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ON (n,p)-TH VON NEUMANN-JORDAN
CONSTANTS FOR BANACH SPACES

HAIYING L1*, XIANGRUN YANG AND CHANGSEN YANG

(Communicated by S. Varosanec)

Abstract. In this paper, we introduce and discuss the upper, lower, upper modified and lower
modified (n,p)-th von Neumann-Jordan constant for p > 1, which is a further generalization
for von Neumann-Jordan constant in Banach spaces. We give some relationships between these
constants and characterize uniformly non-1} Banach spaces by upper and upper modified (1, p) -
th von Neumann-Jordan constant. Moreover, the exact value of this constant is calculated for the
spaces [P, LP and l. —1;.

1. Introduction

Let S(X) (resp. B(X)) be the unit sphere (resp. the unit closed ball) of a real
Banach space X. Throughout this paper, the letter N stands for the set of positive
integers, and we will use ex(B(X)) to denote the set of extreme points of B(X).

In 1937, the von Neumann-Jordan constant Cy;(X) of a Banach space X was
introduced by Clarkson [3], as the smallest constant C for which,

2 2
I R i
¢S 2P+ [b1P)

holds for all x,y € X with ||x]||* + |[y]|> # 0. The properties of Cy;(X) have been
investigated in many papers (for example, see [1,5,8-10,12,14-17,19,20,22,23,25,28—
30]). The constant Cy;(X) can be used to characterize geometry properties of Banach
spaces. For any Banach space X, 1 < Cyy(X) <2 and Cy;(X) =1 if and only if X is
a Hilbert space in [13]; X is uniformly non-square if and only if Cyy(X) <2 in [17].

In 1998, the n-th von Neumann-Jordan constant C,(\f' J) (X) was introduced by Kato,
Takahashi and Hashimoto in [18]. In 2008, on n-th James constants of Banach spaces
was discussed by Maligranda, Nikolova, Persson and Zachariades in [21]. In 2020, the
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n-th von Neumann-Jordan constant was modified by Ciesielski and Pluciennik as the
upper n-th von Neumann-Jordan constant and denoted by 55\7,) (X) in [2] as follows,

) (%) = sup { e ]

C
NI 2=ty gl

x;€X(j=1,2,...,n)and ) ||xj||27é0}
=1
(1.1)

And by changing “sup” into “inf” in (1.1), the authors defined the lower n-th von
Neumann-Jordan constant QJ(\’;J) (X). If the supremum resp. infimum in (1.1) is taken
overall x; € S(X), (j=1,2,...,n,n > 2), then it is called upper, resp. lower modified
n-th von Neumann-Jordan constant and denoted by 65:,2, 7(X), resp. Q;(:K/ ;(X). More
details on n-th von Neumann-Jordan constant can be seen in [26]. For a Banach space
X and its dual space X*, if n > 2, then

() 1< Ty (X) < Ty (X) < and & < CY(X) <y (0 < 1

(ii) Ty (X) < ":10555}’( X);

(i) ) (X*) > = and CU)(X) > TR
(V) If 1 <p<2and n<m< o, then CN,)(l”) ,,;’N,(ll’)—n%‘l;

m< o thencﬁvﬂ ) =y () =no ™
(vi) Let X = LP(u) or h (1 <m< ). Then

—(n) n%_l, if 1<p<2 and m>n,
Cong(X) = n 2
" 5(21*"2,[2:]0@’5(;1—21()1’)’, if 2< p<ooand m>2"1.

In 2015, the generalization von Neumann-Jordan constant C](V’}) (X) of X was de-
fined in [4] for any p > 1 by

X+ Y|P+ [lx—y[|P
C&’S)(X):sup{ St el bl :x,yex7(x,y>¢<o,o>}.

2= H([lxllP + [1y117)

It is well known that there are some properties of this constant as follows (see
[4,6,7,27,31-33])

(i) 1< (x) <2

(ii) X is uniformly non-square if and only if Cz(v J) (X) < 2

(iii) Let X be the Banach space L,[0,1], 1 <r<2and 1+ 4 =1. Then

(1)if 1< p<r,then C)(L,[0,1]) = 2277 andif r < p <, then C\")(L,[0,1]) =
2 ’;’ —p+1 :

(2)if ¥/ < p < o, then C\)(L,[0,1]) =

Based on the above constants, we now introduce new geometric constants as fol-
lows.
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DEFINITION 2.1. Let n € N and p > 1, the constants

— > > 0ix n
CI(\;ljp)(X):Sup{ 0; —+1 j=1 %11 .x-EX(j=l727...,n)and2xjp;éO}
j=1
2

22230 xglle
(1.

)

and

Yo—x1 || XG1 0P -
P (X) = inf{ 22 J x;€X(j=1,2,...,n)and ¥ ||lx;]|? £0
~NJ ( ) 2n+p—22?:1HXj||p J (.] ) ;H /” 7é

(1.3)
are called an upper (n,p)-th von Neumann-Jordan constant and lower (n,p)-th von
Neumann-Jordan constant, respectively. If the supremum in (1.2) resp. infimum in
(1.3) is taken over all x; € S(X), (j=1,2,...,n, n > 2), then it is called upper, resp.

lower modified (n,p)-th von Neumann-Jordan constant and denoted by a(:]'vl}) X),
resp. C,(WNJ) (X). Itis clear that E,(\;'jz)(X) = E,(\;'J) (X) and fﬁj’p) (X) = C,(VI}) (X), re-
spectively.

Recall that a Banach space X is called uniformly non-1} (see [11]) if there exists
& > 0 such that for each n elements of the unit ball B(X) (or S(X), equivalently)

min_|[x;+ Y 0,x;]| <n(1-38).
0;=+1 s

If X is uniformly non-1! for n =2, X is uniformly non-square.

In this paper, we will give some relationships among these constants dflﬁ) X),

a%’p) (X),QI(\;'J’p) (X) and QE:IQZ)( X) for p > 1. The uniformly non-7} Banach space will
be characterized by upper and upper modified (n, p)-th von Neumann-Jordan constant.
Moreover, the exact value of the constant will be calculated for the spaces /7 and L?.

As an application, the exact expression of a%p )(loo —11) will be calculated. Finally,

we also will obtain that the exact value of ng)(lw —1) is equal to HT‘E.

2. Main results

Before describing the main results, we give two lemmas. The first lemma can be
seen in [24].

LEMMA 2.1. Ifa Banach space X is uniformly non-1} and 1 < p < oo, then there
exists a constant o € (0, 1) such that if x1,x2,...,X, are elements of X, then

106 n
Y| > Il
j=1

X1 :|:JC2:|: LEXxu P

where the sum is taken over all 2"~' choices of signs.
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LEMMA 2.2. Let n>2, p >0, then

n—1 (5]
Y Chln—2kP = 3 Chln— 2P,
k=0 k=0

where [5] is the integer part of 5.

Proof. (1)If n=2m+ 1, then

n—1 m 2m
N Ch_yln—2k|P = nP + Zc’;,1|n—2k|l’+ Y Chn—2k
k=0 k=1 k=m+1

m
—nP+2 _yn—2kP+ Y K — 2k|P
k=1 k=1

=nP+ Y (Ch_ | +C5 1) |n— 2k
k=1

S

]

=Y CKn— 2k
k=0
(2) If n=2m, then
m—1 2m—1
2 1\n—zk|1’—nl’+§} n=2kP+ Y CEyn—2kP

k=m+1

m—1

m—1
=n’+ Y Cr_[n—2k[P+ Y CIf|n—2k|P
k=1 k=1

m—1 [%]
—nP+2 +C DI —2kP =Y Chln—2kP. O
k=0

Now we start discussing the relationships between 6](\7]’1? ) (X ),Qg\'fj’p ) (X), d:,’\,l}) (X)

and CSnNJ) (X).

THEOREM 2.3. Let n>2, p > 1 and X be a Banach space. Then
(@) iz 2o Gl =217 < <Ot (X) < T (X) < 2 pmr;
) CyP (x) = 2L;

(c) That) (%)

//\ \\/

! —in+l,)
gl b (x).

Proof. (a) By Holder inequality, we have

1Y 0517 < (2 Igl) <! 2 11
j=1
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So TP\ (X) <22 PnP~'. Putting x; € S(X) and x; = x; for i =2.3,...,n, we

have .
1 . .
e 2 Cln =211 = P zlnjzex,n Coil) (X).
= 0,—+

(b) To prove the (), we use the mathematical induction principle. For n =2, by
1<) (X) <2, we have

P (x) = inf{ et yllP e li” oy <o,o>}

20~ ([P + [1¥117)

1 1
T EENDE
sup{ 1 (x,y) # (0,0)}
227
= u+v||P+|u—v||P
Sup{% (u,v) #(0,0)}
2%p 1

=TI TR
Cws (X)
Suppose that Q](\?fl’p (X)) > iz%f Notice that

[xll? -+ [yl < 21 P2 max{ |1x]], Iyl < 21 [fla-yll 4 o= yl1]7 < [l l1P+ e —y]1?
(2.1)
holds by Holder inequality.
Hence, for any i = 1,2,...,n, we have

Yo=x1 11 2]-1 0jx(7 Zej:il[\\2j¢i9ij+xi||p+||Zj;éi9jxj—xinﬂ

P 2mtr=2 3 |lx1P
o= | Zjni 0,x(|7 + 2" ||| ?
- 2mtp=2 30 1P
L B Sull + 2l
2230 P
o il (= ) )
B 207 1F5 1P
IR S (o
207t n—1)  2°71FG lxllp
It follows that
Yo=t1 | X1 0jx;7 1 &/ 1 (n—2)[lxil|? 2>p
2mtp=2 30 1P /n2P—1i=zl<n—l (n—1) 'j’-:lejHP>: n

and consequently (b) is valid.
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(c) For any xj,x2,...,X,41 € S(X), by the inequality (2.1), we have

S0t I 25105117 Bppmar [ 2y 050 2w 17+ [ 25y 05 — i1 [17)
2= VR g P 2rtr=i(n+1)
26 ilmax{HE 10517, (x40 17}
2mP=2(n+1)
Yo—=1 11 Zj—1 0jx;l”
2m+tp=2(n+1)

=

—(n, n+1~n+1,
whence C,(HNI})(X) < %C,(HNJ p)(X). O

Inspired by the proof of Theorem 2.3 (b), we also have

THEOREM 2.4. Let n > 2, p > 1 and X be a Banach space. Then

—(n, 1—, _ 1 —=(2,p n—1,
i) < e o0+ 202 (1- ) e ok o).

Proof. Because

2| Z 0"

0j==*1 j=

= 3 [IZ 05 +5ll7 +11 X 05— xil1)]

Oj==x1" j#i J#

_1=(2,
<2715 X)X (130517 + [|l1?)
0j=+1 ji

_1=(2, _
=2 1T XY 11 017+ 2" xi]17)
0j==+1 ji

n _4=(2, n—1, n+p— —(2,
< 2 24P 0T X0 X g1+ 2 TR (X)
J#i

_a=(2, 1,
— oA (e 2 Ak
n+p— n — n—1, 2,
(22 2l f’><x>>uch§w”)<x>.

Hence

S —2=(2.p) n~1,
3 1Y 0pllr < 2 oo {202 Zux,up
0j=+1 j=1

1 n—
+= (1_21? 2C lp ZHXIHP}
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and consequently

—(n, 12, _ 1 —(2, n—1,
i) < 1o o0+ 22 (1- L) e o . o

Let n > 2. Define

11
Az = [ 1—1:|2><2

and for each integers n > 2,

A 1
An= { Ayl —11|2"*l><n7

where 1 denotes the 2"~2-by-1 column vector in which all the elements are equal to 1.

Define a linear operator T : I (X) — I3, (X) by T(x) = Anx for any x € [j(X).

Denote x = (x,x2,---,x,). We can see that

Fp) yy o=t 161+ X, 057 ) B
Cny (X)—sup{ 23S Tl txe S(IP(X)) = wip3 (2.2)

Using (2.2), we have

THEOREM 2.5. Let X* be the dual space of the Banach space X . Then

("7‘1) * 1
(@ ™ ON > e

() [CU (X)) > —at

[C(" ) (X*)]
where p,q > 1 such that L —|— - =1

Proof. Let T defined as above. Obviously, 7" : I, (X*) — [j(X*) is generated

by the matrix A} = AT Then
1 on+p=3 on+p=3 2ntp3 Hy* Hpq
cerxy ITie T

1 (X7)

(2.3)

S

HT*y ||l‘1 X*

foranyy*:(yik?yE? ) ayzn 1)61211 1( *)\{0} LetS lq(X*)ngn l( *) by S(.X*):

sirAnx” for any x* € [J(X*). Since T*(Sx*) = x*, let y* = S(x*) in (2.3) for any
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x* = (x},x5,---,x5) € (X*)"\ {0}, it follows that

+p—3 * || P
1 2n P ||SX || ‘i (X*)

cu(x)

~

||T*Sx*||l‘1 X*

on+p— 3217 odlyeedits
H nX || qn—l(X*)

||x*||ﬂ X*)
A
2MHPTIPT (S |+ X, 0jx5(|9) 9
2
(3 [t )

— o +2p—np=3+4(ntq-3) (2j:i1 ¥+ 2?:2 0;x; ”q>
2T

p
q

_ (Zj::l:l 1] + 35 07 ||q> q

a3 Fy g1l

By the definition of lower (n, p)-th von Neumann-Jordan constant, we see that (a)
is valid.
(b) Since X can be isometrically embedded into X**, it follows that

n n, *% 1
ChP (X)) > [P (x> ———— O

[Chr? (x+)]P

The following result is a characterization of uniformly non-/} Banach spaces by
use of E,(\;'J’ )( X) and CE,[NJ)( X).

THEOREM 2.6. Let X be a Banach space, n € N and n > 2, 1 < p <oo. Then
the following conditions are equivalent:
(a) X is uniformly non-1};

(b)é”' (X) < 2% Ppr-1;
()cmN,( ) < 2% PpPlL,

Proof. (a) = (b). Suppose that X is uniformly non-/!, by Lemma 2.1, we have
that there exists a constant o € (0,1) such that if x,xp,...,x, are elements of X, then

—IOC n
) 3 sl
j=1

where the sum is taken over all 2"~! choices of signs, that is

X1 :l:xzj: LEx,(1P

1 _ _ n
3 2 Hxl—i-62x2+...—|—9nxn||p<22 PonP 12 llx;]17
0,=+1 i=1

Hence, 6}:;,’17) (X) <22 Ppr 1,
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(b) = (c). Itis obvious.
(¢) = (a). For any xi,x2,...,x, € S(X), we have

Znﬂ, 7, Z IIZGXJII” Co () < 22 PnP =1,

So
gin I 0| 02201 TR0} <,
which completes the proof. ]
THEOREM 2.7. Letn>2, 1< p <2, Il—,+}1 =1 and dim![? > n. Then
(a)If p<p1<q, thenC (l”) C ’p' (1 ):22’1’ln771;
(b)If 1 < p1 < p, then c (lP) 22-p1;
(c)If p1>gq, then C,(V )(ll’) L 22 Piphi— 2

Proof. (a) By Theorem A in [18] we have for any x;,x,...,%, in I?
1
(3 ||26x,||‘1} {znx,w}" (24)
0j=%x1 j=
Applying (2.4) and Hélder inequality, we have

) \\ZG,xjum (Y ||29,x,u e

0—+1 j=— j=+1 j=

n
Z lsl1?)?
2 Z [E7]/ke

Amp1) p 2-py, Bt
Hence Cy;"" (1) < 2% Pinv» ',
Taking the canonical basis (¢;)*_, (n <k =dim/”), we get

— Yo=x1 11 2] el P
CE:I\{)II)(ZP) > T fl 1 J _ 27p1npl 1.
240250 el

Therefore, we get (a).
(b) From (2.4),

n np
Y IY o <2 (Y ||26,x,u )&

0j=+1 j=I1 0j==+1 j=
n
<2'(Y e 17) 7
Jj=1
n
<2 Y Il

~.
I
—_
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So CUPY (1P) < 2271 Taking x, = e1,x2 = ... = x, = 0, we have Cyj" (1P) > 2271,
(¢) By p1 > ¢ and (2.4), we have

)y IIZGXJII“’1 ZIIX;H ey HZ@qu

=41 j= Oj=+1 j=

2"@ Hx,w"*@ Ijl7)?

P1—4 9 49_4

EHx,W" ol an |77t

= 2MpP1—2 2 [|x;]|71.
j=1
Hence C}V’p')(ll’) <22 P2 O
COROLLARY 2.8. Let dim/? >n > 2.

(a) If 2< p < py then C( ’pl)(ll’) =022-n;
(b) If p 22 and q < p1 < p, where %'Fé:l,then

o (1) = Ll (17) = 22 P31,
(¢) If p=2, and p1 < q, where —+é =1, then Q}\']Jvl’l)(lp) > 22=piyP1—2

Proof. Let q; such that 1 qi = 1. From Theorem 2.6 and Theorem 2.7, we
have

(@)
1

n,py) aL
N>
v e ()

:2111—27
SO C( 7171)(lp) > 227171.

By taking x; = e;, x; = x3 = ... = x;, = 0 and the definition of Qj(\;l]’pl)(ll’), we
can see C\" ’p')(ll’) <22,

(b) Because qg<q <p,then

n a1 1 _a
N > =20t

Cri™ ()

50 Cnm (1) > 2% m" P By taking x; = ey, xp = e2,...,Xx, = e,, we can see that
npl (lp)< 2 plI’ZT 1

(c) By g1 > p,wealso have

1

a1
NI >
v ey ()

> 201-2,2-q1 O



ON (n,p)-TH VON NEUMANN-JORDAN CONSTANTS FOR BANACH SPACES 593

LEMMA 2.9. ([2]) Let 2< p <eo and X =LP(u) or X =1P. Then
n 1 L2
Y I+ Y 0P < = ¥ Cu(n—2k) ”Z ;117
0;==+1 =2 gy =1
forany x1,x3,...,x, € X and any integer n > 1.
THEOREM 2.10. Let p>2, p; <p, thenforX P or LP(u),

2— jas
cmrxy = 21 (2" "2c’< (n—26)7) "

n

Proof. Let x1,x3,...,x, € S(X). By applying Lemma 2.9, we have

bt Y 07 <2("_1)(1_I;_’1)< ) |x1+26/x’” )

P1

6;==1 j=2 6;==1 j=
p g n I’_)l
<atbi= (2 3 Citn— 26y Y Il
— j=1
n (7] il
— o101 (Zc,’;n 2k))"
k=0
Hence
_ 22 P1 Pl
cmr) ry < (21 ”ZCk n—2k)1’> (2.5)
k=0
When X =17, let (0,63,...,6,) be (apn,as,...,an),i =1,2,...,2""! for all
Gj:jzl,where a12:a13:...:a1n:1.
Taking
1—n 1-n
71 ZZT(I,I,...,I), =27 (1,6122761327...,612”712)...,

1-n
=2 (17a2n7a3n7~~~7a2"*1n)'

Because (1,6, 0313, - - ., Opagn) (k=1,2,...,2""1) just takes every (1,%,...,3,)
for ¥; = =1, by Lemma 2.2, we can get

P1
S+ 30517 =200 (S et - 27 ”

0;=%1 = k=0
, [%] Py
- -7 ( k(0 — 2k) )”
k=0
So
—(n 22 P1 p_l
cr) gpy > (21 n ch (n— 2k)P )

Since LP(u) contains an isometric copy of ll’, by inequality (2.5), we obtain the
thesis for X =L (u). O
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3. Examples

(

In this section, an expression of Cy;;” ) (X) for x;j € ex(S(X)) will be given. As an

application, the exact expression of fﬁj’p ) (lo — 1) will be calculated and also the exact

value of Ty (I. — I1) will be obtained.

LEMMA 3.1. Let X be a Banach space. If x; = oy + (1 — o)z with o € [0,1]
and yi,zi € X, (i=1,2,...,n), then

S IS 0l <max{ 3 13 0l sy fypzidi= 1.2, n )

0/=+1 j=1 0/=+1 j=1

Proof. By Holder inequality, we have

> HZGJXJH”_ > \\a1(91y1+i91x1)+(1—a1)(9121+iejxj)ﬂp

0=+1 j= 0j=+1 = =
< Y (oul|6uyr+ Y, Ol + (1 =) |61z + Y, 6;x]])”
0j=+1 =2 =2
< Y (|6 + Y, 017 + (1= o) ||61z1 + ), 0xj]|”)
0;=+1 j=2 j=2
< max{ 2 HGlul—l—ZQx,Hp uy € {y1,21}}
0j=+1 Jj=

N

max{ Z \91u1+62u2+26x,||p uj € {yj,z;},j =12}
0j=+1 j=3

N

<max{ 2 Hzejujﬂpzuje{yj,zj},j:1727...,n}. O
0=+1 j=1

Hence by applying Lemma 3.1, for the finite dimensional Banach space X, we
have

THEOREM 3.2. Let X be a finite dimensional Banach space and p > 1. Then

) (x) = su So—1 llx1 + X, 0t 17
NI 2mHP=3 (1415 + .+ 1)

txj € ex(S(X)),t; € [O,l]}.
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As an application of Theorem 3.2, we can compute ESJ’F )(lw —1y). Firstly, we

need the following lemma.

LEMMA 3.3. Let p > 1 and tj € [0,1] for j=1,2,3. Then
(@) 2(1+86)" < (I+n+6)P+(1-n+6)"
(b) 1+0)P +t > 14 (+13)P.

Proof. (a) By the convexity of x”, we have

l+t+83+1—1H+18
2

P
2(1+t3)1’:2< ) <(I+n+6)"+(1—n+13)P.

(b) Because the function h(t;) = (1+1)” — (12 +13)” is increasing, we have
h(t) 2 h(0)=1—¢. O

THEOREM 3.4. If p > 1, and X is l. — [1 space, i.e, R2 endowed with the norm

||(X1,X2)Hw, if x1x3 >0,
o)l = {

(Il Geryx2) |1, if x1x2 <O0.
Then
—(3,
v (x)
L+t +53)P+(1 =t +13)P+ (1 +1p)P+max{ (1 — )7}
= sup (I+n+6)P+(1-n+15) +E) +p2) +max{(l —1)",1 s € 0.1V,
2P(l+t2+t3)
3.1)
Proof. Let
8(n,53) = (1+n+163)" + (1 —t2+1)" + (1 +0)P +max{(1 - 1)1}
for 5,13 € [0,1].
Now we prove that
3 21+ 60222 + 6313237 < max{g(i2,13),8(t3,12) } (3.2)

ej::tl

for any 1,3 € [0,1] and z; € ex(B(l —1})).
In fact, by the symmetry, we only need to suppose that 0 < #, < #3 and just consider
z1 = (1,0) or (1,1). That means we just have to think about the following five cases:
(a) fz1 =22 =23 =(1,0) or z1 =20 = z3 = (1,1), then

Y 21+ 621222 + O31323|”
Qj:j:l

=(l+n+6)'+(1+n—6)'+(1-t+6)" + |1 -6—5|" <g,5);
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(b) If z1 =22 =(1,0), zz3=(1,1) or z1 =22 = (1,0), z3 = (0,1) or z1 = 20 =
(1,1),232(1,0)0rz1—zz (1 1), z3 =(0,1) then

N lz1 4 621225 + Os1323|”
0;=+1

= Y [[(1+ 6212+ 6513, 6513) ||
0;—+1
= Y |[(1+ 62, 6513)||7
0;—+1
= Y [[(1+ 6212+ 6313, 1 + 6202) ||
0;—+1
(I4+n+5)P+(1+0)"+(1—n+n5)P +max{(1 —n)",d} = g(t,13).

(c) If z1 =(1,0), 2 =23 =(0,1) or z; = (1,0), 2 =z3 = (1, 1) or z; = (1, 1),
2=13 (Oal) or 71 = (171)’ D =33= (1,0), then

Y, a1 4 621222 + O3t323|
ej:il

Y, (1, 6212+ 0313) ||
ej:il

2 || (l + Orty + Ost3, 017 + 9313)||p
ej:il

2 ||(l, 1+ 0ytr + 9313)||p
ej:il

(I4+6+5)P+(1+6—10)" +1+max{l,(n+15)"}

B {(1+z2+t3)1’+(1+t3—12)1’+2, if h+13 <1,
(I+n+6)P+(l+6—0)P+ 1+ (h+1n)°, if h+132>1.

< gty 13).

holds by Lemma 3.3.
(d) If z1 =23 = (1,0), 22 = (0,1) or 1 =23 = (1,0), 22 = (1,1) or 21 = 23 =
(1’1)’22:(170) or 71 =23 = (1 1)

N lz1 4 621225 + Os1323|”
0;=+1

= Y |[(1+653,6,10) |7
0;—+1
= Y [[(1+ 6212+ 6513,6512) ||
0;—+1
= Y [[(1+65t3,1+ 621, + 6313) ||
0;—+1
(1+n+65)P+(1+6)P + (1+6n—13)" + max{(1 — 1)’} = g(t3,12).
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), 22=1(0,1), 3 =(1,1) or z; = (1,0), zo = (1,1), z3 = (0,1)
1

(e) If 21 = ( ;0
(1,0), 3 =1(0,1) or z; = (1,1), 2 =(0,1), z3 = (1,0), then

orz;=(1,1), =

Y, a1 4 621222 + O3t323|
Bj:j:l

Y (1 + 6212, 0012 4 6313) ||
Bj:j:l

Z (L + 6513, 0215 + O313)||?
Bj:j:l

Z ||(l+63l371+9212)||p
0j=+1
=(1=0)"+(1+n)P+2(1+n)"
< 8(12,13)

is also valid by Lemma 3.3.
Hence, by (3.2) and Theorem 3.2 we have

ol —1)

cw (14+n+6)P+(1—t+5)P + (1 +6)? + max{(1 —1)?,1}}
=P 201+ +15)

N S [0,1]}.

(k. 1i3)
Now let the m for some .3 € [0, 1] be the supremum of the above formula.

If 0 < up < us < 1, by taking z; =z, = (1,0) and z3 = (0, 1) then

Yoj=+1 ||21+H29222+H393Z3||p g(M2, 13)

_(3717)
C l—11) > .
wi g (1+“3+U2) (1+M2+U3)

If 0 < us < wp < 1, by taking zp = (0, 1), z3 = z; = (1,0), we also have

ot llan+ 300+ 1063307 g(u, 1)

=(3.p)
C lo—11) > = .
wi 2 27 (1+ ud + ul’) 27 (1+ ub + ul)

Therefore we get (3.1). U

COROLLARY 3.5. For l. — 1 space, we have

3445

—(3,2
Oy =) = =5
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Proof. By Theorem 3.4, we have

—(3,2
CI(VJ)(loo—ll)
(1+6+6)°+(1—n+63)°+ (1+0)* + max{(1 — )13}
: 2412 i, € [0, 1]
4(1+13+13)
3, by
- 4+2(1+t%+t32), if h+t3>1, 1,13 €]0,1]
- _m
e E if b+53<1, 0,53€0,1].
_3+V5
===

W15 3445 _ _ V51
By 1+ gD~ atr, =0, 13 = ¥5— and

(DIf tp+13>1 and 1,13 € [0, 1], then

3. b+ 3 2V5,/5+13
4 2004+8+8) 4 4(1+8+1)
< #

Q) If tp+13 <1 and 5,13 € [0, 1], then

263 — 12 213 — 12 263 — 12
S Kl o< max L+
2(14+65+13) 2(14183) el 2(1413)

3

:+—\/§_ 0
4
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