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SOME CONVERSES OF FUNCTIONAL HOLDER-TYPE INEQUALITIES

RABIA BIBI* AND HUSNAIN RAZA

(Communicated by S. Varosanec)

Abstract. In this paper we obtain some new converses of the Holder and Minkowski inequalities
for positive linear functionals. Our results also provide new converses in case of sums, integrals
and time scales integrals. Further we obtain a converse of integral Minkowski’s inequality on
time scales.

1. Introduction

Holder’s inequality has numerous applications in various areas, including measure
theory, probability theory, Fourier analysis, numerical analysis, social science and cul-
tural science as well as in natural science. It serves as a foundation for other important
inequalities, such as the Minkowski inequality and the Young inequality. Extensions
and generalizations of Holder’s inequality have been developed to accommodate more
general settings and conditions on the exponents, leading to a rich theory with broader
applications in mathematics and its applications. In case of positive linear functionals,
Holder’s and Minkowski’s inequalities and some of their converses, given below, can
be found in [11].

DEFINITION 1. Let E be a nonempty set and L be a linear class of real-valued
functions f : E — R having the following properties:

(Ly) If f,g €L and a,b € R, then (af +bg) € L.

(Lp) If f(t)=1forall r € E, then f € L.

A positive linear functional is a functional A : L — R having the following properties:
(A)) If f,g €L and a,b € R, then A(af +bg) = aA(f) + bA(g).

(Ap) If feLand f(r) >0 forall t € E, then A(f) > 0.
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THEOREM 1. Let L satisfy conditions Ly, Ly, and A satisfy conditions A;,A> on
abaseset E. Let p>1and p~' +q ' =1. If w,f,g >0 on E such that wf?, wg9,
wfg € L, then we have

A(wfg) SAYP (wf?) AV (wgf). (1)

Inthe case 0 < p <1 and A(wg?) >0 (or p <0 and A(wfP) > 0), the inequality (1)
is reversed.

THEOREM 2. Let L satisfy conditions Ly, Ly, and A satisfy conditions Aj,A> on
abaseset E. If p>1 and w,f,g >0 on E such that wf?, wg?P, w(f 4+ g)? € L, then
we have .

A7 (w(f +8)7) SAVP (wf?) +AVP (wgP). @)

IfO<p<lorp<O0and A(wfP), A(wgP) >0, then the inequality (2) is reversed.

THEOREM 3. For p# 1 let ¢g=p/(p—1). Assume w, f, g are nonnegative
Sfunctions such that wf?, wg?, wfg € L. Suppose
0<m< f(t)g1P(t) <M forall t €E.
If p> 1, then
1 1
A(wfg) = K(p,m,M)A? (wf?)Ad (wg?), 3)

where

(M —m)"/?P\mMP — MmP|/4 A

If0<p<1orp<O0,then(3)is reversed provided either A (wf?) >0 or A(wg?) > 0.

K(p,m,M) = |p|"/7|q|"/1

THEOREM 4. For p# 1 let ¢q=p/(p—1). Assume w, f, g are nonnegative
Sfunctions such that wfP, wgP, w(f+g)? € L. Let 0 <m <f(f—|—g)7q <M and
O<m<g(f+g)7q <M. Ifp>1,then

AP (w(f+8)") = K (p,m, M) (A7 (wf) + A7 (wg")) 5)

holds where K(p,m,M) is defined as in (4).
If0<p<1orp<0, thenthe inequality (5) is reversed provided A (w(f + g)") >
0 for p <O0.

I. Iscan in [9] generalized Holder’s inequality in the following way.

THEOREM 5. Let L satisfy conditions Ly, Ly, and A satisfy conditions Ay, A;
on a base set E. Let p>1and p~'4+q ' =1. If a,B,w,f,g >0 on E, awfg,
Bwrfg, owfr, awg?, BwfP, Bwg!, wfge L and o+ =1 on E, then we have

A(wfg) <AYP (awfP) AV (awg?) + AP (Bwf) AV (Bwg?) (6)
and

AVP (awfP) AV (cowg?) + AP (B f?) AV (Bg®) < AP (wfP) AV (wg?). (7)
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In order to obtain the converses of Holder’s inequality we use Young’s inequality
[8, 10, 12, 13] with Specht’s ratio:

If a,b >0, 1% + é > 1 with p > 1, then the following converse of Young’s in-
equality holds

11 b
s<‘—’>apbq>f+—, )
b P 4q
where s is Specht’s ratio defined by

1

xx—1

s(x) = T

elogxxT
forx>0,x#1,and s(1)=1.

REMARK 1. (i) lims(x) =1 and s(x) = s(1) for x> 0.

x—1
(ii) s(x) is a monotone increasing function on (1,e0).

(iii) s(x) is a monotone decreasing function on (0,1).

2. Converses of functional Holder’s and Minkowski’s inequalities

Our first result provides the converse of functional Holder’s inequality (1).

THEOREM 6. Let L satisfy conditions Ly, L, and A satisfy conditions Ay, A;.
If p>1, g=p/(p—1), and w,f,g are positive functions such that wfP, wgi,

s <M> wfg €L, then we have

A(wfP)gd
A q\ fpP 1 1
A (s (f% ) wfg) z Ar(wfP)Ad(wg?), ®)

where s is Specht’s ratio.

Proof. By taking a = % and b= A(W‘i;) in (8), we get

(576) ot o (o) 3 (st )

Now applying the positive linear functional A on both sides, we get

A%(Wfp)lAé(Wg‘f)A <S (%) wfg) g 119 (ﬁng‘cip +$ (ﬁgizi) -

which leads to the required result. [

When w(z) = 1 in Theorem 6 we obtain the following result.
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COROLLARY 1. Let L satisfy conditions Ly, L, and A satisfy conditions Ay,
Ay. If p>1, q=p/(p—1), and f,g are positive functions such that f?, g4,

s( (g W)fgeL then we have

A(fP)g?
A(S@E%Z)f) > A7 (f7)Ad (g9), (10)

where s is Specht’s ratio.

Next theorem gives the reverse case for p <0 and 0 < p < 1.

THEOREM 7. Let all the assumptions of Theorem 6 are satisfied.
(i) If p <0, then we get
. A(ng)f”1> ) ,
Ad | s| ——=— | wg? |A» (WfP) =2 A(wfg
(- (Ftm ) ) ad o 2 v,
(ii) If 0 < p < 1, then we get
1 A(wg?)f ) ) 1
Ar [ s| ——==— | wfP |Ad (wg?) > A(wfg).
( (A(ng)g‘f1 (wg) > Alwie)
Proof.

(i) For p<Olet P= %”, 0= Ll], F=f"9and G= f9¢?. Then PO >1, 1/P+
1/Q =1 and F,G are positive functions. By replacing p,q, f,g with P.Q,F,G
in (9), we get

A(WGQ)FP 1 P L Q
By substituting values of P,Q,F and G in the above inequality, we get

A ( (%) wg”) > AT (wf")A(wfg).

()

Now taking power - q on both sides we obtain the required result.

Hence

(i) f 0<p<1,then g <0 and we let P = p O=—-21 F=fPgland G=g?.
Now by replacing p,q, f,g with P,Q,F,G in (9), and then substituting the values
of P,O,F and G, we get

A (s (%) Wf”) > AP(wfg)AT (wg?).

After some calculation, we obtain the required result. [J
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Next two results give converses of the inequalities (6) and (7), respectively.

THEOREM 8. Let all the assumptions of Theorem 6 be satisfied. Further assume
that o, 3 >0 on E such that owfg, Pwfg, awf?, awg?, BwfP, Pwg? € L and
o+ =1 on E. Then we get

(cwf?)A(wg?)) 1 :
(m)/* (o) AT (orwg) an

(Bwf?)A (wg?)
“( A(Bwgh)A (Wfp)>

> A7 (wf?) AT (wg?).

(BwfP) At (Buwg?)

”al'—‘

Proof. Using (10), we get

P(d. .4 P (4 14
S<M>”1v1+s<w>”w2 (”1+”2)%+("111+vg)%' (12)
1

vi (uf +ub) Vs (] +ub)
Let
— A7 (awf?), v = A7 (cwg?),
— AP (BwfP), vy =Ad (Bwg?).

Substituting these values in equation (12), we obtain the inequality (11). [J

THEOREM 9. Let all the assumptions of Theorem 8 be satisfied. If

A(cowg?) /7 A(Bwg?) /7 A(wg?) /7
g (A(awmgq) ot (A (ﬁWfl’)g‘f> Bss (A (Wff’)g‘f) W

then we have

A (s (%) Wf8> > AT (awf?) At (awg?) + AT (Bwf?) At (Bwg?).

Proof. Multiplying the both sides of (13) by wfg, applying the positive linear
functional A on it and then applying reverse Holder’s inequality (9), we obtain

() s)
(G« (i) #) )
(e (e ) «vss) + () oor)

> AT (awfP) AT (awg?) +A7 (BwfP) At (Bwg?).
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Hence the result follows. [

In the following result, we obtain another converse of the improved Holder in-
equalities (6) and (7).

THEOREM 10. Let all the assumptions of Theorem 8 be satisfied. Suppose K be
defined as in (4) and

0<m< f(t)gYP(t) <M forall t €E.

If p>1, then
A(wfg) > K(p.m,M) (A7 (aow ") A9 (owg®) +AV/7 (Bwf?) AV (Bug?)) (14)

and

AVP (o fP) AV (awg®) +AVP (BwfP) AV (Bug?)
> K(p,m,M)AT (wf?) A7 (wg?). (15)

Proof. By using reverse Holder’s inequality (3), we get

A(wfg) = Alawfg+Pwfg) = Alawfg) +A(Bwfg)
> K(p,m, M) (A7 (o) A9 (cawg?) AP (Bu ) 419 (Bwg?) )

which is the required inequality (14).
Now using discrete form of the inequality (3), we get

upvy +uvy = K(p,m,M) (uf—kug)% (v‘f—!—vg)%’. (16)
Let
ule%(ocwfp), v1=Aé (owg?),
w = AT (Bwf?), vy =AT(Bwg!)

Substituting these values in (16) we obtain
AVP (con f7) AY4 (awg®) + AP (BwfP) AV (Bug?)
> K(p,m, M) (A (o) +A(Bwf?))? (A (cowg?) +A (Bwg?))
By using the linearity of A and then using o + 8 = 1, we get the inequality (15). O

Next result gives the converse of functional Minkowski’s inequality.
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THEOREM 11. Let L satisfy conditions Ly, Ly and A satisfy conditions Ay, A;.
Suppose that p > 1, g=p/(p—1), and w, f,g are positive functions such that wf?,

wgd, wg?, w(f+g)?, S(AEKI},)),,O w(f+g)? € L. If 51 > 5,53, where

w= (i)

w=(iem o)

s (A(W(J“rg)) )
Alwg?) (f +8)7

then we have .
AP (siw(f +8)P) } v

AP (wf?) + AP (wgP) < {W

Proof. s; > s, implies that

swf(f+8)" "' = sowf (£ +g)" "
Similarly s; > s3 implies that

-1 —1

siwg(f+g)P " = s3wg(f +g)?

By adding the above two inequalities we get

siw(f+8)P = sawf(f +)" ' +s3wg(f+g)" .

Applying positive linear functional A and then reverse Holder’s inequality (9), we get

A(siw(f+8)P) Z A (sawf(f + )" ") + A (sawg(f + )"~ )

> AT (wfP)AT (w(f +8)")+ AP (wg") AT (w(f +g)").

—1
Dividing both sides with AT (w(f +g)?), we get our required result. [

3. Applications on time scales

In this section we obtain new converses of Holder’s and Minkowski’s inequalities
on time scales. According to Stefan Hilger’s 1988 PhD thesis, the theory of time scales
combines the science of differential equations and difference equations, extending to
cases “in between”, uniting integral and differential calculus with the calculus of finite
differences, and providing a paradigm for investigating hybrid discrete-continuous dy-
namic systems. It can be used in any field that demands the simultaneous modeling of
discrete and continuous data. Now that the time scales calculus has been introduced,
see [1, 2,4, 5,6, 7] for more information.
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Let n € N be fixed. For time scales, T;, i € {1,...,n}, let
AN'=Tix..xTy={x=(x1,....,0): €T}, 1 <i<n} a7

an n-dimensional time scale. Suppose that u, is the o -additive Lebesgue A-measure
on A" and M is the collection of A-measurable subsets of A". If o7 € M, (&7, M, up)
is a time scale measure space, and s : &/ — R is a A-measurable function, then the
corresponding A-integral of s over <7 is denoted by (see [7, (3.18)])

/s(xl,...,xp)Alxl...Apxp, /s(x)Ax, /sduA,or/ s(x)dua(x).
o o o o

All theorems of the general Lebesgue integration theory also hold for Lebesgue A-
integrals on AP.

THEOREM 12. Let (X,M,ua) be a time scales measure space. If p > 1, q =
p/(p—1), w, f, g are positive A-integrable functions such that wf?, wg?, wfg are
A-integrable, then we have

/ s (fx w(x)g(x)d pa (x) /7 (x)
X

S W) f7 () diaa (x)g7 (x)) W) (x)g () pa (x)

1

= (] w(x)fﬂ(xm(x))% (fwereanae)”, as

where s is Specht’s ratio.

Proof. The result follows from Theorem 6 and the fact that delta integral is a
positive linear functional. [

REMARK 2. Some specific cases of time scales are taken below to obtain con-
verses, otherwise we can also obtain these inequalities for other important time scales,
e.g..for T =hZ and T = ¢".

(i) Let n=1in (17). If A' = T} = [a,b] C R and L = L[a,b], then the inequality
(18) becomes

[ (ffW(x)gq () ()" (x)
@\ LW £ (x)dp(x)g9 (x)

> ([ v eoanc) : ([ weermane )"

(ii) Let n=2in (17). It A2 =Ty x T» = [a,b] X [c,d] C R? and L= L([a,b] X [c,d]).

) w(x)f(x)g(x)dp(x)
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then the inequality (18) becomes
[ (fa wlxy)gt .y >du<x>du<y>fp<x,y>> y
a Je N\ J7 S W) P () du(x)du(y)gd (x,y)
X w(x,y)f(x,y)g(x,y)du(x)du(y)

g (/b /CdW(x,y)f”(x,y)du(x)du(ﬁ>;) x
g (/b /fw(x,y>gq<x7y>du<x>du<y>>;

(i) Let n=1in (17). If T} = {1,2,...,n}, f(r) = f+, &(r) = gr, and w(r) = w,
where r = 1,...,n, then the inequality (18) becomes
1

S M . L » n . 7
;S<(E¢1W,ff)g? w,fr&r 2 rzzlwrfr ’;wrgr )

THEOREM 13. Let all the assumptions of Theorem 12 are satisfied.

AA

w(x
w(x

==

(i) If p <O, then we get

(/S<fo( X)f(x)g(x)dpa (x)f7~" (x)
X Jxwx) P (x)dua(x)g (x)

. ( / W(X)f”(X)duA(X)> "> [ w0 ).

) dna () "

(ii) If 0 < p < 1, then we get
Jx w(x)g?(x))dpa(x) f(x) 5
(/XS (fXw(x)f(X)g(x)d.uA(x)gq_l(x)) ( )fp( )d,LLA( )) X

x ( /. w(x)g%x)dm(wf > [ s g ()

Proof. The result follows from Theorem 7 and the fact that delta integral is a
positive linear functional. [

THEOREM 14. Let all the assumptions of Theorem 12 be satisfied. Further as-
sume that o, 3 >0 on X such that aowfg, Bwfg, owfP, awg?, BwfP, Bwg? are
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A-integrable and oo+ 3 = 1 on X. Then we get

((f )7 (i ()7 (fxw(x)g‘f(X)duA(X))‘1’> "
(e w7 ()t ()P (Jy 0pw(x)g? ()t ()

([ ot 7 st >) ([ etmean)’
((fxB(X) WO 1) 1) (fxw(X)gq(X)duA(X))‘l’>><
(

—
Q

1

Sy W) £7 (2)dpaa (x)) 7 (fy B)w(x)g7 (x)dpa (x))

< ([, Bt ) (/ Boowrgtidus >)El’

> (fower (x)dum)); (oo (X)duA(X)) "

Proof. The result follows from Theorem 8 and the fact that delta integral is a
positive linear functional. [

THEOREM 15. Let all the assumptions of Theorem 14 be satisfied. If

(L 0 o (LBl

() dia ()7 (3)
Ty 2w () /7 (s (g1 () T B/ >> A

fP(x)dua(x)g?(x

then we have

S w@)gT)dua () fP(X)\ s
/ (fo(x) fP(x)dua(x)g q(x)) (x)f(x)g(x)dua(x)

> (] et 7 oama >)‘1’ (f al<x>w<x>g4<x>dm<x>)" |
(/ﬁ x)dpa(x )p</ﬁ (x)dua( ))q.

Proof. The result follows from Theorem 9 and the fact that delta integral is a
positive linear functional. [J

THEOREM 16. Let all the assumptions of Theorem 14 be satisfied. Suppose

0<m< f(t)g VP(t) <M forall t€X.
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If p>1, then

/x w(x) £ (1) (x)daa (x) (19)

> K(p.m. M) (( /X (w0 (s ) ( / a(x)w(x)g%x)dmw) q

([ Bt s >)% (/B ane) )

and

(/X e x)f <X>dMA<x>) : ( /X a(@)w(x)g q(x)dm(x)) é 20)

</B (x)dpa (x ) (/B (x)dua( ))é

> k() /X W Wi o)) : (f w(x)g%x)dm(x))q
hold where K(p,m,M) is defined as in (4).

Proof. The result follows from Theorem 10 and the fact that delta integral is a
positive linear functional. [

THEOREM 17. Let all the assumptions of Theorem 12 be satisfied. If s = s7,53,

where
o s (ot )
Jx w)f7 (x)dpa(x)g?(x)
= (S ol
Jx w)fP (x)dpa(x)(f(x) + g(x))?
. :S<fxw(X)(f(X) §(0))dpis ()" (x >>
Jx w(x)gP (x)dua(x)(f(x) +g(x))?

then we have

</X v (x)) % + ( /X w(x)gP (x)d (x)) '

< l s ()0 + 80 s ()" ] .
o) () 800 Pda(a)”

Proof. The result follows from Theorem 11 and the fact that delta integral is a
positive linear functional. [
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REMARK 3. In a similar way as in Remark 2, we can also obtain the specific

cases of all results of this section. These reverses are new even in the case of sums and
integrals.

4. Reverse of integral Minkowski’s inequality

In this section we obtain a converse of improved integral Minkowski’s inequality
(see [3]) on time scale.

THEOREM 18. Let (X,M,up) and (Y,L,dva) be time scale measure spaces and
let u,v, and f be nonnegative functions on X,Y, and X XY, respectively. Suppose

fx,y)
O S T o) dva ()

(/x (/f(x YV()dva(y >>” x )dHA(x)>,%
</</fxy dm(o (ﬂMMWOPJB

> K*(p,m,M) / (/f”xy (x)dpa(x ))IV(Y)dVA(Y)

holds provided all integrals in (21) exists, where

B:K(p,m,M)/Y ((/Xa(x)fp(x7y)u(x)d,uA(x)>% «
x ( / a(x)HP(x)u(x)duA<x>) ", ( / ﬁ(x)fp<x,y>u<x>dm<x>) .

—1

< ([ BT @uta >)_ vy)dva ).

<M.
If p>1, then

21

Proof. Let H(x) = [y f(x,y)v(y)dva(y). By using Fubini’s theorem and inequal-
ities (19) and (20), we get

/ HP (x)u(x)dpa (x)

= / H )P (0u(x)dpin (3

_/ (/fxy Y)avaly >> HP™! (x)u(x)d s (x)
= /Y ( /Xf (X:Y)H’”(x)u(X)duA(x)) v(y)dva(y)
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ZK(p7m7M)/Y ((/Xa(x)fﬂ(x,y)u(x)duA(x)>’1’ «
x ( / a(x)HP(x)u(x)dm(x)) T ( [ B utadus) ) L
(B Cuana s )) vdvs(y)

pmM/(/f”xy x)dpa(x ) (/H” x)dua(x )’TV(Y)dVA(Y)

p—1

pmM/</f”xy (x)dpa(x ) y)dVa(y (/H” (x)dpa(x )p

Now dividing by ( [y H? (x)u(x)dpa(x)) o , we obtain the required result. [J

REMARK 4. (i) If X C [a,b], Y C [c,d], then the inequality (21) becomes

(J o) o)

p—1

(/(/fxy ) xu(x)d,u(x))pB
> k) [ ([ 72 Goutoa ) )V,
where

B=K(pm) [ (( / Oﬂ(X)f”(x,y)u(X)du(X)> .

([ ooty T (B eomtants)” <
< ([ B eutants) _) V)V

(i) If X,Y C N such that w(r) =w,, g(r) =g, and f(r,s) = frs, s € {1,2,...,n},
then the inequality (21) becomes

7 n P % n n P pTil
(2 (2]“”%5‘}‘9) I/Lr> > (2 <Zfr,svs> ur) B
r=1 \s=1 =1 =1

> K?(p,m,M) 2(; >v57

=1
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where

n P

B=K(p,mM)Y | | Y o(x)fLu,

s=1 r=1 r

M=

o(x)HF u,

I
—_

1 p—1

(S ) (2 peomze) | w
r=1 r=1
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