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A NEW ESTIMATE OF THE TRANSFINITE
DIAMETER OF BERNSTEIN SETS

DIMITRI JORDAN KENNE

(Communicated by T. Erdélyi)

Abstract. Let K C C" be a compact set satistying the following Bernstein inequality: for any
m € {1,...,n} and for any n-variate polynomial P of degree deg(P) we have

P o

Zm

max
zeK

S Mdeg(P)max |P(z)| forz= (z1,...,2n)

for some constant M = M(K) > 0 depending only on K. We show that the transfinite diameter
of K, denoted &(K), verifies the following lower estimate

1
5(K)> o,

which is optimal in the one-dimensional case. In addition, we show that if K is a Cartesian
product of compact planar sets then

1

3(K) > -

1. Introduction

Sets verifying a Markov inequality are of particular interest in approximation and
pluripotential theories. In [8], Plesniak posed the question of the continuity of Green
pluricomplex function for these sets. In particular, he wanted to know whether they
are nonpluripolar or not, which is equivalent to verifying that the transfinite diameter
is positive or zero (see [6]). A subclass of these Markov sets known as Bernstein sets,
have been proven by Siciak in [9] to be nonpluripolar. Some positive lower bounds of
the transfinite diameter of Bernstein sets were proven by Biatas-Ciez and Jedrzejowski
(first) in [2] and Yazici (later) in [11]; therefore emphasing their nonpluripolarity. In
this paper, we present a better lower estimate of the transfinite diameter of Bernstein
sets which is optimal in the one-dimensional case.

We consider &2,;(C"), the space of n-variate polynomials of total degree at most
d. A compactset K € C" is a Markov set if it satisfies the following Markov inequality:
foreach m € {1,...,n} and for every polynomial P € Z,;(C")

P
max |——(z)| < Md"max |P(z)|  forz= (a1, .z) (1)
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for some constants M = M(K) > 0, r = r(K) > 0 which depend only on K. If (1)
is verified with r = 1 then K is called a Bernstein set. For instance, any closed disc
D(a,0)={z€C: |z—a| <0} with a € C and § > 0, is a Bernstein set as it satisfies
the inequality
d
/

oy PR < 5 o, 1PE)] @
for all polynomial P € 2;(C). More generally, any finite union of ¢’-smooth Jordan
curves is also a Bernstein set (see [7]). Examples of Bernstein sets with an infinite
number of connected components have been constructed in [10]. In the multivariate
case, it is easy to see that any polydisc verifies a Bernstein inequality since it is a
Cartesian product of discs which are Bernstein sets.

The Bernstein’s property is strongly related to the smoothness of Green pluricom-
plex function. Indeed, Siciak shows in [9] that, a set verifies a Bernstein inequality if
and only if its Green pluricomplex function is Holder continuous with exponent u = 1.
It follows from this equivalence that Bernstein sets are nonpluripolar. As far as we
know, the generalisation of this result to all Markov sets remains an open question for
n=?2.

Throughout this paper we denote 0(K) the transfinite diameter of a compact set
K C C" (see Section 2 for definition). In [ 1], Biatas-Ciez established that the transfinite
diameter of any Markov set K C C verifies the following estimate

5(K) > Al/lcrr(diam(l())% 3)

where o is an absolute positive constant and diam(K) is the diameter of K. As a
consequence, all planar Markov sets are nonpolar. Later, Bialas-Ciez and Jedrzejowski
proved in [2] that any Bernstein set K C C" satisfies

1
Recently in [11], Yazici improved the previous lower estimate for the transfinite diam-
eter of any Bernstein set K C C" for n > 4, by proving that

1
— 5
enM ®)
In this paper, we use an idea from [4] involving generalized Leja points to obtain a

better lower bound for the transfinite diameter of Bernstein sets. Our main result is the
following.

0(K) >

THEOREM 1. Let K be a Bernstein set in C" of parameter M. Then

1
0(K) > —. 6
(K) > — ©
REMARK 1. Note that the estimate in (6) is optimal in the one-dimensional case
since the closed disc D(0,R) = {z € C: |z] <R} (R > 0) is a Bernstein set with
M = 1/R and its transfinite diameter is 6 (D(0,R)) = R. Moreover, the estimate in (6)
is better than (5) for any non negative number n and better than (4) for all n > 3.
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It turns out that the estimate given in Theorem 1 can be improved for the case of a
Cartesian product of planar sets.

THEOREM 2. Let K = K| X ... X K, be a Bernstein set in C" of parameter M.

Then
1

5(K) > .

(7

2. Preliminaries

Let N={0,1,2,...} be the set of non-negative integer numbers and let o : N >

Jjr— (o (j),...,0.(j)) be the enumeration on N" associated with the graded lexi-
cographical ordering which we denote by “<". We write |f| = 1 + ...+ 3, for the
length of a multi-index = (B4,...,B,). Consider the monomials

o (j)

ej(z) :zz"‘(")zz1 ---zg"(j)7 j=12,.... (8)

The space of holomorphic polynomials of n > 1 complex variables and of degree at
most d € N is

P4(C") = span{e; := %0 = ! ®.. ~sz”(i); i € Nand deg(e;) <d} 9)

and its dimension is hy := dim(2,(C")) = (") . For any set of points {&,...,&n}
in C", we define the generalized Vandermonde determinant VvDM(&, ..., &,) by

VDM(&o, ..., Em) i= det [¢;(§))]ij=0.12,...m (10)

with the convention VDM(&y) := 1. Observe that its modulus is independent of the
ordering of the points. The Vandermonde determinant is a polynomial in the coordi-
nates of the points &;, thus a polynomial in n(m+-1) variables. As such, its degree for
m = hg— 1 is given by

ldzgi(hi—hil):n<2j_cll). (11
Given a compact set K C C" we consider the constants
Vi=Vi(K):=_ max |vbM(&,....&-1)], j> 1. (12)
&o5-nEj-1€K
The transfinite diameter of K is the constant
O(K) :=limsup 6,4(K), (13)

d——+oo

where §;(K) := Vhld/ 4 is called the d-th order transfinite diameter of K . Fekete proved
in [3] that the limit 6 (K) exists for any compact set K C C (i.e when n = 1). Later in
[5], Leja introduced the name “transfinite diameter” and thus posed the problem of its
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existence when n > 2. A positive answer to his problem was given later by Zaharjuta
in [12]. The transfinite diameter of a compact set can also be determined using Leja
sequences. A Leja sequence for a compact set K C C” is a sequence (&;) ;>0 such that
&o is any arbitrary point (preferably on dK) and for each N > 1

|VDM(€07' . 'aéN—l7€N)| = I?ea}g( ‘VDM(€07' . '75]\/—1’1)" (14)

It is proved in [4] that, if (&;);>0 is a Leja sequence for any compact set K C C" then
we have

8(K) = lim [vom(&,..., Ep,1)]"". (15)
We consider the following mappings
0 N' — N
B 9 — {(0 .0) ifg=0 a6
Brse s Bt Bi — L Bigr- - Ba) i Bi > 1
i=1,...,n.

0P
Observe that GL = B,,z%"P) for any multi-index B € N” and forany i=1,...,n
Zm

The following lemma is a direct consequence to the fact that the graded lexico-
graphical order is translation invariant.

LEMMA 1. Let B = (B1,...,Bn) and Y= (V1,...,Yn) be two multi-indices in N".
If B <y thenforany i€ {1,...,n} suchthat y; > 1 we have ;8 < diy or d;iff = dy =
(0,...,0).

Proof. Let B <y and let i € {1,...,n} such that y; > 1. We distinguishes two
cases.

e If B, =0 then d;8 = (0,...,0). Hence, J; = d;y = (0,...,0) or d; < J;y.

e Suppose that §; > 1. We have 9, = (Bi,...,Bi-1,8i—1,Bi+1,.-.,Bx) and diy =
(V1,--»Yi—1,% — 1,%+1,--.,%) . There are two cases to consider:

- If |B] < |y| then |d:B| =|B|—1 < |y| — 1 =d;y|. It follows directly from
the definition of the graded lexicographical order that d;3 < d;y.

— If |B] = |y| then we also have ;8 < J;y since the lexicographical order is
translation invariant and by hypothesis § <y. O

3. Proofs of Theorem 1 and Theorem 2

We begin by establishing two lemmas (Lemma 2 and Lemma 3) which are ob-
tained by using the Markov’s property over the following class of polynomials

P ={P(z) =ei(z) + Y, cjej(z): c;€C} forieN. (17)

0<j<i
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It is essentially due to these lemmas that we have obtained an estimate of the transfinite
diameter of Bernstein sets which is better than (5) and (4).

LEMMA 2. Let K be a Markov set in C" of parameters (M,r). For every poly-
nomial P;(z) = e;(2) +20<j<icjej(z) € P, we have

max |[D*VPy(z)| < MI“D(|o(i)|1)" max |Pi(z)] (18)
z€K z€K
olelp

where D*P := ———————
PR

Proof. We give a proof by induction on i € N. For i =0 the inequality (18) is
easily verified since we have D% py = D(0 ""’O)(l) = 1. Inductive step: fix £k > 1 and
suppose that (18) is true for all 0 <7< k— 1. Let us show that it is also verified at
the rank i = k. Let d > 0 such that iy < k < hyy;. Since |a(k)| > 1, we can select a
certain m € {1,...,n} for which a,(k) is positive. Let ko € {0,...,k} such that

OC(k()) = ama(k) = (061 (k)a"'7am71(k)7a}n(k) - 1,am+1(k),...,a,,(k)).

‘We have D"‘(")PI< = p@(ko) <%) . Moreover, Lemma | guarantees that we can write

P, ko
3z (2) = 0 (k)2 *0) Y bjej(z) = (k) | ex,(z) + 2 cje;
m j=0
for some constants b;, ¢; > 0 (eventually equal to zero), j =1,...,kp. By setting

Ok, = €k +E ie0Cjej it follows that D*®) p, = O (k) D? (ko) Ok - Usmg the hypothesis
of induction with the polynomial Qy,, we deduce that

max [D*UP ()| = o(k)max [DE0) 0y (2)]
z€

< o (k )M|a ko)l (| ax (ko )| 1)" max |0k (2)]

< ( (k) M1 (Jar(ko ) [1) ) (ﬁ()‘?@ gZ( ) )
= M0l (|ar (ko)|1)" max %(Z) :

Moreover, from the definition of Markov set we have

< Mlo(k)| max |P(z)].
|o:(k)[" max |P(2)]

Therefore,

max [D*®P(z)| < MI“RH o (k)" (|ae(ko) | 1) max |Pe(2)]
zeK €K

< MOl a(k))1) max |Pe(z)]
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since |ot(k)| = |a(ko)| + 1. Thus (18) is true forall i > 0. O

The following lemma provides a better version of inequality (18) for the case of
Cartesian product sets.

LEMMA 3. Let K = K| x ... X K,, be a Markov set in C" of parameters (M,r).
For every polynomial Pi(z) = ei(z) + Yo< < ¢jej(z) € P', we have

max [ D*VP(z)] < MOl (a(i)1)" max |Pi(z)], (19)
z€K z€K

where ol = oq!--- o, !

Proof. The proofis similar to that of Lemma 2. We proceed by inductionon i € N.
The case i = 0 is obvious. Now, fix k > 1, P, € 2% and suppose that the inequality
(19) is true for all 0 < i< k—1. We can assume without loss of the generality that
oy (k) = 1. Let us consider kg € {0,...,k— 1} such that a(kg) = dy (k). By setting
Ok, = €k, + 21;0:0 ¢je; so that DM p, = oy (k)DO‘(kO)QkO , as in the proof of Lemma 2,
we obtain by the hypothesis of induction

max [D* O P ()| < M9 (ko)1) max
z€

(20)

For &,...,& € C fixed, the polynomial P(z1,&,...,&:) belongs to P, 1)(C) C
26, (k)(C") . Therefore, the Markov inequality gives

JP;
8_21(217627'”75n)

<M(oy (k))’ma}? |P(z)| forallz; € K.
zZ€

Since &,...,&, € C are arbitrarily chosen, it follows that

0P,
8—11 (2)

max
z€K

< M(oy (k) max|P(z)]
z€K
and hence inequality (20) implies

max |[D*®) P (z)| < M1**o)l (ko)1) (Moq (k)’maka(Z)|>
zeK 7€k

=M *Ol(a(k)) max P(z)].
because |a(ko)|+ 1 = |oe(k)| and oa(ko)! = (o (k) — 1)!on(k)!--- o (k). O

REMARK 2. We deduce from Lemma 2 and Lemma 3 that inequalities (18) and
(19) are valid for all polynomials Pi(z) = X' _ycje;(z), with ¢; € C.
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REMARK 3. Itis worth mentioning the following result. Let ny,...,n, € N (m >
1)andlet n=n;+...+ny,. Foreach j=1,...,m, let K; be a compact subset of C"/.
Then we have

K| x---x K,, C C"is a Markov set <= K;,...,K,, are all Markov sets. 21

Indeed, if K; X --- X K, is a Markov set of parameters (M, r) then using the fact that for
each d € N and foreach j=1,...,m, &;(C") C &;(C"), we can easily deduce that
Ki,...,K,, are also Markov sets of parameters (M, r). On the other hand, if we suppose
that K, ...,K,, are Markov sets with respective parameters (My,r1),...,(My,rm), it is
straightforward to see that K| X --- x K, is a Markov set of parameters ( IIll
j=

_max r;).
J=1,...m

Now we can prove Theorem 1 and Theorem 2.

Proof of Theorem 1. Let K be a Bernstein set in C" and let (&;);>; be a Leja
sequence for K. Then K is necessarily determining for the space of polynomials as a
Bernstein set, i.e P € Uy~ Z(C") and P=0 on K imply P =0 in C". Therefore,
all Leja sequences for K are unisolvent, i.e

VDM (&, ..., & 1) #£0 forall i>1.

Set

F(§):= voM(&o, - &i-1,6) forall i >1.

vbM(&y,..., & 1)

By expanding the Vandermonde determinant, which is in the numerator of P;, following
its last column we obtain for each i > 1

R(&)=ei&)+ Y, cjei(é),

0<j<i

for some constants ¢; € C. Now observe that, for i > 1

VDM(&(), R 51’—1’51') = P,(é,) . VDM(&(), R, 51’—1)
= Pi(&)P-1(&i-1) - vDM(&o, .- ., Ei2)

— T2 - voM(&).

1
J ]
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Hence, using the definition of Leja sequence and then Lemma 2 we obtain

hg—1 hg—1

[vom(&o.....&n-1) = | TT P(&)| = T1 max |P(z)]
i=1 €

i=1
hd—l r l
> Iy P TN
.H | MOl (i) ]!

T a(i)!
- g .M“@a(i)I!}

hdfl r 1 1
1 -<nM>“<i>} ~ (aM)la”

||D“<i>Pi|K]

The last inequality is due to the fact that D*VP, = a(i)! > ‘al(i)‘ la(i)]! and I; =
s Y a(i)]. Tt follows that

S(K)= lim [vDM(&,..., &, 1)|Vld > —
( ) d*lg}OJ (5()’ 75]1(1 l)| nM

which is the desired estimate. [

Proof of Theorem 2. The proof is the same as that of Theorem 1 but here we use

Lemma 3 to replace Lemma 2. [
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