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INEQUALITIES FOR FUSION FRAMES IN
HILBERT SPACES WITH NEW STRUCTURES

ZHONG-QI XIANG™, CHUN-XIA LIN AND XIANG-CHUN XIAO

(Communicated by I. Peri¢)

Abstract. This paper is concerned with inequalities for fusion frames in Hilbert spaces. With
the help of two inequalities on bounded linear operators, several bilateral inequalities associated
with a parameter for fusion frames are established, which, comparing to existing ones on this
topic, possess new structures.

1. Introduction

Throughout this paper, I, 7 and R are, respectively, a countable index set, a
complex Hilbert space and the set of real numbers, .4; and &; are closed subspaces of
A foreach i € 1. The notation {;};c1 is used to denote the family of weights, that is,
each o; > 0, and the same goes for {f;};c1. Also, we denote respectively by BL(.5¢),
74 and Id s the set of all bounded linear operators on .7, the orthogonal projection
onto .4 and the identity operator on 7 .

By extracting the basic ideas of Gabor [14] on signal processing, Duffin and Scha-
effer [10] raised the notion of (Hilbert spaces) frames based on an in-depth research
on nonharmonic Fourier series in 1952. More than 30 years later, frames were brought
back to people’s vision because of the fundamental work [9] of Daubechies et al. on
wavelet. In the past two decades, frames have already been applied to many research
fields (see e.g. [4, 8, 20, 22]), due to some of their nice properties.

Recall that a family .7 = {fi}icr C € is called a frame for J, if there are
constants 0 < C# < D# < +oo such that the inequality

Crllxl? <Y 6, fi) > < Dz |lx]|?
icl

holds for each x € 7. A new frame .7 = {fi:fi= S};fi}ien, induced by .% and the
corresponding frame operator S, is said to be the canonical dual frame of % .

Mathematics subject classification (2020): 42C15, 42C40, 46C50, 47B40.

Keywords and phrases: Fusion frame, dual fusion frame, alternate dual fusion frame.

This research is supported by the National Natural Science Foundation of China (Grant No. 12361028), the Natural
Science Foundation of Fujian Province, China (Grant No. 2021J011192), and the Science Foundation of Jiangxi Education
Department (Grant No. GJJ202302).

* Corresponding author.

© M, Zagreb 745

Paper MIA-27-53


http://dx.doi.org/10.7153/mia-2024-27-53

746 Z.-Q. XIANG, C.-X. LIN AND X.-C. XIAO

To process some large systems, Casazza and Kutyniok [6], and Fornasier [12]
independently proposed the concept of fusion frames, as a generalization of frames.
Because of the complex structure, fusion frames do admit some new behaviors although
they share most properties with frames, which means that the investigation of fusion
frames is interesting. For the application of fusion frames, the reader can refer to the
papers [5, 7].

One calls A = {(A, o) }icn a fusion frame for 2, if there exist numbers 0 <
C y < D_y < oo such that

Corllxl® < X o s (x)|1> < Doy x| (1
i€l

is valid for any x € J# . The fusion frame .4 is said to be Parseval if C y =D 4 =1
and, we call .4 a Bessel fusion sequence if the right-hand inequality of (1) is required
to be satisfied.

Let A" = {(4,04)}ic1 be a fusion frame for .. Then it can naturally lead to a
self-adjoint and invertible operator S 4, called the fusion frame operator of 4, given
below

Sy H — A, S/xzzaiznm(x), Vx € . 2)

il

From [16] we know that 4" = {(S]/l,/i{, 0;) }ier remains to be a fusion frame for
¢ , which is said to be the dual fusion frame of 4. Also, by (2) we can easily obtain
the so-called reconstruction formula

N oSt g(x) =SS yx=x=8,8tx=Y o4 (S ) x) 3)
icl icl

for every x € 7.

Suppose that .4 = {(A7, ;) }ic1 is a fusion frame for ¢ with the fusion frame
operator S_ s, and that &2 = {(2;, B;) }ic1 is a Bessel fusion sequence for 7. We call
the pair &2 an alternate dual fusion frame of N, if

x:ZaiﬁingziSlenM(x), Vx € . 4)

il

Let A" = {(A,04)}ic1 be a Bessel fusion sequence for 7. For any J C I, we
let J¢ =T\J. Then, associated with 4", J and J there are always two self-adjoint
operators Sﬂy and Sz];,, defined by

S8t o, o= nyx), STa=Y Fnyx). )

i€] ieJe

As a derivative result of the famous Parseval frame identity arising in the process
of exploring efficient algorithms for the reconstruction of signals [2], Balan et al. in [3]
offered us an interesting inequality for Parseval frames, which is listed as follows.
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THEOREM A. (see [3, Proposition 4.1]) Suppose that % = {f;}ic1 is a Parseval
frame for F€. Then for any J C 1 and any x € 7, we get

2
3
Sl f)lP+ > 71 (6)

il

3 (x, fid fi

ieJe

By means of the operator SJ; : A — A given by Sjgx = Yicge (%, fi) fi, Givruta
in [15] extended inequality (6) to the case of general frames.

THEOREM B. (see [15, Theorem 2.2]) Let .7 = {fi}ic1 be a frame for F with

canonical dual frame F {ﬁ}le]l Then for any J C 1 and any x € 5, we have
Y P+ S %x f) P ZIsz )
ic] icl ze]I

Later, Guo et al. generalized inequality (7) to the setting of fusion frames (see
[17, Theorem 6]). Inequalities for some other generalized frames were also obtained
and in particular, Poria in [21] (noting that this work was first published in Arxiv:
https://arxiv.org/abs/1602.07912v1) showed us two inequalities admitting new forms
for Hilbert-Schmidt frames assisted by an operator deriving from the Hilbert-Schmidt
frame itself and by the alternate dual pair respectively, which are relevant to a parameter
taken from an interval.

THEOREM C. (see [21, Theorem 3.5]) Suppose that {4} i1 is a Hilbert-Schmidt
frame for A with the canonical dual {¥;}c1. Then for each x € €, forall A € [0,1]
and all 6 C 1, we get

YIGET 01+ X 1417

icl S
> A=) T IGWIP+(1-22) 3 19612
ico ico®

where S° : 7 — J is defined by S°x = Y,c5 Y Yi(x).

THEOREM D. (see [21, Theorem 3.7]) Suppose that {%;}ic1 is a Hilbert-Schmidt
Sframe for F with an alternate dual { %} c1. Then for each x € I, for all A € [0,1]
and all o C I, we obtain

2

Re Y [

ico¢

+|3 @A)

ico

> (24 —A*)Re Y [Ai(x), %(0)] e + (1 = AP)Re Y, [Hi(x), % (x)] .

ico i€o”
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Drawing on the idea of [21], Xiang in [23], and Li et al. in [18] presented some
more general inequalities (bilateral inequalities related to a parameter) for fusion frames
listed below. It should be pointed out that they were proved using the idea given in [21].

THEOREM E. (see [23, Theorem 2.3]) Let A = {(A7, ) }ic1 be a fusion frame
for € with the fusion frame operator S_y, and N = {(S;},/l{, 0;) }ier be the dual
fusion frame of N . Then for any A € [0,1], forall ] C 1 and all x € 7, we have

Spxx) 2 Y 21 y()|2+ X 7 (S ST )|
ieJ i€l

> (22 = A2)(S% e, x) + (1= A2 (87, x,x).

THEOREM F. (see [18, Theorem 5]) Suppose that N = {(N;,04) }ic1 is a fusion
frame for A with the fusion frame operator S_y and that N = {(S;}JQ 0;) bier s
the dual fusion frame of A . Then for any A € [1,2], forall J C 1 and all x € 7, we
obtain

0< Y ofl|my()|* = X of [l s (S 587yx)1°

ieJ el
/I—I)Za?nm(X)II2+< —) Y o W1

ieJe il

THEOREM G. (see [18, Theorem 6]) Let A = {(A,0)}icr be a fusion frame
for A with the fusion frame operator Sy, and N = {(S 1</V o) }ier be the dual
fusion frame of N . Then for any A € [1,2], forall J C 1 and all x € 7, we get

(zx_%z—1>2a 172 4¢(x )||2+< —)Zaw )2

el ieJe
<Y 2 m (S8 )12+ X o sy (S ST ) |2
iel el
<AY o[ msx)|
el

Some bilateral inequalities for other generalized versions of frames with the same
structures as those in [18, 23] are also given, see [13, 25] for continuous g-frames,
and [19] for continuous fusion frames. We refer to [1, 11] for more information on
continuous g-frames and continuous fusion frames.

Inspired by above works, in this paper we establish several bilateral inequalities
for fusion frames from the perspective of operator theory, which admit novel structures
comparing to previous ones.
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2. Main results

To state the main results of this paper, we need the following simple result on
bounded linear operators claimed in [24], we include the proof here for the convenience
of the reader.

LEMMA 1. If U,V € BL(5€) satisfy U+V =1d 4, then the following assertions
hold.

(1) For each A € R and each x € S, we have

|Ux||> + 2ARe(Vax,x) = ||Vx||* +2(1 — A)Re(Ux, x)
+ (A= 1)|Ix]* = 24 = A7) |Ix]*.

(2) Forany A € [O,%] and any x € I, we get

3A+2(1=210)||U|>+ A||U — V|2 N

|Ux|> +2ARe(Vx,x) < 5

Proof. (1) The proof is similar to [21, Proposition 3.6], and we omit the details.
(2) A direct calculation gives that

|Ux||*> + 2ARe(Vax,x) = ||Ux||> + A ({x,x) — (Ux,x) + (x,x) — (x,Ux))
=2A{x,x) 4+ (1 —=2A)(Ux,Ux) — A ({Ux,x) — (Ux,Ux))
—A({(x,Ux) — (Ux,Ux))
=22(x,x) + (1 =2A)(Ux,Ux) — A{Ux,Vx) — A (Vx,Ux)

= 2 ) 4 (1 220U U + (U V) U VY

—A{Ux,Vx) — A{Vx,Ux)
3A A
= 7<x,x> +(1=2A){Ux,Ux)+ §<(U —V)x,(U—=V)x)
37 A
< P+ (=2 U Pl + 5 U = V]
C3A+2(1=2A)|[U|*+ AU —V|]?
B 2

2
&l

for each A € [0,1] and each x € /#, and we obtain the result. [
We are now ready to give our first result and, we remark that the idea of the proof

is borrowed from [19, Theorem 2.2] and [21, Theorem 3.5].

THEOREM 1. Let A = {(A,0)}icr be a fusion frame for F with the fusion
frame operator S -, and N = {(S;Vle/i{, 0;) }ier be the dual fusion frame of A . Then
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Jorevery A € [1,4), for any J C 1 and any x € A, we have

Yol ()P =2 Y, o |7 (x)? (®)
i€] ieJe
<Y | m (SISt )P =AY o1y (5 78T x|
i€l i€l
<A =2+ 1) Y ms)|P+ (A3 =322 42— 1) Y, o |7 p:(0) ||
€] ieJe

Proof. For any J C I, combination of (2) and (5) we get S‘jﬂ —|—S‘jﬂ£ =S 4. Thus
1 1
S/VZS/VS/V +S/V2S/VS/V —S/VS/;/S/V =1d .

Letting W = S;VQS /1/2 and T =S /S /S . Then it is easily seen that (Wx,x) >0
and (Tx,x) > 0 for every x € 7, and that WT = TW . Therefore

—1 c ¢ ¢ _1
0SWT=(dy —T)T=T-T>=5 2(s°, — 5", s1s%)s 2,

from which we conclude that SJ/LV > S;J/VS /VSJ Now for each x € 57 and each A €
[1,+e0), we have

S 2 7 (S ST 012 = A X | s (S ST )| )

i€l i€l
S8 Es? xSt x) — 2 (S S ST x5 EsY )

st ox, st x) = a5 rs% x 87 x)
S (S =8l (S = STy )x) = 28787 x5, x)
(SJ/Vx x)+ (S;;S:llyx, S;J/Vx> - A(SJVSJ X, S‘H "y X)

) xX) = 2 (S_px,x) — 2087 o0, x) + (1= A) (5187 x, 8% x)
A—1) x) + (/1+1)<S‘]£Vxx)—/l(S/Vxx>+(l—/1)<SJVSJE .87 x)
A—1)((s? /Vx x)— (SJVSJ X, S‘]] x))—i—(S"];/x x)+ A ((S? "X, x) —(S_yx,x))

S%xx) = (% x) = Y o |y ()P =AY 0|7 ()]
icl ieJe

=
= (S
=
= (Sx,
=A+1){Ss
= 2
=(
>

x) —
(S_yx,
<x
(

Lo 1 _1 _1 1
Taking U =S S;J/VS( yandV=S§ 2 S;J/VS: + »and using S°, x in place of x in Lemma
1 yields

(58% x, 8% x) = <SjSJ]/VSjS2/1/x SJV SJ/VS S/Vx> (10)
1 1 _1 _1 1 1
> (24— 2 ><S§/x 54 —Mw SOy 8% 8% )

(5t 52805 st )

= 24 = A2)(8% x,x) — A2(SY x, %),
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Therefore
Y |y (ST )P = A Y o |7y (ST ) 1P (11)
el i€l

= (8% x,x) — (8%, x) — (A = 1)(57'8% x, 87 %)

< (8% x,x) — (8% a0, x) + A2 (A — 1)(ST xx) — 24 =A%) (A — 1)(ST x,x)
= (A3 =224 )T ) + (A3 =322 424 — 1)(8% )

= A=A+ 1) Y Py ()P + (A =322 +24 1) Y o |74 ()

i€] ieJe
This along with (9) leads to (8), and we arrive at the conclusion. [

Let A = {(A;, ) }ier be a Parseval fusion frame for % with the fusion frame
operator S 4. Then S 4 =1Id . For any J C I and any x € 57, we have

2
2 J 2 J 2 2 2
S a2 (S8 )P =Y o ma(St x)|P = 18Tl = | X om0
i€l i€l ic]
and similarly,
2

Y |mu(Sstyx) 1P = || X o mp(x)

i€l ieJe
Above facts together with Theorem 1 give a direct consequence as follows.

COROLLARY 1. Let AN ={(A,04)}ict be a Parseval fusion frame for 7. Then
Jorevery A € [1,4), for any J C 1 and any x € I, we have

Y ol () =2 Y, o |7y (x)I?

€] ieJe
2 2
Doy (x)|| =AY, o ma(x)
i€] ieJe
<A =2+ 1) Y s>+ (A3 =322 42— 1) Y, o |7 p:(0) ||
€] ieJe

We state the second main result as follows, and the idea of the proof comes from
[18, Theorem 6].

THEOREM 2. Let N = {(A,0)}icr be a fusion frame for 7 with the fusion
frame operator S_y, and N = {(S;‘}Jﬁ 0;) }ier be the dual fusion frame of A . Then
forevery A € [3,+e0), for any J C 1 and any x € A, we have

@A = 1) Y 2| (S ST 20|12+ (1= 22 S |74 (x) 2 (12)
iel iel
<Y |y ()7 + (1+22) Y, o 74 (x) |12
€] ieJe

<Y (ST 1P+ (1+ A7) Y o |74, (x) 2.
il i€l
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Proof. We obtain by (10) that

3 0|7y (S AT )17 = Y o | ()2 (13)
iel i€l

=(S /;S:];/x, S%x) - <S:]LVx,x>

> (24 = A2)(S% e, x) = A2(S% x,x) — (872, x)

= (24 = AA)(S7 x,x) = (1 4+ A2)(Spx,x) + (1+A2) (ST x,x)
(14+22)(S% x,x) — (1 4+ A2)(S_yx,x)

(1422) Y & | (x)|> = 1+ A2 Y o |7 (x) |12

ieJe i€l

for each x € 7, telling us that

Sy +(14+22) Y, of |74 (x)|1? (14)
i€] ieJe
<Y (ST 1P+ (1+ A7) Y of |7 (x) .
i€l iel

Now by Lemma 1 (replacing U, V and x, respectively, by S, ZS“]] S2.8 ) S“]] Sz

and Sﬂz/l/x) we have

(58% x50 x) = <S//Sﬂysﬂ s2,x, S//Sﬂys stx>
> (24 =A%)~ (22~ 1))<53/x S%X)
A 2SS AT xS ) 4 (ST x5 ST s E s )
= (1= 22)(Spx,x) —2(1 = A)(87,x,%).

Noting also that S S JVSJ < S"H and S"H S JVSJ < S"H , we obtain

- (Siyx X)

)= (5187 x, 87 x)

(8% x,x) — (1= A2 (S prx,x) +2(1 = A) (% x,x)
(1422)(S% x,x) — (44 —2)(ST 2, x) — (1 = A2)(S_yx,x)

< (1 +22)(S% 2, x) — (@A —2)(S 187 x, 8% x) — (1= A2)(S yx,x)

58T x 8%,
(S8

x)
<SJVxx

NN

forany x € 7 and any A € [%,4—00). Hence

(8% xx) + (14 22)(8% x,x) = (44 — 1)(S 7187, 2, 8% x) + (1 = A2 (S_yrx,x),
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giving that
Yol 12+ (14+22) Y, of |7 4:(0) |12
ie] icJe
> (44 = 1) Y, 07 [ (S 1Sy 0P+ (1=2) Y o | ()|
icl icl

This along with (14) leads to (12). O

It has been presented in the proof of Theorem 2 that

(5730872, 8% x) — (8%, x) < (8%, x) — (1= A2 (S_prx,x) +2(1 — A)(S7x,x)
= (3—22)(S% xx) — (1= A%)(S_yx,x)

foreach A € R, forany J C I and any x € 7.
That is,

2oc?||7r.//,~(S;V1S;%c)H2—E’,a,-zlln.,mi(x)\\2
i€l ic]
<(3-22) Y of[lmx(x)|* + 1) Y o174 () 1.

ieJe i€l

From this fact, and taking into account (13), we immediately obtain our next result. We
can, actually, prove it directly following the idea of [ 18, Theorem 6].

THEOREM 3. Let N = {(A,0)}icr be a fusion frame for 7 with the fusion
frame operator S_y, and N = {(S;‘}Jﬁ 0;) }ier be the dual fusion frame of A . Then
forevery A € R, forany J C1 and any x € 5, we have

(1+24) 3 o |y ()l* = (1+2%) Y o |74 (x) >

ieJe il
—1aJ¢
<Y | a (S4ST ) |1F = Y o [l (%) P
i€l ie]
<(3-22) Y ofl|lmy ()| + )Y o174 () 1.
ieJ¢ i€l

Let A = {(A7, &) }ier be a fusion frame for 7, and & = {(%;, i) }ic1 be an
alternate dual fusion frame of .#". Then for any J C I, we can always define two
bounded linear operators WY, WJ° : # — 2 induced by .# and & as follows

wix = ZaiﬁingziSlenm(x), Wiy = 2 Oc,-ﬁ,-ngziS:}lnm(x), Vxe . (15)

i€] ieJe

In what follows we will establish several bilateral inequalities for fusion frames by
means of WY and WY defined by (15). The proof of the following result draws on the
idea of [18, Theorem 4], [21, Theorem 3.7] and [23, Theorem 2.8].
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THEOREM 4. Suppose that N = { (N}, ) }ic1 is a fusion frame for 7€ and that
P ={(Z,Bi) }iel is an alternate dual fusion frame of A . Then for each A € [0,1],
forany J C 1 and any x € 7, we have

2
—ARe 2 aiﬁi<S;1}7T(/%(x)v T, (X))

ieJe

(A =22)|| X aBiman,S ) s (x)

il

2
—ARe 2 ociBi<S;1} Ty (x), T, (X))

ic]

<X i, S 1 (x)
ie]

AW =W 2 =D +40 =)W1 o
< ) 2|

Proof. It is obvious that W7 +WJ° =1Id . Thus

2
~ARe Y 6y (S 4 (1), 79, (1))

ic]

Y, iy, ST (x)
il

= (Wix,wix) — %«Wﬂx,m + (x,Wix))
= (Wix,wix) — %((ij, (W W )x) + (W + W )x, wiy))

= (Wix,wix) — %(W“ﬂx, wix) — %(W%,W“ﬂcﬂ
- %( Ix, ij> - %(W“ﬂcx, W“Hx>
=1 =2) Wi, wiy) — %(W“Hx, wx) — %(W“ﬂcx, wix)

=P (L AW W)+ (W W e (W W)

A ¢ Ao e
) Whx, w¥x) — > W¥x, wix)

— —%Hx”z—i— (1= 2) (W, Wix) + %((W"H —W)x, (WI —wi)x)

A A ¢
< =R (= AWl + W — w22

_ AW —wEP - 1) 41 - 2) W Il
4

for each x € # and each A € [0,1]. For the opposite inequality, we obtain

W[ > (24 = 22) lx* — 2ARe(W x,x),
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by Lemma 1. Therefore

2
—ARe 2 0 B; <S;1} Ty (%), T, (%))

ie]

> iBimr,S ) g (x)
ie]

= [|[Wix||? = ARe(W'x,x)

> (24 — 22)||x||> = 2ARe(W ¥ x, x) — ARe(Wx, x)

= (A —2A%)|x]*+ %((Wﬂ + W), x) + %(x, W+ w¥)x)
—2ARe(W¥ x,x) — %(W“ﬂx,@ - %(L wix)

= (A —=A2)||x]* = 2ARe(W¥ x, x) + /Zl(WJCx,x) + %(x,WJC)Q

= (A = A%)|lx|> = 2ARe(W¥ x,x) + ARe(W  x, x)

= (A=A |x]> = ARe(W¥ x,x)
2
—ARe Y, ii(S 7} 4i(x), Tz, ().

ieJe

= (4 =22)|| Y cibimon,S 3t .41 (x)

i€l

and we are done. [l

The following theorem is an immediate consequence of Lemma 1, if we take wd
and WY instead of U and V/, respectively. It is worth pointing out that the original idea
of the proof of the inequality on the left-hand side is extracted from [21, Proposition
3.6].

THEOREM 5. Suppose that N = {(N, o) }ic1 is a fusion frame for 7€ and that
P ={(2:,B)}ia1 is an alternate dual fusion frame of A . Then for each A € [0, 3],
forany J C 1 and any x € 7, we have

2
21 =AY ciBimm,S i 45(x)
i€l

2

<Y B S ) g (x)|| +2ARe Y, cii(S ) s (x), g, (x))
i€] IS

- 3A+2(1—22)|WI)2 + A | |WT — w2 N

~ 2 .

REMARK 1. We can obtain [23, Theorem 2.8], when taking A = % in Theorem 5.

We conclude the paper with an alternative inequality involving the operators WJ
and WY, and the idea of the proof derives from a careful consideration of [18, Theorem
4], [21, Theorem 3.7] and [23, Theorem 2.8].
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THEOREM 6. Suppose that N = { (N}, &) }ic1 is a fusion frame for 7€ and that
P ={(Z,Bi) }iel is an alternate dual fusion frame of A . Then for each A > 0, for
any J C 1 and any x € 7€, we have

2
4R Y 04 {S 74y (0), 75, () — A2(1420) | 3 04 S 4 ()
ic] iel
2
D 0iBim 2, S )} 7 4 (x)|| —2ARe D 0B (S Ly (x), Tz, (x))
€] ieJe
2
+2A 2 O(iﬁiﬂgzis;l}ﬂ;/%(x)
ieJe
—A+2|WI 2+ AW — w12
< (1.

2

Proof. The proof of the right-hand inequality is similar to Theorem 4. For the
left-hand inequality, we have, by Lemma 1, that
WY x||? — 2Re(W " x,x)
3 |Ix)1? = (2 — 24)Re(Wlx, x) — 2Re(W x, x)
2)[1x]1> + 2ARe(Wx,x) — 2(Re(W’x,x) + Re(W¥ x,x))
2)|1x]> = 2||x/|* + 2ARe(Wx, x)
ARe(Wlx,x) — (14 A%)|x|?

—A
—A
-2

> (1
(1
(1
2

for each x € 77 and each A > 0.
Again by Lemma | we get

2
—2ARe Y, (S ) 7 x;(x), Tz, (%))

ieJe

N 0By S ) s (x)

il

2

+20|| Y ifins S ) g (x)

ie]e
= [Wx||> = 2ARe(W¥ x,x) + 24 | W¥ x| ?

> (24 — A7) ||x]* = 2ARe(W¥ x,x) — 2ARe(W¥ x, x) + 24| W x||?
= (24 = A?)||x[]> 4+ 24 (WP x| — 2Re(W¥ x, x))

> (24 — A2 ||x]|* + 24 (2ARe(Wx, x) — (1 +A%)||x]|?)

= 42" Re(Wix,x) — A2(1+22) x|

2

3. iS4 )

i€l

= 4&2R62 Oliﬁi<S;1}7Tm(x), T, (x)) — 12(1 +24)

ic]

)

and the proof is completed. [
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