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HARDY-STEKLOV OPERATORS ON TOPOLOGICAL MEASURE SPACES

KAIRAT T. MYNBAEV

(Communicated by L. E. Persson)

Abstract. We give necessary and sufficient conditions on non-negative weights «,v and mea-
sures [,V in the inequality

1/p

([ rscomcsan) " <c( [ iropseavs)

Here the integral operator 7 is a Hardy-Steklov type operator associated with a family of
open subsets €(7) of an open set Q in a Hausdorff topological space X; u,v are o -additive
Borel measures, and 1 < p <o, 0 < g < oo. The integration in 7 is over domains of type
Q(b(t))\Q(a(r)) where a,b are non-negative, increasing, continuous functions on [0,e°) that
vanish at zero, tend to oo at o and satisfy a(r) < b(r) for 1 € (0,0). Previously such results
have been known for an operator on a subset of a Euclidean space.

1. Introduction

We consider a multi-dimensional version of the Hardy-Steklov inequality

w | rb(x) q 1/q o 1/p
[/0 /a(x) fdv u(x)du(x)] <c( /0 |f|1’vdv>

where the functions a,b are non-negative, increasing, continuous and satisfy

a(0)=5b(0)=0, a(x) <b(x) forx € (0,00), a(co) = b(c0) = eo.

Much of the history of the weighted Hardy inequality has been covered in [3]-[6]. The
ideas and results developed for the Hardy inequality have been applied to study the
Hardy-Steklov inequality. In the one-dimensional case necessary and sufficient con-
ditions on the weights u,v have been obtained in [2] (see a special case in [1]). A
full account of their results can also be found in [5]. [15] have developed a different
approach to the same problem, giving the criterion in simpler terms. They also pro-
vided a compactness criterion. See also [9] for further developments, especially for the
results in an integral form for the case g < p. The case of starshaped regions in the
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Euclidean space has been considered in [13]. Here we follow [15] as their method is
most amenable to extending to our situation.

We obtain a far-reaching generalization of the results just described. Our domains
Q(b(x))\Q (a(x)) are subsets of a Hausdorff topological space X where the dimension
notion is generally not defined. The assumptions on the sets Q(z) are the same as in
[8] and are close to those in [14]. Our results have been made possible by theorems on
the Hardy inequality in [8] and the investigation of ordered cores done in [14].

[10], [11] and [12] contain the Hardy inequality on homogeneous groups, con-
nected Lie groups, hyperbolic spaces and Cartan-Hadamard manifolds. Our Theorems
3—4 below hold in these cases too.

ASSUMPTION 1. (on Q(t)) Let Q be an open set in a Hausdorff topological
space X with o -finite Borel measures [L,v. The measures are defined on the same © -
algebra M that contains Borel-measurable sets. The domains Q(t) C Q are assumed
to be parameterized by t > 0 and satisfy monotonicity (total orderedness)

Sforty <ty, Q(t1) is a proper subset of Q(t2). (D)
We assume that

Denote o(t) = Q(t) N (Q\Q(?)) the boundary of Q(t) in the relative topology. We
require the boundaries to be disjoint and cover almost all Q.:

o(t)No(t)=a, 11 #n, L(Q\Usoo())=0.

This implies that for W-almost each y € Q there exists a unique T(y) > 0 such that
y € o(t(y)). On the set Qy C Q of those y for which ©(y) is not defined we can put
7(Q0) = 0. Passing to a different parametrization, if necessary, we can assume that
w(Q\ Uiy o(1)) > 0 for any N < eo.

For a set A on R we can define a set Q[A] = {y € Q: 7(y) € A}. In particular,
with A = [a(7(x)),b(t(x))] the main integral operator we consider is

Tf(x)= )}fdwxGQ,

/Q[a(T(X)%b(f(X)

for any non-negative 9T-measurable f.

Notation

Ly(vdv,Q) denotes the space with the norm || £l vav.0) = (Jo |f|1’vdv)1/” where
v is a (non-negative) weight function. ||T{| = [|T|z,(vav,Q)—L,(udp.0) i the normof a
linear operator T acting from L,(vdv,Q) to Ly(udu,L). Our task is to estimate ||T||
where the weights u,v are non-negative and finite almost everywhere. As usual, it is
enough to consider non-negative f, so ||T]| is the least constant C in the inequality

q 1/q 1/p
p
[/9 </S2[a(T(X>)7b(T(X))] fdv) ux)dy (X)] s¢ </Qf Vdv) . @
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We write A < B to mean that ¢cjA < B < ¢,A with positive constants ¢y, ¢ that do not

depend on weights and measures. A lower case ¢, with or without subscripts, denotes
various constants whose values do not matter.

2. Auxiliary results on Hardy inequality

For 0 < a < b < o we need results on validity of the inequalities

q l/q ) 1/17
|:/Q[a7b] (/Q[M(x)] fdv> u(x)du(x)} <C </Q[a7b]f vdv)

q l/q
[ /Q[a’b] ( /Q[T(x)’b] fdv) u(x)dp (x)]

from [8]. For segments Aj,A; C [0,°0) denote

1/q , 1/p
oo ([, o) ([, )" e
Q[A] Q[A,]

r/p , r/p’
D(ALA) = (/ ud,u) (/ v_p/pdv) , q<p-.
QA] QAy]

When appropriate, we also include in the notation the dependence on u or both u and
v, as in W(A;,Ap,u), etc. Everywhere we assume 1 < p < eo. For g < p we put

1/r=1/q—1/p.

and
I/p

<C* ( fpvdv>
Qla,b]

THEOREM 1. a)If 1 < p < q <o, then C< sup,cqp, ;) V([T (x),0],[a, 7 (x)]).
b)If0<q<p, 1 <p<oo, then we have

1/r
C= (/Q[mb]d)([r(x),b}’[a,r(x)])u(x)du (x)> .

THEOREM 2. a)If 1 < p < g <o then C* < sup,cqq ;) V([a, T (¥)], [T (x),D]).
b)If0<qg<p, 1 <p<oothen

1/r
€= </Q[a,b]q)([a’r(x)]7[r (X%b})u(x) d,u (x)) .

3. Main results

The sets Q[a(7(x)),b(7(x))] do not satisfy monotonicity (1) yet the character-
ization of the weights can be obtained with the help of Theorems 1-2. We use the
block-diagonal method from [15]. [2] do not have a statement on compactness of T
which we provide. [9, 15] do have such a statement but their indirect argument (valid
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for Banach function spaces on a real line) does not apply in our case. We explicitly con-
struct a finite-rank approximation to 7. Note that the method in [9] is based on what
they call a fairway function. The use of the fairway function requires differentiation
and is not possible in our situation.

In addition to Assumption 1 we use the following condition:

ASSUMPTION 2. (on the link between a,b and () a) We suppose that u (Q (1)) <
oo for all t > 0 and with some ¢ > 0 we have for all 0 < s <t < oo

w(Qls,1]) < e (Qlals) a () and p (Qs,i]) < cu (@b (s) bO). 3

b) Let Q be of a special type, namely: suppose X is all or a part of the unit
sphere {x € R": |x| =1} and let Q ={x € R" : x/ |x| € Z, 0< |x| < e} be a cone pro-
vided with Lebesgue measure. In this case, instead of (3) we assume that a,b are
differentiable.

Lemma | and Remark | below explain why we need this assumption. Everywhere
Assumptions 1 and 2 are assumed to hold and are not explicitly mentioned.

Take mo = 1 and define recursively my, | = a~'(b(m;)), k € Z. Then my <
myr1, a(myyy) = b(my) for k € Z, and limy_.o my = oo, limy_,_..my = 0. Throughout
the rest of the paper we will use the notations

Ay = (my,myy1], ap = a(my), by = b(my), Yk = (ax, byl

THEOREM 3. a)If 1 < p < g < oo then for the best constant in (2) we have C < K
where

Ax) = sup ([, 7 ()] la(z(x)),b(0)])
{r>0: a(r(x))<b(r)<b(z(x))}
K = supA (x).
xeQ

b)If0<g<p, 1 <p<eoo, then for the best constant in (2) we have C < K| + K,
where

1/r
K= (;L[Ak]q)([mbf(x)]7[a(f(x))7a(mk+l)])u(x)d“ (X)> ;

1/r
K= (g L T ) )b () <x>> .

Denote

I; =limsupA (x), fori=0ori=eo, | = max{l,lw}.
T(x)—i

| T, =1inf||T — S|, where S runs over the set of all finite-rank operators, denotes the
essential norm of 7.
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THEOREM 4. a)If 1 < p < g <o, then ||T||
if and only if | = 0.
b)If 1 <g<p<eo and ||T| <o, then T is compact.

ess = L. In particular, T is compact

4. Proofs

The proofs of Theorems 3—4 will be preceded with auxiliary statements. The next
lemma reveals the importance of the analysis of ordered cores [14] for the problem at
hand.

LEMMA 1. If condition (3) holds, then there exists a positive linear map R, such

that
/ udp = / Roudu
Q[s,1] Qla(s),a()]

forall u that are p-integrable on Q[s,t] and all 0 < s <t < e. The action of R, on the
weight u obviously induces a transformation of the functionals W, ® : W(A;,A,R.u) =
Y(a ' (A1),Ar,u), ®(A;,Ar,Riu) = D(a"' (Ay),As,u). Replacing everywhere a by
b we obtain the corresponding property for Rp.

Proof. In [14, Theorem 4.6] put (P, #,p) = (T, 7,t) = (Q,9,u). The family
of ={Q(t) :t >0} isa o-bounded ordered core, that is, it is totally ordered, U0 (¢)
is a subset of, say, Uy ;Q(n), and p(Q(r)) < o for all r > 0. Define r(Q(r)) =
Q (a‘l (t)) . Since a~! is monotone, r is order-preserving. It is also bounded by (3):
for 0 <s <t <oo:

R (QE)\r(Q(s) =1 (Q(a™ (1)) \Q(a" (5)) < cu (Q(N)\Q(s)).-

By Theorem 4.6 there exists a positive linear map R, satisfying

/ Raud,u:/ ud,u7/ \Rau|d,u</ lu|du.
Q[s.1] Qla=1(s).a=(1)] Q[s.1] Qla=Y(s).a1(1)]

This gives us what we need. [l

In simple cases the map R, can be constructed explicitly, as the next Remark
shows.

REMARK 1. Let X be all or a part of the unit sphere {x € R" : |x| =1} and let
Q={x€eR":x/|x| €Z, 0< x| < =} be a cone provided with Lebesgue measure. Sup-
pose a is differentiable. Using polar coordinates and replacing r = a~!(p) we can use
the equation

m a(m)
/ u(x)dx:/ /u(rO')dO'r"*ldr:/ /Rau(afl(p)o')dpdo'
Qll,m) () a(l) J=
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instead of Lemma 1. Here

d _
——a"'(p), |o|=1.

a’l n—1
Rou(a™!(p)o) =u(a"'(p)o) (ﬁ) dp

)

This R, is not positive, which is not an obstacle for our applications.

This Remark explains why we call Lemma 1 a change-of-variable type result. In
applications based on this example one assumes differentiability of a,b instead of (3).
We use the block-diagonal method from [15], see also [9, Lemma 2.1]. In

Tf(x) =Y xonyTf X
k

for x € Q(Ax) we have a; < a(7(x)) <agy1 =br <b(7(x)) < bgy1. This implies

la(7(x)),b(7(x))] = [a(7 (x)), @] U [br; b (T (x))]

where [a (7 (x)),ar1] € v and [bg,b (T (x))] C yit1- Hence, for x € Q (Ay)

fav= | fadv+ | Frai,dv-
/Q[a<r<x>>,b(r(xm Qlat() ] Qb bz ]

This translates to a decomposition

Tf(x) =Y (Te+5S),

3
T = XA / fxom. 14V, Sk = Xo / f X dv-
(Ax) Qb b(e(x)] (Ve 1] (Ax) la(r() 1] (%]
‘We denote
1Tl = 1Tl (vav. Qi 1)) — Ly (wap.@(ap)s ISkl = [1Skllz, (vav.Qip))—Lg(uan.2a0)-

Then the problem of estimating ||T'|| is reduced to the problem of estimating ||7|| and
|ISk|l because [9, Lemma 2.1]

I7] =max{sgp||rk||,sgpsk}7 p<a @

1/r
17| =< <ZTkr+2”Skr> . q<p- )
k k

LEMMA 2. a)If 1 < p < g < oo then

1Tkl = sop Y([7 () mea], [b(mi) b (7 (x))]), (6)
1Sl = sup ¥ ([, 7 (x)],[a (7 (x)) @ (mes1)])- @)

T()C)GAk
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b)If0<qg<p, 1 <p<oo then

1/r
1= ([, @) e fom) b (e huau ()

1/r
Il = ( [, @t (o] la(e()-aon)Duoian ()

Proof. We illustrate the proof for Sy, the proof for 7; being similar. By Lemma 1

q
o (] fav) us)dn )
Qlmmyi1] \JQla(z(y)),almpy1)]

q 1/q
_ [ / ( / fdv) Rau(x)du (x)]
Qla(my),a(mpy1)] \/Qt(x).a(mp1)]

1/q

where T (y) € [my,my+1] is mappedto 7 (x) =a(7(y)) € [a(my),a(mg+1)]. Therefore,
if p < g then by Theorem 2a) and Lemma 1

()< ?u)g ( )‘P([a(mk)7T(x)]7[r(x)7a(mk+l)}vRtlu)
= sup ‘P([m/ﬁail (T (x))}v [T (x) d (mk+l)} 7”)

a(my) <t(x)<a(myi 1)
(replacing 7 (y) =a ! (1(x)))
= sup W(m, ()] [a(z(y),a(mer)],u).

mST(Y) Sy g

If g < p, then Theorem 2b) and a double application of Lemma | show that

1/r
</sz[a<mk>, oy DU i) T [ () ()] Ra)Raie (x) dp (x))
1/r
- </ma<mk>,a<mk+ln (i a™ (7 ()] 7 (x) @ (meg1)] )R (x) dp <x>)
1/r
:< /Q . 1]q)([mk,r(}’)],[a(’L'(y)),a(mkH)},u)u(y)d‘u(y)> 0

Proof of Theorem 3. The upper bound immediately follows from (4) and Lemma
2 if we note that both quantities (6) and (7) do not exceed K.

To prove the lower bound, suppose that 7 < 7(x) and a(7(x)) < b(r). Take up <

u, vo > v such that uo,vap,/p are integrable and put f (y) = Xoja(z(x)).5()] )0 " ()-

);
Then using the fact that ¢ < 7(s) < 7(x) implies [a (7 (x)),b(t)] C [a
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we see that

1/q ,
(/ uod,u> (/ vap/pdv>
Qlt,7(x)] Qla(t(x)).b(r)]
q
- [ / ( Ji fdv) wo(s)dp <s>]
Qlt,t(x)] \/Qla(z(x)).b(1)]
q 1/q
<[/ fav) uls)du o)
Q \/Qla(z(s)),b((s))]
1/p ,
<C ( / f”vdv) =C ( / vy? /pdv>
Q Qla(t(0).6(0)]

Since vapl/p is integrable, this leads to W([t, 7 (x)],[a (T (x)),b(¢)],u0,v0) < C. Letting
uog Tu, vo | v we obtain K < C.
If g < p, the statement follows directly from (5) and Lemma 2. [J

1/q

I/p

For the proof of Theorem 4 we need the following proposition.

LEMMA 3. Let 1 <p < g <voo. If Il > €& >0 then there exists a sequence {f,}
such that

”T (fn _ﬁn)”Lq(udy,Q) > 21/q£7 ”fn _f;nHLp(vdv,Q) = 2l/p'

Proof. Suppose ly > € > 0. Then there exist sequences {x,}, {t,} such that
T(x2) — 0, 1o € [b (a(7(x4))) 7 (xs)] and A(x,) > €. Denote

Un = [tn; T ()]s Vo = [a (T (xa)) ;b ()], Wa = [a(tn) ,b(7 (x0))]-
7(s) € U, implies a(t,) < a(t(s)) <a(t(xy)), b(t) < b(r(s)) < b(t(x,)) which

gives
T(s) €Uy =V, Cla(t(s)),b(1(s))] S W )]

If n is fixed, by increasing m we can achieve W, "W,, =0 and U, NU,, = 0. Put
/ _1/17 /
fay) = (fg[v,,] vrP /pd"> Xa,] 0)v /P (y). Then || fu = fullr, av.0y = 2"/7

q
Tfn_fm qu 2/ / fn—fm dv usdus
I Mo > Joru | Jorate s Jav] wdan (s
q
+/ / fo—fm)dv| u(s)du(s).
bt ottt e 1 Jav| us)an(s)
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By (8) in the first integral we have Qla(t(s)),b(7(s)) |NW,, =0 and in the second
one Q[a(t(s)),b(t(s)) |NW, =0. Hence,

q q
T(fy— fo > / dv ) udu+ - dv) ud
T o= 2 s 2 9[%1( Q[Vn]f ) s Q[UnJ( sz[vm]f ) s
, a/p’
= (/ udu) (/ v P /pdv>
Q[Un| Q[Vy]
, alp’
+ (/ udu) (/ vP ”’dv) > 2¢9.
Q[Um] Q[Vm]

The case [, > € is handled in the same way. [

Proof of Theorem 4. Part a). Lower bound. When proving || T, > ¢l we can
assume that ||T]| ,, < e°, implying ||7|| < eo and, by Theorem 3, K < co. Without loss
of generality we can also assume that [ > 0. Let € =1/2 and suppose that S is any
finite-rank operator. Passing to a subsequence, if necessary, we can assume that {Sf; }
converges for the sequence from Lemma 3. By Lemma 3

(T =) (o= fo) iy ey = I (= )l a2
— 1S (= Fo) iy gy > 27471

forlarge n,m. Since || f, _meL,,(vdv.,Q) 2/7  this implies ||T — S| > ¢l and ||T||
cl.

Upper bound. In the proof we can assume that / < o and we have to produce a
finite-rank approximation to

ess /

T = dv — dv=T" —-T" .
7o) /Q(b(f(y)))f Y /Q(a(f(y)))f Y o) f0)

Such approximations will be developed for T, T~. With the partition (0,0) = U;A;
used in the proof of Theorem 3 we have 7(y) € Ay = a(t(y)) € Vi, b(T(y)) € Yir1-
This means that we need to approximate 7" on Ay, and T~ on A. Let ky <k <k
for some fixed integers ki,k» € Z, k; < k».

Approximation for T™. The points tx; = myy1 + j (mg2 —mgy1) /n, j=0,...,n,
lead to partitions of Ay and Q[Ag ], consisting of sets

AG = (it jn], QG =2 [A*] j=0,...,n—1,
resp. Putting K, (1) = X1- b (1)) X, (t) we have

K (t(x)=b (tkj) <b(t(x) <D (tk,j+1) ,X€E QZFJ

Define

K (T(y))

n—1
T fots oy = By ooy 7105 00 70V € B



610 K. T. MYNBAEV

Then for the restriction to Az we have

n—1
T+ _T+ == d —+ .
SO =T F () FZO /Q i) 0 favigs (v)

)l

By the argument used in Lemma 2 for one term in this sum we have

q 1/q 1/p
l/ﬁ* </Q[h(lkj)7h(T(Y))] fdv) o (y)‘| S Chig </Q[b(tkj),h(tk,j+l)]fpva,v)

Y 9
where
Cokj = sup ¥Y( [T (x) ,tk7j+1] ) [b (fkj) ,b(T(x))] ).

1 STt jr 1

Summation of these bounds gives

1/q 1/p
(/ |T+f—Tn+f;‘1udu) <c sup Gy (/ fpvdv> O 10)
QA1) 0<j<n—1 Q1]

Approximation for T~ . The points s;; = my + j (my1 —my) /n, j=0,...,n, give
rise to partitions of A and Q[A], consisting of sets

Ay = (sujsegnil, @ =Q {A,;j} L j=0,...n—1,
resp. Putting &, (1) = X""ga (s j11) Xy, (t) we have

a(se) <a(t(x) <a(sej) =k, (t(x), x€ Q.

For T, b was approximated from below; here, for T, a is approximated from above.

Define .
T = dv = d —(y).
0= oy " A oy TV, )

Then for the restriction to A; we have

n—1
LAO-T 0= 3 [V ).

a (Sk,j+l

By a statement similar to Lemma 2 for one term in this sum we have

q 1/q 1/p
d d < cCurj Pyd
[/Qk_,- </Q[G(T(Y))~,a(5kﬁj+1)]f V) “0) M(y)] ek <~/Q[a(5k,’)’a(sh_/+1)]f ! V)

(11)

where
Cakj: sup ‘P([skﬁr(x)] ) [a(r(x))va(sk,j+l)])'

kS T() <1
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By summing these bounds we get
1/q 1/p
(/ ;Tnf—Tf|qudu> <c sup Cakj( f”vdv) . (12)
Q[A] 0<j<n—1 Qw]

Approximation for T. Denote

Q= JQA, L= |J QA Q=] QA
k<ky ey <k<hko k>ko

Repeating calculations based on (6) and (7) we obtain

1/q 1/p
(/ (Tf)qudu) <K (Q)) (/ f”vdv) , K(Q)=supA(x),i=lori=3.
Q; Q; x€Q;
(13)
We can select k; and &, to satisfy max {K (Q),K (Q3)} < 2I. On Q,
sup  sup  (Cauj+Cpij) <!
ki <k<ky 0<j<n—1
if n is large enough. Then (10), (12), (13) imply ||T||
cl.

Part b). If ||T|| < e then by Theorem 3 max {K|,K,} < eo. Therefore for any
€ >0 we can select —oo < k| < ky < o s0 that

1/r
( > | Tll" + D Skr> <E.

{k<ky }U{k>ky } {k<ky }U{k>ky }

SITF =T +IT" =Tl <

ess

Then by Theorem 3 we have

(/@ (Tf)‘fudu) . <ce (/prvdv> v

where Q = Utkek1ugksko) @ [Ax] - As in Lemma 2, (9) and (11) are true with
1/r
Car=( [, @@ a0 () u@dn )
Qs sk j1]

1/r
%F<@Mﬂmwmwmwwmuwmwww).

Define piprj = Cprj/ || Tk|| , if the denominator is not zero and i j = O otherwise. The
bound

/Q L CE [ (1) b (7 (x))] e (x) e ()

<@ (gt [0 () b ego1)]) [ u(x) s (x)

Q[tkj JkﬁjJrl}
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and continuity of b imply that

Up = sup sup  HUpkj — 0, asn — oo,
ky <k<skp 0<j<n—1

Besides, Cprj < Uy ||Ti|| . This bound and (9) lead to the estimate

/r

1/q ko ! 1/p
(/ |T+f—Tn+fl"udu) <ctn | X ITl" (/ f”vdV> :
Q) k=k, Q

1/q
This inequality and a similar bound for 7, f — T~ f show that ( Jo, ITf = Tf|"ud ,u)

can be made as small as desired by selecting a sufficiently large n. The conclusion is
that 7' is compact as a limit of finite-rank operators. [J
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