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PROOFS FOR ALZER’S CONJECTURE ON
THE GENERALIZED LOGARITHMIC MEAN

HONGWEI Lou

(Communicated by J. Jaksetic)

Abstract. One defines with K. B. Stolarsky in 1975 the generalized logarithmic mean of two
positive numbers. In 1986, H. Alzer posed a conjecture on the generalized logarithmic mean,
obtaining some partial results. Using properties of hyperbolic functions, two inequalities for the
generalized inverse harmonic means are established in this paper. Based on these inequalities, a
proof of Alzer’s conjecture is given.

1. Introduction

In 1975, Stolarsky defined in [7] the generalized logarithmic mean of two distinct
positive numbers a, b as
b —a" N\t
L) = (2™
(a,5) r(b—a)
where r € [—eo, 40| and L_o(a,b), Lo(a,b), Li(a,b), Lyw(a,b) are looked at as the
corresponding limits:
L_o(a,b)= lim L,(a,b)=min(a,b),

r——oo

b—a
L :1. Lr 5 :7’
ola,b) = limL(a,b) = 15—
) 1 /b 55
Lifa,b) = limLy(a,b) = - ()"

Lio(a,b) = lirf Ly(a,b) = max(a,b).

Similarly, in this paper, the value of a function on its contact discontinuity point
is always looked at as its corresponding limit. The generalized logarithmic mean has
been studied by many researchers (see [2, 4, 6], for examples). The aim of this paper is
to prove the following inequalities:

2Ly(a,b) < L.(a,b) + L_,(a,b) <a+b, ¥re(0,+); b>a>0. (1.1)
Mathematics subject classification (2020): 26D07, 26E60.
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This is a conjecture posed by Alzer [1] in 1986. Alzer himself proved that
Li(a,b)+L_(a,b) >2Ly(a,b), Vb>a>0
and the following result:

PROPOSITION 1.1. Forany r € (0,4o0), b>a >0, it holds that
ab < L(a,b)L_,(a,b) < L}(a,b).

We showed that Alzer’s conjecture can be proved if a conjecture on the generalized
inverse harmonic mean holds (see [5] and the inequality (1.3) below). Based on this
observation, some special cases for Alzer’s conjecture were proved. In this paper, we
will prove Alzer’s conjecture for general cases.

The generalized inverse harmonic mean of two positive numbers a, b is defined by

a’+b’>ﬁ

Crla,b) = < a+b

where r € [—eo,+o0|. One finds that the generalized inverse harmonic mean is a special
case of Gini mean [3]:

ar b
Gpqla,b) = <a‘1+b‘1) .
We mention that
b 24 P
Cola,b) = Lo(a,b) = ‘“ZL . Coi(ab) =L (a,b) = ab, Cs(ab)="2 Ib
a

are the arithmetic mean, the geometric mean and the inverse harmonic mean, respec-
tively; and

1
C_o(a,b) = min(a,b), Ci(a,b)= <a“bb> P4 Crwla,b) = max(a, b).
On the other hand, we have
L.(a*,b*) = L.(a,b)C/(a,b),  Vr€ [—oo,+od|; a,b>0. (1.2)

The above equality is crucial in proving (1.1). By using (1.2), it is observed in [5] that
(1.1) can be proved if the following equalities hold (see the proofs of Alzer’s conjecture
in Section 5):

C(a,b)+C_,(a,b) >a+Db,
{ (,8) (,5) Vre (0,4e0); b>a>0. (1.3)

C%(a,b)+C?,(a,b) < a*+b?,

To facilitate description, we rewrite (1.1) and (1.3) as
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THEOREM 1.1. It holds that
Ly(a,b)+L_.(a,b) > 2Ly(a,b), Vr e (0,4]; b>a>0. (1.4)
THEOREM 1.2. It holds that
L-(a,b)+L_.(a,b) <a+b, Vr € [0,+e0); b>a>0. (1.5)
THEOREM 1.3. It holds that
Cr(a,b) +C_(a,b) > a+b, Vre (0,4+e0); b>a>0. (1.6)
THEOREM 1.4. It holds that
CX(a,b) +C2 (a,b) <d®+b>,  Vrel|0,+e); b>a>0. (1.7)

We showed in [5] that Theorem 1.3 implies Theorem 1.1 while Theorem 1.4 im-
plies Theorem 1.2. Unfortunately, theorems 1.3 and 1.4 are also difficult to prove,
though some special cases were verified in [5]. It was proved there that theorems
1.3 and 1.1 hold when r =1,2,4,3,1 3.2, while theorems 1.4 and 1.2 hold when
re 5.

In this paper, we will give proofs for theorems 1.3 and 1.4 in sections 3 and 4. Sec-
tion 5 will be devoted to prove theorems 1.1 and 1.2. In Section 2, some preliminaries
are listed. In Section 6, some corollaries of the theorems 1.1-1.4 will be given.

2. Preliminaries
First, we recall some basic properties of L,(a,b) and C,(a,b).
PROPOSITION 2.1. Assume a,b >0, r € [—oo, +oo|. Then
(i) L,(a,b) is symmetric, that is, Ly(a,b) = L,(b,a).
(ii) Forany oo >0, L,(oa,ob) = olL,(a,b).
(i) Forany —eo <s <r < 4o, b>a > 0, it holds that

min(a,b) < Lg(a,b) < Ly(a,b) < max(a,b). (2.1)

The proof of the above proposition can be found in [7]. One can establish similar
result for C, easily as in the following.

PROPOSITION 2.2. Assume a,b >0, r € [—oo, +oo|. Then
(1) Cy(a,b) is symmetric, that is, C,(a,b) = C,(b,a).

(ii) Forany o >0, C,(aa,ab) = aC,(a,b).
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(ili) Forany —ee < s <r < 4o, b>a >0, it holds that
min(a,b) < Cs(a,b) < Cr(a,b) < max(a,b). (2.2)
Proof. We prove only the inequality Cy(a,b) < Cr(a,b) in (2.2). It suffices to
prove it in the case of b > a = 1. We have

1 "b'Inb ! 1
lnCr(l,b) :r—l . mdl :/0 (1 — m) Inbdt. (23)

This implies that C.(1,b) is strictly increasing in r € (—oo,+o0) and we get the con-
clusion. 0O

By the way, when r,s # 1, it is not difficult to get (2.2) by Holder’s inequality
and categorical discussions. In addition, we can deduce (2.1) from (2.2) by a similar
discussion in the proof of Theorem 6.2.

Unless said otherwise, in the rest of the paper we assume the hypothesis b > a > 0
and denote t = %ln IE’. Then g = e and

lan =(y) " = v B

~— scoshrry 721
- ab< cosht) ’ r € (—oote).

Consequently, Theorem 1.3 is equivalent to

coshrt\ =1 cosh7 \ 71
> 2cosht, Vr € (0,4); t > 0. 2.4
(cosht) (coshrt) cos r€(0,4e) 24

While Theorem 1.4 is equivalent to

(coshrt> 21 ( cosht

2
)’“ <2cosh2r,  Vre[0,4e); 1> 0. (2.5)
cosht

coshrt

Noting that 2cosh?s = cosh2s + 1, (2.5) is equivalent to

coshrt + 1\ 7t cosh? + 1 \ /At
—_— 2cosht V. 0,4o0); t>0. 2.6
(cosht+l> (coshrt—f—l) < 2cosht, re[0,+e0); 1> (2.6)

Concerning the hyperbolic functions, we have

LEMMA 2.1. Assume r > 1, t > 0. Then
(1) sinhz >t.

(ii) rtanht > tanhrt > tanht > 0.

2, . . .
(iii) 282225 is decreasing strictly on [0, +oo).
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(iv) There exists a t, € (0,4o0) such that rcosht —coshrt is positive in (0,t,) and
negative in (ty,+eo).

(v) There exists a t; € (0,4o0) such that cosht —tsinht is positive in (0,1;) and
negative in (ty,4o°).

Proof. The proof is easy. First, it is easy to see that both sinhz and cosh? are
strictly increasing on [0,+oo). In the following, let r > 1, ¢ > 0.

(i) We have

t
sinht —t = / (coshs —1)ds > 0.
0

(i1) It holds that

t r t r
rtanhtz/ 3 ds>/ 72ds
0 cosh”s 0 cosh”rs

rt l t 1
:tanhrt:/ 5 ds>/ 3 ds
0 cosh”s 0 cosh”s

—tanht > 0.

(iii)) One can get the conclusion from

cosh?t B cosh2t+1 1 1

cosh2t ~ 2cosh2t 2 + 2cosh2t’

(iv) By the well known series cosht =¥ % , we find that

2 2n

t t
rcosht —coshrt = (r — 1)+r(1—r)5+---+r(1—rznfl)(zn)! +e

As r > 1, the first term is positive. All the other terms define functions which
evidently are strictly decreasing on [0,4c<). The claim follows.

(v) Since, (cosht —tsinht)’ = —tcosht < 0, the result holds obviously. [J

The above properties will be mainly used in proving Theorem 1.3.

The proof of Theorem 1.4 for r € (0,1) can be gotten from the case r > 1. When
1 < r< 3, the proof is easy. We assume 7 > 3 in the rest of this section. In this situation,
the proof of Theorem 1.4 is based on analysing some monotonicity properties related
to the following functions f,u,v, ¢, which will be defined in a table below (see Table:
Functions and Constants). A number of other functions and constants are introduced to
get these monotonicity properties. We list them also in the same table. All the functions
and constants are meant to be applied for x > 1, r > 1, often only for x > 1, and r > 3.
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u(x)=L7xm=1 +1
1
v(x):H_le r+1 +1
u(l):2rr_—ll
v(l)zzr’::_ll
Go=1
_ (20 1 _ A-2r1
B= r2i’ T2 r(r—1)2
_ V) (=12
6__u’(1) T (r+1)2
_ 1 1) 4242
Po= 577 (1+855) = i

H.Lou
L2 gy
o)=1 "
21 ifx=1
M/()C):ﬁxr T
1
V/(x): (r+rl)2x 1
U(x)=x7T —|-O'x_r+L1
V(X)Z(l - G)xm
W) =" (x) + (14 B)V(x) — ¢/ (x)
M2 X
q)l (x): V(X)IEIEX) II/()C) —1
@5 (x) = 4 [(L—ﬂ)u(x)ﬂs () 7y
v(x) | \v(x) lr Vz(lx) l
@3(0) =5 [ ML 1 g el
g(x)=xf(x)+2(x—1)
—Inl(g(x)+ 202 —4)

Table: Functions and Constants

First, it is very easy to get the following result.

LEMMA 2.2. Assume r >
1, +2).

3. Then the function f is smooth and f' is positive on
Consequently, f is strictly increasing on [1,+e0) and the equation f(y) =

2cosht admits a unique solution y = y(t) > 1 for any t > 0. Moreover; it holds that

t=1In

JO)+ V) -

2

The key point to prove Theorem 1.4 is that the function % + » — ¢ is strictly

increasing on [1,4-eo).
First, obviously, we have

LEMMA 2.3. Assume r >

Moreover, u' is positive and V' is negative on [1,+°°).

The following lemma concerns some important inequalities for u and v.

LEMMA 2.4. Assume r >

3. Then the following inequalities hold:

i s u(1)

—, Vx> 1;

v(1)’

We state the corresponding results in the following lemmas.

3. Then functions u,v are both smooth on [1,+eo).

2.7)
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1 1
(k7T 1+6)ﬂ *%*$>(1+6)M7 Vx>1; 0<0<b=-: (2.8
X) (1 r
1 ' 4rr 42
—— I, 0<p<pp=—-. 2.9
((v(x) p)u(x)) >0, vx>1 P Po (2r41)2 2.9)
Proof. Calculating directly, we have
((xr T+0)x~ (Lﬁrﬁ))/
1 S o 1
— 5 <xr2—n —rOx 2 )>o, V> 1 6< -, (2.10)
re-—1 r
(_v<x>+exfz<ﬁ+r%>)’
roo/r—1 _1 4 —r 1 r—1
= T — -1 V. I, 6 <——. 2.11
r2—l<r+1x ' Ox >>0’ = r+1 @1h)
Let
1
h(x) =<u(x)x7%(ﬁ+r$l) - %v(x))
o (L_i_ 2r—2 ) B Y
r—1 r(2r+1)
r

By (2.10) and (2.11), & is increasing strictly on [1, +eo). Consequently, i(x) > (1) =
forany x > 1, proving (2.7).

On the other hand, by (2.7) and (2.10), we get

1 ulx) — 11 1 u(l) 11y
r— - —1 > r—1 - 2V =1 " r+1
(x 1+9)v(x)x T > (x +6)v l)x +
(1—1—6)—(37 Vx>1; 0<0 <0

That is, (2.8) holds.
Finally, it holds that

r+16u(l) 42 —1
r—1pov(1) 4r2+2
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Therefore 244 < =1 By (2.7) and (2.11), we have

7N
e
<
— —
~— ‘
|
i)
~—
=
Ra¥
S~

~ (s~ v

B b:/g)) (1= % ' Z@)

- b:’((;? (1 _pv(x)+5i‘(_j3x—ﬁ—r%)

> ’1/(()’;)) (1 —pov(x)+5%xé<,'l+,il>>

> b:/((;c)) (1-p0v(1) +5%) —0, Wx>1; 0<p<po.

Therefore, (2.9) holds. This proves Lemma 2.4. [J

The following lemma is crucial in proving Theorem 1.4.

LEMMA 2.5. Assume r > 3. Then

ulx) | vx) /
(m-i-m—(p(x)) >0, Vx> 1. (2.12)

Proof. We prove the lemma in two steps.
I. Rewrite ¢ as

:xU(x) +V(x)—2

¢ (x) 1 -2
—U(x)+ U(Xi:?(l) + V(xi:‘ll(l) )
:U(x)+/olu’(1+(x—1)s)ds+/01v'(1+(x—1)s)ds—2, e 1.
We have

¢'(x) =U"(x) —i—/OlsU”(l + (x— 1)s)ds—|—/olsV”(1 +(x—1)s)ds
V" (x)

1
=U/(x)+/ sU"(1+ (x—1)s)ds+
0
12 1
—/ SO D ymy 4 (= 1)s)ds.
0 2
Noting that o € (0,1), we have

V" (x) = (1 —a)ril (ril - 1) (L—2>xr+L1_3 >0, V> L
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On the othe hand, ¢ is in fact chosen to satisfy U”(1) = 0. We have

U = ()t (L)

Cr—1\r—1 rL\ 1
=— ((:__12))2 <x572—x7r%72> <0, Vx> 1.
Consequently,
W) =" () + (L4 BV~ ()
')+ 5 gt
:—/OlsU"(l—F(x— 1)s)a’s—|—/0l Sz(xT_l)V"’(l—F(x— 1)s)ds
>0=—%U”(1):w(1)7 Va> 1. (2.13)

II. The proof of (2.12) is very sensitive to the estimates (2.7)—(2.9) and (2.13). We
have

_@ u3(x) 2()6) x—ﬁ—% MZ(X) i
+9 v(x) + v3(x) +(1+5) v(x) ) + o () v(x)
= V(;Cglgxgx D(x), x=1
We have
D(x) = ) w(x)—1
v(x)u! (x)
up) (o1 r=1y 142(36){%1,%
G <<v<x> ) + 855 )
r(1+B) il u(x) 7%17%
+0 T —|—B>m
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By (2.13),
q)l(x)Z—lzq)l(l), x> 1.
We have
r o 4242 B 43 +2r -1
Lo R VNS - P B P g
Thus, % < po. By (2.9) and (2.7) of Lemma 2.4,
1 r—1 w(x) 11
[ — o) =17+
<v(x) r )u(x)—f— vz(x)x
1 r—1 u*(1)
> (—— 1)+46
(v(l) —)uln)+ (1)
_(r—l—l 2r+1 2r—1>2r—1
C\r—1 r 2r+1/2r+1
2 1 2 2r—1
= - —— Vx> 1.
(r—l r 2r+1>2r+1>’ *
This implies
u(x) 1 r—1 u?*(1)
@20 > 75 (57 = =)0 +835775)
200 > Gy~ )M 9%
u(1)<<1 r—l) u?(1)
SEU () 406 ):q>1, Vi > 1.
W\~ )0y = (L),
Now, consider the last term ®3. We have
1r—1 B r—1 r»—2r—1
— —r
6 r 1+B r o rP—rr—r—1
P =3 +r+1
= —=———"<1
P—rr—r—1
Therefore, 5?1:&1)9[; < 6y . Then, it follows from (2.8) of Lemma 2.4 that

CI>3(x) >CI)3(1)7 Vx> 1.

Combining (2.14)—(2.16) and noting that

((x— 1)¢(x))//}x:1 = (’Cﬁ +x7T _zx)//|x:l

272
e

1 1
/1:_ _
o 1)=5 3

(2.14)

(2.15)

(2.16)
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we finally get
_ W) ul) v Y
P >@(1) = v(x)u' (x) (v(x) * u(x) ol )> x=1
~ur(1) 2r(2r? +1) 2r(2r? +1) 212
v(Du/(1) ((2r—|— D2(r—12  2r—12(r+12  (r+12(r— 1)2>
ur(1) 8r2 (2P —1)(2r* + 1) 2r?
~v(Du/(1) ((Zr— D22r+12(r—=12(r+ 12 (r+1)>2(r— 1)2>
(1) 212 (812 —5)
0w (D) =R - Y L

And (2.12) follows. [

3. Proof of Theorem 1.3

For clarity, we denote X o< Y if sgn(X) = sgn(Y) in the following.
First, we have

LEMMA 3.1. Theorem 1.3 holds for r > 0 if and only if it holds for r > 1.

Proof. By the formulation of Theorem 1.3 with hyperbolic cosine, assume in-
equality (2.4) to hold for r = ry with ro > 1. Then we have

( coshrot ) %

L < cosht
coshz

1
)'0“ >2cosht,  Vi>0.
coshryt

This is equivalent to

ht \7br  cosh-y by t
<COS,>OI+< r0>°+1>2c0sh—, Vi > 0.
cosh% cosht 70
Then
[(—r°> 0! + ( COShi ) 0! —Zcosht}
cosht cosha
coshL\ —1--L.  / coshr \1-7hy
= [<—°> o +( ; ) o —2c0sht]
cosht cosha

ht ht \ 7= ,coshty 1. t
_ cohe oy NaET L owl]s0 s
cosha 70

cosh L cosht
o

This shows (2.4) holds for r = L This proves Lemma 3.1. [

o
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Proof of Theorem 1.3. By Lemma 3.1, we can suppose that » > 1 without loss of
generality. Define

coshrt\ 71 [ /coshr \ 71 cosht \ 1
Fo(t :( ) [( ) ( ) — 2cosht
0(t) cosht cosht coshrt
2r
cosh™-1 rt
7r +1-— 2c0shr+l rt cosh T t, t>0.
coshr2 1t

Noting that X — Y o< In & ¢ for positive numbers X and Y, we have

_2r
2r cosh”-1rt

Fj(t) = (rtanhrr — tanhr)

2 _ 2r
r coshr?-1¢
2r L r
— cosh7T rt coshT ¢ (tanhrt + tanh)
r+1
<F(t), t>0,
where
1
1 coshrT rt (rtanhrt — tanht
F(t)=In ; ( )] t>0.
r—1 cosh1¢ (tanhrt+ tanhr)
We have
r I’2 + ! 2 sz - L 2
F/ 1) = tanh st — tanht) — cosh” rt cosh”¢ =+ cosh” rt cosh”
®) r—1 ( ) tanhrt +tanhs  rtanhrs — tanht
| 21
— 1 cosh?t cosh? 1t cosh? cosh??
r— 1 tanhrt +tanht  rtanhrt — tanht
_ R U
_ (rtanht — tanhrr) (coshz — cosh21> o o

(r—1)(rtanhrr — tanht)(tanh rz + tanhz)’
It is lucky to have (3.1) which by Lemma 2.1(ii) implies that

rcosht — coshrt

F'(t) o< , t>0.

r—1
Then, by Lemma 2.1(iv), there exists a 7 > 0 such that F'(r) is positive in (0,7,) and
negative in (z,,+o0). Combining this fact with F(0) = F(+o0) =0, we get that F(t)
is positive in (0,+oe). Consequently F(¢) is positive in (0,4-e<). Then (2.4) follows
from Fy(0) = 0. Therefore, Theorem 1.3 holds. [J

REMARK 1. In the above proof, r can be equal to 1. That is, we need only to
look at the corresponding limits of the functions that appeared in the above proof. More
precisely, for » = 1, it holds that

Fo(t) = 11 _2coshr,  Vr>0.
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Fy(t) =¢'“™ (tanht +tcosh ?¢) —2sinhz, V¢ >0,
F(t)=In <e”anht (tanhz +tcosh_2t)> —In (2sinhr), Vi > 0.

2(1 —ttanhz)(sinh 2t — 2¢)

F'(t) =
) sinh 2 (sinh 27 4 21)

o< cosht —¢sinhz, vt > 0.

4. Proof of Theorem 1.4

We turn to prove Theorem 1.4. If we use the approach used to prove Theorem 1.3,
it will be very complex since we do not have luck to establish an equality like (3.1) in
this case. Thus, we seek for another approach.

Similar to Lemma 3.1, we have

LEMMA 4.1. Theorem 1.4 holds for r > 0 if and only if it holds for r > 1.

Proof. By the formulation of Theorem 1.4 with hyperbolic cosine, assume in-
equality (2.5) to hold for r = ry with ry > 1. Then

( coshryt ) roz—l

( cosht
cosht

_2
)’0“ <2cosh2,  Vi>0.
coshrot

This is equivalent to

( cosht ) o

z 2
(cosh o ) ot
cosh -
o

2t
< 2cosh—, vt > 0.
cosht

)

By Lemma 2.1(iii), 2‘0’;22 is decreasing strictly on [0,+4o0). Thus,

cosh? L cosh2t
0

—_— > 1, vt > 1.
cosh f—é cosh?¢
Consequently,
cosh L | 2 >
[<—’°> ! + < COShf ) ! —Zcosth}
cosht cosh%
coshL| 22 ht \2-=27
= [( ’°> o=t ( cos - ) ot —2cosh2t]
cosht cosh o
B cosht [( cosht ) rO{I <cosh :—0 ) rozﬁ cosh? rt—o cosh2t 5 cosh 2t]
cosh? £ [\cosh - coshr? cosh 2 cosh?¢ 1o
ro 0] o

cosh?s [/ cosht \ 7=
(Gomz)
o

cosh L\ 2. 2
+< r°>°“—2c:osh—]<07 Vi > 0.
1o

cosh? rL cosh cosht
0
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This shows (2.5) holds for r = % . This proves Lemma 4.1. [

Proof of Theorem 1.4. Obviously, the theorem holds for » = 0. Then, to prove the
theorem, by Lemma 4.1, it suffices to prove it for the cases of r > 1. We mention that
the proof for Case 1 below was given in [5]. For the cases of 3 < r <7, Theorem 1.4
was also established there.

Casel. 1<r<3.
We have

a+ b <a‘1+b_1>—1
a+b a+b

_ 2 2 232

=a " —ab+b"+ab=a" +b", a,b>0.

C%(a,b) +C31(a7b) =

Thus, by Proposition 2.2(iii),
C(a,b) +C? (a,b) < C2(a,b)+C*(a,b) =a®+b*>,  b>a>0.

This means that Theorem 1.4 holds in this case.

Case 2. r € (3,+).
We have shown that Theorem 1.4 is equivalent to (2.6), that is

coshrt+1
i

m) < f(y), Yt > 07 (41)

where y = y(¢) is the implicit function of
f(y) =2coshz, t>0.

By Lemma 2.2, f is strictly increasing. Therefore, (4.1) is equivalent to

coshrt 41
<y, vt > 0.
coshr +1 Y
That is,
2coshrt <y(2cosht +2) =2 =y(f(y)+2)—2=g(), vt > 0. 4.2)

Recalling from Lemma 2.2 that

we see that (4.2) is equivalent to

fly)+ f2(y)—4<1ng(y)+ g (y)—4
2 2 ’

rin
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Since {y(t)|r > 0} = (1,+e°), what we need to prove is that G(x) < 0 for any
x> 1 with

60) =Glar) = rin /D TVEW -4 g+ V() -4

2 2
For positive numbers X, X;,Y,Y;, we have L — Il o 20 Land X—Ye<l_1,
Thus, noting that f/,g’ > 0 and
g% (x) — f()c)—|—2—4)c_1 4
X2 (f2(x) — ) fx) =2 p(x)’

we have

/ rf'(x) g'(x)
G(x)= —
) V) -4 /g -4

By Lemma 2.5,

While
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On the other hand, it is easy to see that

) . u(x)  v(x) o B
lim x™ (m-Fm—((p(X)-FZ))—:‘FO—I—

Thus

lim_ (% + % ) —2) = oo,

Therefore, there is an x, in (1,+e), such that & + 2 — @(x) — 2 is negative in (1,x,)
and positive in (x,,+o0). Consequently, G’ is negative in (1,x,) and positive in (x,,+oo).
Since G(1) =0 and

Jim G(x) = lim <rln % (f(x)+1/f(x)>—4) —In % (8(x)+1/g(x)?> — 4))
— lim (;»mﬁ —1nxﬁ) —0,

X— oo

we get that G is negative in (1,+e). Therefore, Theorem 1.4 holds in this case.
We get the proof. [

5. Proofs of Theorems 1.1 and 1.2

It was proved in [5] that Theorem 1.3 implies Theorem 1.1, while Theorem 1.4
implies Theorem 1.2. More precisely, for fixed r, there is a , > 1 such that

L(1,b)+L_(1,b) > 2Lo(1,b), Vb e (1,B,); re (0,+oo)], (5.1)

L(L,b)+L (1,b) <b+1, Vbe(L,B,); rel0,+o). (5.2)

Then, using (1.2), theorems 1.3 and 1.4, one can easily extend the inequalities (5.1) and
(5.2) valid for all b € (1,,) to those valid for all b € (1,8?). By induction, we can get
(1.4) and (1.5), getting theorems 1.1 and 1.2.

It is easy to verify that

L(1,b) +L_,(1,b) —2Lo(1,b)  #?

I - .
Py b 1) 960’ (53)
 L(Lb)+L (1) —1—b 1
jim b_17 ~ e 54

Then, (5.1) and (5.2) hold. Nevertheless, it is a little complex to get (5.3). In order to
avoid using (5.3), we will give a proof of Theorem 1.1 different from that in [5].

First, for real number r # 0, we have

b —1 r—1 (r—1)(r—2)

=1 -1
+ (b—1)+ G

r(b—1) 2 (b—1)+0o((b—1)%), b—1.
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Thus, for real number r # 0,1, we have

L.(1,b) :1+L(S(b— D=2, ?)

r—1 2 6

11 1 r—1 2 )
+§r—1<r—1_1>< 2 (b_1>> +0((b_1))
_ E r—2 12 12 .
=+ ==+ (b—1+o((b—1)%), b—1. (5.5)

Actually, it is easy to verify that (5.5) holds also for r =0 and 1.
By (1.2), it is easy to get that

Li(a,b) = tim (L(a*"6*") f[c,(afk,bfk))
e k=1

—TIC (" b2 "), Va,b>0; —eo<r< 4o, (5.6)
k=1

Proof of Theorem 1.1. Let r € (0,4-c0]. We suppose that b > a = 1 without loss
of generality.
By (2.1), (2.2), and Theorem 1.3,

Lr(l,b)(C,(l,b) —Co(l,b)) > L,,(l,b)(Co(l,b) —C,r(l,b)), Vb > 1.
Therefore, by (1.2), we have that,

L(1,b)+L_(1,b)
=L, (1,Vb)Cr(1,Vb) + L_,(1,Vb)C_,(1,VD)
> (L (1,Vb) +L_.(1,VD))Co(1,Vb) > ---

n
> (L(LE) +L (1L, ") [ Co(1L,e* ), Va1
k=1
Passing to the limit as n — 4o, and using (5.6), we get that

L(1,b)+L_(1,b) > 2] Co(1,6> ) =2Lo(1,b).
k=1

Completing the proof. [
Proof of Theorem 1.2. Let r € [0,+e0). By (5.5), we have (5.4). Thus there exists
a B, > 1 such that,
L.(1,b)+L_.(1,b) <b+1, Vb e (1,B,). (5.7)
Thus, by (2.1) and (2.2),
(b—Ly(1,b))Cr(1,b) > (L—r(1,b) = 1)C_,(1,b),  Vbe (1,B).
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Consequently, by (1.2), Theorem 1.4, and the inequality st < % (s> +12) for reals s, in
the penultimate line, we have

(1 b*)+L_.(1,b%)
L, (1,6)Cr(1,b) + L_,(1,b)C_(1,b)
<bcr(1,b)+c,,(1,b)
1
<E(b2+C,2(l7b)+l+C3,(l,b))
<b*+1, Vbe(1,B).
Thus,
L(1,b)+L,(1,b) <b+1,  Vbe(L,B}).

Therefore, we have extended the inequality (5.7) valid for all b € (1,,) to one valid
forall b € (1,B?). By induction, we can get (1.5), completing the proof. [J

6. Further results

In this section, we will give some corollaries. From observations on the first two
pages of the present paper we have

ab :C+°°(a7b)c—°°(a7b) = Czl(avb)
=L, o(a,b)L_w(a,b) =L*(a,b).

Similar to Proposition 1.1, we have

THEOREM 6.1. Let 0 <s<r< 4o, b >a>0. Then

a+b)2. 6.1)

ab < C(a,b)C_,(a,b) < Cy(a,b)C—y(a,b) < ( .
Proof. We can suppose that b > a = 1. By (2.3),

; {m(c:(l b)C_ (1, b))}

b1+t r—1) blfl(rJrl)
_/ (p1H(=1) _|_1) (bl—t(r+l)+1)2

)tlnzbdt

1 2
_ / ( 1+tr 1) b 1+t(2rfl))2 - (blft(zprl) +b_1t({+1))2>lln bdt
<0, Vr>0.

Therefore, In (Cr(l,b)C,,(l,b)> is strictly decreasing on r € [0,+e<). This implies
6.1). O

Proposition 1.1 can be generalized as the following theorem.
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THEOREM 6.2. Let 0 < s <r < 4o, b>a>0. Then
ab < L(a,b)L_,(a,b) < Ly(a,b)L_y(a,b) < L}(a,b). (6.2)

Proof. We need only to prove the middle inequality. Let 0 < s < r < o0, b >
a=1.By (5.6) and (6.1), we have

oo

LALB)L-(1,6) = [T (G (1.6 e (1,07 ))

=

<H( (1,02 e (1,b2’k)):Ls(l,b)L_S(Lb).

=1
Completing the proof. [

Concerning LY 4+ L%, and C* 4 C?, for other cases of «, we have

THEOREM 6.3. Let 0 <r < 4o, 0 < <1< <+ and b>a>0. Then
3a® +2ab+3b*\ §
a% +b% < C%(a,b) +C* (a,b) < 2(%) ?) 6.3)
B B B
2C; (a,b) < CP(a,b) +C” (a,b), (6.4)
2
C2P(a,b)+C*(a,b) < P + b, (6.5)
218 (a,b) < LP (a,b) +LF (a,b) < a® + 1P (6.6)
Proof. By properties of convex/concave functions, we have
aa+(x+y—a)“<x“+y“<2()?)“, Va<x<y, (6.7)
aP+(x+y—a)f =P +)P > 2 ;y)ﬁ Va<x<y. (6.8)
Thus, using (1.6), (1.7), (6.1), (6.7) and (6.8), we get
a*+b* <a*+(Ci(a,b)+C_r(a,b) —a)” (by (1.6))
< C¥(a,b)+C* (a,b) (by (6.7))
Crla,b)+C_r(a,b)\«
< 2( r(a, )+2 r(a, )) (by (6.7))
. C%(a,b)+C?,(a,b) +2C/(a, b)c,,(a,b)>%

4
7

+b2+2 ath)?
a 2 ) (by (1.7), (6.1))
%

2

(=
<2(
(

3a* + 2ab + 3b2>
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2B (a,b) < 2<C’(“’b) J;C"(“’b))ﬁ (by (1.6))
< CP(a,b)+CP (a,b) (by (6.8))
and
2P (a,b) +C* (a,b)

<@ i (CAab)+C fab) o)’ (by (6.8))
<dP 4+ b7, (by (1.7))

Using (1.4), (1.5) and (6.8), we have
218 (a,b) < 2(L’(a’b) +2L*’(a’b) )B (by (1.4))
<LP(a,b)+LP (a,b) (by (6.8))
<df+ (L,(a,b) YL (a,b)— a)ﬁ (by (6.8))
<aP + P (by (1.5))

The proof is completed. [
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