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AN ESTIMATE OF THE MAXIMAL OPERATOR OF THE
NORLUND LOGARITHMIC MEANS WITH RESPECT TO
THE WALSH-PALEY SYSTEM ON THE HARDY SPACE H),

NACIMA MEMIC

(Communicated by L. E. Persson)

Abstract. We define a weighted maximal operator i; and prove that it is bounded from H,(G)
to L,(G), for p € (0,1).

1. Introduction

Let Z; denote the discrete cyclic group Z, = {0,1}, where the group operation is
addition modulo 2.

The dyadic group G is obtained by G = [] Z, (see [15]), where topology and the
i=0

probability measure |.| are obtained by the product.

Let x = (xn)n>0 € G. The sets I,(x) :={y € G:yo=x0,.,Yn-1 =Xn—1}, n > 1
and Iy(x) := G are dyadic intervals of G. Let I, = 1,(0), and e, := (8;n);. It is easily
seen that (I,,), is a decreasing sequence of subgroups.

Since every nonnegative integer i can be written in the form i = Y7 ix2%, where
ir € {0,1}, we define the sequence (z;);>o of elements from G by

2= 2 ixe.
k=0

It is easily seen that for each positive integer n, the set {z;,i < 2"} is a set of
representatives of [, -cosets.
The Walsh-Paley system is defined as the set of Walsh-Paley functions:

||

on(x) = [J(re(x)™, neN, xeG,
k=0

where n = §, 2%, ny € {0,1}, |n| = max{k,n; # 0} and ri(x) = (—1)%.
k=0
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If f € L, we can define the Fourier coefficients, partial sums of the Fourier series
and Dirichlet kernels with respect to the Walsh system as

= | raun,
n—1 R
Suf =Y, fk)ax, (Sof:=0),
k=0
n—1
D, = 2 .
k=0

It can be easily seen that S, f(x) = (D, * f) (x) and Dyn (x) = 2"1p, (x).
Norlund logarithmic means and kernels are defined by

:_2 Skf

i Zn
and
1 D
Fn = —ka
1, k_on—k
where
_$!
i1k
It is known that ([14])
|Fulli < clogn,
and

n

(n+1)t/r!

For every positive integer 7, the algebra generated by the intervals {I,(x),x € G}
is denoted by F,,. If f = (f,), is a martingale with respect to F),, then its maximal
function f* is defined by f* =sup|f,|. If f € Li(G), then its maximal function is

n

defined by

sup <C < oo (1

n

1

e =swg| [ ro

Forevery p € (0,), the Hardy space H,(G) consists of all martingales f = (f)»
such that f* € L,(G). The norm on H,(G) is defined by

1A e, == 1]

A bounded measurable function a is a p-atom, if it is supported on some dyadic inter-
val I, such that

Ja=0. lal.<i11°7
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Throughout the paper C denotes an absolute positive constant which may vary in
different contexts.

The a.e. convergence of a subsequence of logarithmic means of Walsh-Fourier
series of integrable functions was studied in the works [3], [5] and [6]. Results related
to partial sums and Norlund logarithmic means with respect to unbounded Vilenkin
system can be found in [ 1] and [8]. Norlund logarithmic means were studied in different
contexts in [1], [2], [4], [9], [10], [11], [12], [16], [17], [18], [19] and [20].

Many maximal operators were studied on the Hardy space H), of general Vilenkin
groups, for p € (0,1] (see for example [1], [12], [13] and [17]).

In [19, Theorem 1] it was proved that the operator

L,
supi‘ nfl|_1
n o (n+1)r

is bounded from the space H), to the space L, on general Vilenkin groups. Moreover,
for every nondecreasing positive sequence {@,} satisfying

1
l D
limsup M = oo,
n—eo  lOgneoy

the maximal operator

L
sup [Luf |
n (pn
is not bounded from H), to L.

In Theorem 1 we prove that the operator
- 1 1)| Ly
£ o sup B0 D) |

n (n+1)r"

is bounded from the space H,(G) to the space L,(G). Of course, the second part of
[19, Theorem 1] describes the sharpness of the result obtained in Theorem 1. Similar
results were obtained for the Walsh-Kaczmarz system in [7].

The following open problem was stated on pages 476—477 of the recent book [14]:

OPEN PROBLEM. For any 0 < p < 1, is it possible to find non-negative, non-
A~k

decreasing sequence (©,,n € N) such that the maximal operator L, defined by

. |Lnf]
L f:=sup ——
P neN ®n+1
is bounded from the Hardy space H, to the Lebesgue space L,? Moreover, is it true
that the rate of (©,,n € N) is sharp, that is, for any non-negative, non-decreasing
sequence (Qn,n € N) satisfying the condition

- n
lim — = oo,
n—oo (pn
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there exists a martingale f € H, (G) such that the maximal operator

L,
sup 1Lnf]
neN @Pn+1

is not bounded from the Hardy space H), to the Lebesgue space L),?

In [19] Tephnadze and Tutberidze partially answered this open problem and proved
that there exist absolute constants C; and C, such that

1/p—1
L <0, < Czl’ll/p_l.
log(n+1)

In this paper we establish an answer for the Walsh system by proving that such

optimal weights are
nl/p—l
log(n+1) [~

2. Main results

LEMMA 1. Let n be a positive integer having the dyadic representation n = 2N +
..4+2M where Ny < Ny < ... <N, and N, = |n|. Then, D,(x) can be written in the
form

2N
Dy (x) = Doy, + 2 Anj (D41 (x"‘zj) — Dy, (x"‘zj)) ) (2
Jj=0
where
t—1
Apgi= Y 2NN 3)
i=1
i—1
A=y (@) v (2) | 29N g (2) 3 2% (4)

s=1

if j=0 (mod 2V) and j # 0 (mod 2Ni+1) for some i € {1,...,t —1}.
For j#0 (mod 2M), A, ; =0.

Proof. 1t was proved in [15] that

~

Dn = N, ...rNiHDzN,-. (5)

i=1
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Therefore,

Dy(x) = Dy, (x) + Z N, (x rN,+1 )D2Ni (x)

= D2N, (x) + Z 2M_Nt N, (X)Dth (X)
i=1

—1

+ 32N Ny (), ()Y, Daw(x+z))
i=1 je{l,..2N —1}
j=0 (mod 2i)

—1
= Doy, (x) + Y, 2NN (D1 (x) — Do (x))

i=1

—1
+ Y 2NN N (@) N () (Do (4 25) — Dow (x+ 25)),

i=1 je{l,..2N -1}
j=0 (mod 2N)

because
N, (V)Dov (¥) = Dowes1 (y) = Doy (), Yy € G,
besides, ry,(z;) = 1, for every j < 2N, so that ry, (x) = ry, (x+z;) . Therefore, we get

—1
Dy (x) = Do (x) + ; 2Y N (D11 (x) — Doy (x))

t—1
+Z 2 erl(Zj)"'rMH(Zj)
i=1 j=0 (mod 2M)
Jj#0 (mod 2Ni+1)

) 2NN (2)2N N L (25) o (27)2M Y]
X (Dai+1 (x+2/) — Dy (x+25))

= Dy, (x) + 2 2NN (D41 (x) — Dow (%))

+2 > N (25) g (25)
i=1 j—0 (mod 2M)
j#0 (mod 2Vi+1)

X [ZN"iN’—FrN.( .)21\/,-,171\/,4_ ..y (Zj)ZNl 7N’] (D2N,+1 (x—|—Zj)—D2N, (X+Zj))
= Dy, (x) + 2 2NN (D41 (x) — Dow (%))

i—1
+ Z Y N1 (25) N (27) [2YN 4 (zg) Y 2NN
i=1 j=0 (mod 2M) s=1

j#0 (mod 2Ni+1)
X (Dani+1(x+2j) — Dovi (X + 2)),
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where the previous sums are obviously taken over j € {0,...,2VM —1}. O
The following remark is a direct consequence of formula (4).
REMARK 1. let j =24 422 425M where | < I, < I3 and M is a nonnegative

integer. If n = El.ilo n;2" is larger than 21! and such that n;, = 0, then

Anj = _An+212,j'

LEMMA 2. Let n=2M 4 .. 42V where Ny <N, < ... < N; and let j=2" +
22M |, where 1} < N, and M > 0. Then,

2N 1
A .
Y AL < Cmin{l, N, }2 N (6)
=M1 T
and

n—1 A,

Y ZALI < Cmin{ly, N, 320N 7)
kM

Since the notation Ay ; wasn’t defined in Lemma 1 for k < 201+ we may consider

in this case that Ay j = Ak7j72‘k‘ Lz\%ﬂ .

Proof. We consider the following cases

1. ll"‘l:Nt,

[\

. L+1<N,and L >N, — 1,
3. 1+1<Nyand N,_1 <bhb <N;— 1,
4. l2<N[71.

In the first case we have N; < [,. Besides, it can be seen from formulae (4) and
(3) that Ay ;| < 21~ K+1 Hence,

n—1

Axj o C &1
—L < <CY -<C-N,
k:%fl n—k k:%q"_k ij

In the second case, estimates (6) and (7) can be deduced from

n—1 A, n—1
2 kv]k g 2117N¢+1 2 1 . < C_NtzllfN, < C'min{IQ,M}zlliNt,
kN1 1T k-1 TV

because N, < 2min{lp,N; }.
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In case (3) we have

2N

z Ak.,J
k=21t k
M-l
- 2 A2Nf*1+kj

= n—2N-1_F

Ny—1=lp—1_ 19l _
2 12 1( A2Nt’1+212“r+212+i,j A2Nl’1+212“r+i,j )

= S \n—2M1_2btly_2b i p—2N—1_2btly

oNi=1-lp=1_12ly 1

= 2 > A=t ol ol 1
r=0 i=0

1 1
>< —
(n—2N/—1—212+1r—212—i n—2N—1_2hb+ly_j
2N/717[271_1212_1

= 2 2 ANt o+, oh +i,j
r=0 i=0

2k
X = 2N T bt 2k ) (n— 2N 1 _ 2B, )

where the third inequality is deduced from Remark 1. Therefore,

2N N —1-bh~1_5 5
Z Aﬂ < 211—N,+1 2 242
Je=2Nr—1 n—k =0 n—2N—1_ 212+1(r+ 1)
% 1
l’l—ZNr*I _212+1(r+ 1) +212
p | .
42li=Nitl 2 20
i=0 (}’l - 2Nt + 212 — l) (n — 2N/ + 2lz+1 o l)
2N/*171271_1 1 212_1 1
ety L e’y L
r=1 (n;lzzljfl - r)2 i=0 212 —1
< C'ngll_N’,

because n — 2N 420+ i > 28 forall i € {0,...,2"2 — 1}. Hence, (6) is proved for
the case (3).

To establish (7) for the case (3), notice that n — 2N < 2M-1+1 < 20+ it follows
that

n—1 Ak X n—2M 1 2l +1
2 5] <2117Nt+1 2 - <2117Nt+1 2 - <C'122117Nt.
kN [T k = ! = !

Now we study the fourth case where it is clear that [, < N; — 1, which means that
estimate (6) can be proved as done in the previous case. It only remains to prove
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estimate (7) in the fourth case. Assume that j =24 +22 4+ 425 4+ 2M-1)M | where

s=22, Lh<b<..

. <ly < N;—1 and M is a nonnegative integer. We first assume that

Iy #N; forall i € {1,...,r —2}.
First we have
Np 4 olp+1) n= 2’v 2N
n—2k—1 A, 2%+42 L I+1 -1 A n—2k—1 A,
2 kj 2 ki 2 k.j
k= T —k k=2M n—k Ny Loly+1 | n=2ls oM n—
AR e
= 1+1I.
n—2ls—1 1
11| < 2h—Nitl — (8)
Ny 4 olp+1| n=2ls 2N n—k
k=22l | BT |
2ls+212+l
< 2[1—N/+1 Z - < C- l22ll_Nt.
m=2Is m
On the other hand,
/i N;
g
I = oMtk
_ 9N _
=0 n—2N—k
21y
1 2b 1
o AN ooty AN 4ol ol 4
= S \n—2M—2btly—i  p—2N —2btly Db
_ols oM
AL Y
= . 26 Ath+2lz+1r+2lz+i, j
r= =

1 1

>< f—
(n—2N/ —2htly—2hb |

It follows that
Ln
‘I| < 211—N/+1

Ln
[ —N;+1
<21 (B

Ln
— pli—Ni—1

1 —N;—1
< 2N

j=ols—h—1

n—2M —212+1r—i) ’

ols 2NtJ 1
21 21 oh
Z‘ Z (n—2Ni —2b+1y 2k —j)(n — 2N — 2b+1ly i)
2ls Nt
2+l I= 22
26 (n—=2N —2bLF1(r4 1)) (n—2M =2+ (r+ 1) +202)
2ls Nt
) |
D )
N, N,
P (= R
N,
il
> L



AN ESTIMATE OF THE OPERATOR OF THE NORLUND LOGARITHMIC MEANS 723

Then, if [ + 1 < Iy we have

k=n—2!s

ols _ob+1_1
An—215+k7 j
Iy _
=0 2 —k
ols _plp+1

o +1 -1

221
(An2ls+2’z+1r+i,j An21x+2’2+1r+2’z+i,j)

= = s —pbtly—j = 2l Dbty Db g

ols _oly+1

212+l N 21271 1 1
= 26 26 An72lé'+212“r+212+i,j <le — b+l _oh _;  Dly _ b+l i)
r= 1=

ols olatl
Wb+ 21 )

rgo Z(I) An7213+212+1r+212+i,j (215 _ob+lp 9l i)(zly — Db+l i) )
where the third equality is obtained from Remark 1 because if I, # N; for all i €
{1,...,t — 2}, then the integers n — 2 +22+1r +i, where r is a nonnegative inte-
ger and i € {0,...,2"2 — 1}, satisfy the condition mentioned in Remark 1. It follows
that

ols _ola+1 .
o +1 2212

[ —N;+1
ST Y G S 1) 1)

k=n—2ls r=0
Sls _plp+1
LN 212+l 1
=21 (10)
D
ols—lh—1_1 1
I —N;—1 1
SEI S
=1
It remains to estimate the sum
-1 212+1_1
DO I i = (11)
n—k| 2b+1l _ |
k:n72/2+1
212+1

1
< 2[17N¢+1 2 ; SC-ZQZIPN’.
t=1

Summing the terms in (8), (9), (10) and (11) proves estimate (7) in case (4) under
the assumption that I, # N; for all i € {1,...,# —2}. Now, assume that [, = N; for
some i € {1,...,s —2}. Itis clear that the sums in (8) and (9) can be estimated in the
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same way as in the previous case. In this case we first estimate

n—2ls42b 1 Ay 2ls 1
—Jk < 2h=Ni+1 2 - < o\ (12)
k=n—2s 1T r=al ooy !

Then we have if [, +2 < I
72]24»1721271 21572]24»271
" 2 Ak,j o 2 An—ZIS 4202 4k, j
_ Iy 9l
k=n—2ls 42l ! k k=0 Za k

2bs=h=1_32h
( A olsoh 4ot g, j Ay gts ot gl i, )

& & \2b bty 2h ' 2k 2htly bl

2ls=h 1320

Z 2 An—2’s+2lz+1(r+1)+i,j
r=0 i=0

1 1
8 (21x —2bHt(r41) —itan —2bF(r41)420 —i) ’

where the last equality is obtained from Remark 1 because the numbers n — 2/ 422 4
2h+1y 4 i, where r is a nonnegative integer and i € {0,...,22 — 1}, satisfy the condi-
tion mentioned there. It follows that

2ls=h=1_320b oh

< le—Nt-‘rl
2‘6 zzz() zl.r_212+l(r+1)_l'

1
X
26 —2htl(r41) 42—
2ls=h—1_3 92l

< 2[17Nf+1
Z;) (2l — 2B+ (r+ 1) —28) (25 —2h+1 (r 4 1))

2]371271 ) 1

n_2h+l ol | '
Ak.,J

<, n—k
k=n—2ls +22

< L —N;—1
S 2 2 (2ls—l2—1 —r— %)(213—12—1 _ V)

r=1
ols—h—1_1 1
A < C- 2N, (13)

=1
Now, we consider the sum

1 ob+1 ol
n Ak;’ + An

2 .

f=n—2l 1ol 1

72]24»1 *212+k,j
2h+1 4 2b —k

k=0

2t o 1
< 2ll—Nz+l z - <C~l2211_N1- (14)
=1 1
Summing the terms in (8), (9), (12), (13) and (14) proves estimate (7) in case (4)
under the assumption that /, = N; forsome i € {1,...,r—2}. O
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THEOREM 1. Let O < p < 1, then the maximal operator
I o sup B0 D) |
n (n+ 1)

is bounded from the space H,(G) to the space L,(G).

Proof. Since I:;; is bounded (see (1)) according to [17, Lemma 1], it suffices to

prove that
/; \Lya|” <C, (15)
N

for every atom a supported on Iy, where Iy := G\ Iy.
Let a be an atom supported on the interval Iy. We have according to Lemma 5
that

P P
1 1)L, log’(n+1) 1 |"d S
/_ sup | 108U E Dlna dx:/_ sup &+ D) LI Sea |7
Iy n (n_’_l)ﬁfl Iy n (I’l+l) pln k= ll’l—k
- 5 n p
= supilogp(’H_l)l S Sia + 2‘2‘31 S + "2‘:1 Sk dx
Ivn (n+DP LS S on—k ok S n—k
I"I 22a+1 1251 A p
<C /| sup——— Sosr1a(x—+z Sysa(x+z; dx
iN np (n+l)l— =5 ,2‘6 n— k( 25+1 ( J) 2 ( /))
olnl=1_1 2lnl_1 Ay p
+C/ P Ty +1 —’Jk(Szwnwa(HZj)—Sz\n\—la(x+2j)) dx
n Jj=0  g=2ln[-1 n-—
W1 po1 A P
+C/ P Ty 1 k( ahr1a(x+2j) = Syma(x+zj))| dx
n+ j=0 k:2\n\
= J14+3+7;.
Notice that for all s < |n|—
2”2':—1 1 n—zf 1 s n _
< - Clogi < Clo g <C. (16)
s n—k (mn_os+l t 28 s+1 ? —

Since Sysa(x) =0 for all s <N and x € G, we have from the fact that a is sup-
ported on Iy, Remark 1 and (16) that

2V 1
3 <C /
1 2 @) n>2N n+1)
14
‘71‘—22“’1—1 Ak
<1y ¥ D k(S23+1a(x+ZJ) Spa(x+z;))| dx
s=N k=25 jefo,..2—1},"
j=i (mod 2V)
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P
N1 1 In|—225+1 1 Ag /|
<z Y swp e [ X Y Y [ a
S sy (1! S=N k=25 je{O,,,,,23—1}7n_k In(z)
j=i (mod 2V)

<C sup ————— 27N ——
r=0 =0 (mod 2) n>2N (n+ D\ S S n—k
i#0 (mod 27*1)

1
<C Y 2PN qup ————(|n| = N)?
I§) n>2N (n-|—1)1*17
1
<c2N0-P) qup ———(In| —=N)’ < C,
2 G =
where in the third inequality we used the fact that from Remark 1, |A; ;| < 2" sHLif
2571 — 1} and j # 0 (mod 2"*!), while the fourth inequality is deduced

ke {2s,...,
from (16).
We use (6) to estimate J,. We have
p
N1 2l 1
1 Ak ;
Jo < Cllall2 Y, sup ——— / dx
S oy (1P je{0, 211y, k=gl -1 " n—k In(zi)
Jj=i (mod 2N)
P
N-2 N-1 21 4
k,j
<C 2 sup ———— —
L =00= ll+116{0 N1y n=2N (n+ 1)1 je{0,....2 =11y lk=2lnl-1 n—k
211+2’2M j=i (mod 2V)
M odd
P
N—1 2l 1
1 A
+C Z sup W %jk = 3271 +3272.
L= =0n=2N n jE{O,...,Q‘"‘*l—l}, k:2\n\—ln

j=2'1 (mod 2M)
According to (6), for all j = 2/t 4220, where M is some odd number, [; €
{0,...,N—2} and [, € {l; +1,...,N — 1}, we have that

2lnl 1
Aej < C-1p2h~inl,

k=2lnl-1 n

Hence,
N—2 N-1
- 1 <2|n|—N,2211—|n|>”

Hi<cy Y 2V hsyp ————
H=0L=1+1 psov (R4 1)17P

<C M 22111’ 2 27h1.
sup
asov (n+1) (n+1)l-r, b=l +1
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Let p’ € (p,1), we have

hp N a—hp $ 11 (p—p') < B i)
P p—p ~h)p
221 Y 272 <C221 P 212(1—17’)2 e
h=l+1 =0 L=l1+1
N—1 , oo lP
chzll(P*P) 2 i < CZthﬁ <C.
=0 het4127? 11=0

Hence, J 1 < C. In a similar way we get,

p
1 [n|—1 2lnl—1 A
Jr2 < CZ sup 1 k’jk
=0n>2N (n+1)1= L=N je{o,...2l-1_1}, |k=2lnl- 1 1
j=2l42b2 M,
M()dd
olnf 1 A
1 k2’1
+C sup ————
20n>2N( +1)l-r kz%m n—k
Ni ! '"'iluz non)
<C SUp ———<y— 2=, phn
1=0n=2N (n+1)! =N
N—1
+C Y sup (In|28=Inhyp.

1Zonsoy (R )P

‘We have

N-1 oo r N-1
Yol ¥ 27hp | <cv2M)P Y 2P < C-NP
L=N

=0 =0
Moreover,
& 2= [n|? Ni (11—N)
sup g (2 < s e 3 2
[Zonson (n+1)1P v (n+ )P o

<Cs |n‘p
< up ——.
n}ZgV (l’l—|— l)lip

Therefore, by the definition of |n| we get that

b

. \nlp log”n
J22 C sup I - X
v (n+ 1)1 (n+1)77°

which means that J, < C. It is easily seen that using (7), J3 < C can be proved in a

similar way. We deduce that (15) is verified for every atom a supported on Iy. [J

Acknowledgements. 1 would like to thank the referee for giving such construc-
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manuscript.
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