“2
which is an improvement of the inequality 1 < Ly s (A, u,X) < 2.

In addition, similar to the inequality between Cyy(X) and Cy,;(X), there are also
the following inequality between Ly;(A,u,X) and Lj, (A, u,X).

COROLLARY 2.1. For any Banach space X and A,u >0, we have

Ly (. X) <2 (14 Ly (A, 1,X) = 2}, (3 1. X)).

Proof. By the definition of Ly, (4, u,X), we can get
sup {[| A+ uyll* + [[x — Ay|7 2,y € Sx } <2(A% 4 1)L (A, 1, X)
and
sup {4 || Ax 4yl + pl|px —Ayl| s x,y € Sx } < (A% + ) /2L (A, 1, X).
Now applying Lemma2.1, we have

Ly;(A,u,X)
<1+L;/‘]()L,‘U,X)— ZL;/J(AMLHX)

+ \/[L;/J(AHH’X) - ZL;/J(A’A’L?X)P +[\/ ZL;/J(l,‘LL,X) - 1]2

:1+L§/‘]()L,‘U,X)— ZL;/J(AMLHX)

+ \/[L;,()L,y,x) —\/2L% (A, X))+ 2L (A, 1, X) — 24 /205 (A, 1, X))+ 1
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