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JENSEN TYPE INEQUALITIES FOR
(m,M,y)-CONVEX FUNCTIONS WITH APPLICATIONS

SEVER SILVESTRU DRAGOMIR, SLAVICA IVELIC BRADANOVIC*
AND NEDA LOVRICEVIC

(Communicated by I. Peri¢)

Abstract. Among various generalized classes of convexity, the class of (m, M,y )-convex func-
tions, introduced by Dragomir in 2001, has attracted increasing attention recently. This class
covers many other subclasses of convexity, such as the class of strongly convex functions, delta
convex functions, approximately convex functions and others. In this paper, we present the
Jensen and the Jensen-Steffensen type inequalities for (m, M, y)-convex functions. Our results
extend and improve the corresponding results valid for different subclasses of convex functions.
As application of the main results, we derive new lower and upper bounds estimations for some
well-known mean inequalities.

1. Introduction

Recently, various generalized classes of convexity have been studied and the cor-
responding inequalities for these classes have been established. Among these general-
izations, we point out the convexity generalization introduced by Dragomir [7]:

Let mM e R, I CR and y: I — R be a convex function. A function ¢: I — R
is called:

e (m,y)-lower convex if the function ¢ —my is convex;
e (M, y)-upper convex if the function My — @ is convex;
e (m,M,y)-convex if it is (m, y)-lower convex and (M, y)-upper convex.

In accordance with this definition, if ¢ is (m,M,y)-convex, then @ —my and
My — ¢ are convex and then the function (M —m)y is convex, implying that m < M
whenever v is not trivial, i.e. is not the zero function.

Let us note that previous definition can be written in the following way:
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Let m,M € R and ¢,y : I CR — R be functions such that y is convex. Then ¢
is said to be (m, y)-lower convex if

mAy(x)+ (1 =A)w(y) —y(Ax+(1-2)y)] Q)]
SAQ() +(1=2)p(y) —@(Ax+ (1 -A)y)

holds for all x,y € I and A € [0,1]. Further, @ is said to be (M, y)-upper convex if

AP(x)+(1=A)p(y) —@(Ax+(1-A)y) 2)
SMAy )+ (1 =2)y(y) —w(Ax+(1-2)y)]

holds for all x,y € I and A € [0,1]. If both inequalities (1) and (2) hold, then ¢ is said
to be (m,M,y)-convex with m < M whenever ¥ is not trivial.

In the following part, we consider some particular cases of defined generalized
classes of convexity.

According to [8] (see also [14]), for y = id?, where id denotes the identity func-
tion, i.e. id(t) =t, t €I, function ¢ is called m-lower convex if the function ¢ —m-id>
is convex and ¢ is called M -upper convex if the function M -id> — ¢ is convex. The
same class of functions, known as convexifiable and concavifiable functions, was con-
sidered in [31] and [22].

Note that for m =0 and M = 0 in (1) and (2), we get ordinary convexity and
concavity, respectively.

Since y is convex function, inequality

W)+ (1= )W) — w(Ax+ (1= 2)y) >0

holds for all x,y € 1 and A € [0,1].
Then in case m > 0, we have

p(Ax+(1=A)y)
SAPX)+(1=2)p(y) —mAy(x)+ (1 =A)y(y) —w(Ax+ (1-2)y)]
SAe()+(1=4)o(y),

i.e. (m,y)-lower convexity implies ordinary convexity.

In particular, if m > 0 and y = id?, then we come to the notion of strong convex-
ity. The class of strongly convex functions was originally introduced in [27] and has
played an important role in optimization theory. For more details on this concept as
well as on new results on strong convexity, see [15], [16], [25], [28] and the references
therein.

For m < 0 we are going in direction of consideration of approximately convex
functions.

If M <0, then

Ao(x)+(1=2)o)
SAQX) +(1=A)o(y) =MAy(x) + (1 - A)w(y) — w(Ax+ (1= 2)y)]
S@Ax+(1-24)y)
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i.e. (M, y)-upper convexity implies ordinary concavity.

For M > 0, (M, y)-upper convex functions were investigated in [30] (see also
the references therein) and are named delta convex functions. Such functions play an
important role in convex analysis.

Also notice that for M > 0 and y = id?, corresponding (M, id?)-upper convex
functions were considered in [23] as approximately concave function.

Finally, let us mention the concept of g-convex dominated functions, introduced
in [12], with g being a given convex function. Namely, function ¢ is called g-convex
dominated if the functions g+ ¢ and g — ¢ are convex. Note that this concept can be
obtained as a particular case of (m, M, y)-convexity by choosing m = —1, M =1 and
y=g.

In the sequel, I denotes a real interval with its interior intI.

We cite the following lemmas from [7] for its importance as characterizations of
(m,M,y)-convex functions. The first one considers the supporting lines of convex
functions.

LEMMA 1. Let @,y: I — R be differentiable functions on intl and suppose that
V is convex on intl.

a) For m € R, a function @ is (m,y)-lower convex iff
my(y)—w(@) - v (@-2)] <o) -0k -9 ()0 -2) 3)
holds for all ,z € intI.
b) For M € R, a function @ is (M, y)-upper convex iff
P =0 — @' R)y—2) <Mw(y)— () — v () (y—2)] 4)
holds for all y,z € intI.

¢) For mM € R, m < M, a function @ is (m,M,y)-convex iff both (3) and (4)
hold.

The second lemma is a characterization that includes differentiability.

LEMMA 2. Let @,y : 1 — R be twice differentiable on intl and suppose y is
convex on intl.

a) For m € R, a function @ is (m,y)-lower convex on intI iff

m-y"(x) < @"(x) forall x€intl. (5)

b) For M € R, a function @ is (M,y)-upper convex on intl iff

0" (x) <M-y"(x) forall x€intl. (6)
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c) For mM € R, m <M, a function ¢ is (m,M,y)-convex iff both (5) and (6)
hold, i.e.
m-y"(x) <" (x) <M-y"(x) forall x€intl.

More results related to the class of (m,M,y)-convex functions can be found in
the papers [4]-[6], [10], [1 1], [13] and [19].

Our paper is organized as follows. In the second section, we prove useful lemmas
with important characterizations of (m,y)-lower convex and (M, y)-upper convex
functions. In the third section we obtain the Jensen type inequalities for (m, y)-lower
convex, (M, y)-upper convex and (m, M, y)-convex functions. In the forth section, we
prove that the same results hold under Steffensen’s conditions (31), i.e. we prove the
Jensen-Steffensen type inequalities for (m, ) -lower convex, (M, ) -upper convex and
(m,M, y)-convex functions. In the last section we present applications of the obtained
results by deriving new lower and upper bounds estimations for some well-known mean
inequalities.

2. More about (m, M, ) -convexity

We supplement the characterizations given in Introduction with the following lem-
mas which provide simple consequences of the definition of the class of (m,M,y)-
convex functions.

LEMMA 3. Let ¢, y: I — R be functions and suppose \ is convex.

a) If for m e R, @ is (m,y)-lower convex, then for every n € R, n <m, @ is
(n, W) -lower convex.

b) If for M € R, @ is (M, y)-upper convex, then for every N € R, N > M, ¢ is
(N, y)-upper convex.

c) If formM e R, m <M, @ is (m,M,\y)-convex, then for every n,N € R, n <
m<M<N, @ is (n,N,y)-convex.

Proof. a) Since ¢ is (m,y)-lower convex, then
mAy(x)+ 1 =2)w(y) —y(Ax+(1=2)y)]+e(Ax+(1-2)y)
<A +(1-A)e(y)
holds for all x,y € I and A € [0, 1]. Further, y is convex and then
Ay () + (1 =A)w(y) —w(Ax+(1-A)y) >0
holds for all x,y €I and A € [0, 1]. Moreover, for every n € R, n <m,
Ao(x)+(1=24)9()

>mAy(x)+ (1 —A)w(y)
>nAy(x)+(1-A)yp(y)

y(Ax+(1=A)y)+eAx+(1-24)y)
W(Ax+ (1= A)y)+eAx+(1-4)y),



JENSEN TYPE INEQUALITIES 23

what we need to prove.
b) Since ¢ is (M, y)-upper convex, then forevery N € R, N > M,

2p(x)+ (1= 1)o(y)
<MAY() + (1= A () — Yot (1= A)y)]+ @(Ax+ (1 - 2)y)
<N AW + (1= Ay (y) — wlxt (L= A)y)]+ o(Ax+ (1 A)y)

holds for all x,y € 1 and A € [0,1].
¢) This part is combination of a) and b). [

LEMMA 4. Let ¢,y : I — R be functions such that  is a convex one. Let m,M &
R.

a) If @ is (m,y)-lower convex, then it is continuous on intl and has finite left and
right derivatives at each point of intl. Further, for every x,y € intl, x <y, holds
oL (x) = m- () < @) (x) —m- ¥/, (x) )
<QLY)—m-yL(y) <@L(y) —m- ().
Additionally, if ¢ and y are differentiable, then for every x,y € intl, x <y,
holds
m-(y'(y) = ' (x)) < ¢'(y) — @' (x). ®)

b) If ¢ is (M, y)-upper convex, then it is continuous on intl and has finite left and
right derivatives at each point of intl. Further, for every x,y € intl, x <y, holds

My (x)— ¢ (1) M-y (x)

@l (x) (€))
<M-yl(y)—o!

¢ () <My, (y) — 0\ ().
Additionaly, if @ and  are differentiable, then for every x,y € intl, x <y, holds

Oy - (x) <M (V' (y)—v(x)). (10)

Proof. a) As an easy consequence of the Stolz theorem (see [24, p. 25.]) applied
to the convex function ¥ and g = ¢ —my, we have that v and g are continuous on
int] and have finite left and right derivatives at each point of int/. Then the same holds
for the function ¢ = g+ my. Moreover, by the Stolz theorem, functions vy’ , v/, g"
and g, are nondecreasing and for every x,y € intl, x <y, we have

/

v (x) S wh(x) <yl () S L)
and
g () <gh(x) < (y) gLy,

where the last relations are equivalent to (7).
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If @ and y are differentiable, then ¢’(x) = ¢’ (x) = ¢/, (x) and y'(x) =y’ (x) =
V., (x), i.e. g'(x) =g" (x) =g.(x) holds for all x € int]. Further, for every x,y € intl,
x <y, we have

which is equivalent to (8).
b) We proceed analogously and omitting details, but this time observing the convex
function h =My —¢. U

Note that inequalities (3) and (4) follow from the fact that the differentiable func-
tions g = @ —my and h = My — ¢ are convex iff

g(y) —g(x) > &' (2)(y—2),
h(y) —h(z) = K (z)(y —2)

hold for all y,z € intl. Instead of the assumption of differentiability we can take any
c(z) € [¢(2),8"(2)], d(z) € [ (2),h, (z)], where y,z € int], and

g(y) —8(2) 2 c(2)(y—2), (11)
h(y) —h(z) =2 d(z)(y—2)

\

A

hold for all y,z € intI.
Without loss of generality we can set ¢(z) = g, (z) = @/, (z) —my/, (z) and d(z) =
W, (z) = My’ (z) — ¢’ (z) and then (11) are equivalent to

mw(y)—w(@) - v —2)] <ol)—ok) -0 (x)(y—2)
Py —9(2)— 0\ (2)(y—2) <M [w(y) —w(z) - v, (x)(y—2)]

forall y,z € intl.

In the rest of the paper, unless otherwise stated, (a,b) denotes a real interval such
that —eo <a < b Koo,

For ¢,y (a,b) — R, without loss of generality, we may set ¢'(x) = ¢/ (x) and
V' (x) = ¥/ (x), forany x € (a,b).

LEMMA 5. Let @,y (a,b) — R be functions such that y is convex and let m €
R. If ¢ is (m,y)-lower convex, then for a fixed z € (a,b), the functions Fi,F: (a,b) —
R, defined by
FY)=00) - 0@ - ¢' @02 —m[y() - v(z) - v(2)(-2)]
and
Fi(y)=0@)—00)—¢'0)z—y)—m[y(@) —y() - v'()(z—)]

are nonnegative on (a,b), nonincreasing on (a,z] and nondecreasing on [z,b).
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Proof. Nonnegativity of the functions F; and F| follows from (3).
First we prove the statement for the function Fj.
Leta<y <y, <z

By (8) we have ¢'(y2) +m- (y'(z) —¥'(y2)) < ¢'(z). Multiplying it with (y; —
y2) <0, we get

0" (y2)(y1 —y2) +m- [V (2) — v ()] ()1 —y2) = @' (2) (y1 — y2)- (12)

Let us calculate Fi(y;) — Fi(y2). It holds

Fi(y1) — F1(y2) (13)
=0o(1) =) —0' @)y —2)—m[w) —v(z) - w’(Z)(m —2)]

— () + (@) +9'(2)(2—2) +m[u/ (y2)—wl(z u/’(Z)( 2—2)]
=o() — () —¢'(2) —m [w(y) —w(2) =¥ (@) 0 —y2)]

Further, by using (12), we have

P(y1) = @(v2) — @' (D)1 —y2) —m [w(y1) = w(y2) = ¥'(2) (y1 —y2)]
> o(y1) —9(2) — ' (y2) (y1 —y2)
—m- [II//(Z) - W/(Y2)] (V1 —y2)—m [II/(}H) —w() - ') —yz)]

=) —0(2) — @' ()1 —y2) —m- [w(y1) —w(y2) — v (v2) (1 — y2)]
P Oa

where nonnegativity follows from (3). This proves that F| is nonincreasing on (a,z] .
Now, let z < y; <y2 <b.
Then by (8) we have ¢'(z) +m- (y/'(y1) — ¥'(z)) < @'(y1). Multiplying it with
(y1 —y2) <0, we get

O )1 —y2)—m- [W (1) — v (2)] (1 —y2) < @' (2)(y1 — y2). (14)

Now, by using (14), we have

Fi(y1) = Fi(y2) (15)
=) = 0(2) — @' (D)1 —y2) —m W) = w(y2) = ¥'(2) (11 —y2)]
<o) —0(2)— @' ()1 —y2) +m- [W' (1) = W' ()] (1 —y2)
[lll 1) —w2)—v' () —)’2)]
=0(1) —0() = ¢ 1)1 —y2) —m [w(y1) = w(y2) — v (1) (1 —y2)]

where nonpositivity follows from (3).

This proves that Fj is nondecreasing on [z,b).

The statement for the function F'; we can prove in an analogous way, SO we omite
it. [
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LEMMA 6. Let ¢,y (a,b) — R be functions such that y is convex and let M €
R. If @ is (M, y)-upper convex, then for a fixed z € (a,b), functions Fy,F,: (a,b) —
R, defined by

BY)=00)—0@) -0 @) y—2)—M[y(y)—w(z)—v'()(—-2)]

and

F2(0) = 0(@) —0() = ¢'()(c—y) =M [y () —w() — v () (z )]
are nonpositive on (a,b), nondecreasing on (a,z] and nonincreasing on [z,b) .
Proof. Nonpositivity of the functions F, and F » follows from (4).

Further, we proceed analogously as in proof of Lemma 5, only instead of (8) and
(3), we use (10) and (4), respectively. We omit the details. [

3. The Jensen type inequalities

In this section we deal with the Jensen type inequalities for (m, y)-lower convex,
(M, y)-upper convex and (m, M, y)-convex functions.

THEOREM 1. Let x = (x1,...,x,) € (a,b)" and a = (ay,...,a,) be a nonneg-
ative n-tuple such that ¥ ja; =1 with x =Y ja;x;. Let m,M € R and suppose
o,y: (a,b) — R are functions such that y is convex.

a) If @ is an (m,y)-lower convex function, then for any d,e € (a,b),
o(d)+¢'(d)(X —d)+m (Z ay(x;) — y(d)—y'(d) (¥ - d))

i=1

< Zaifp(xi) (16)

—-m (l{/(e) — Zail[/ Xi) Zal e—x,)) .
i=1
b) If ¢ is an (M, y)-upper convex function, then for any e,d € (a,b),
M(Z v (x; —|—2a, (e—x)—wyle ) Za, ) (e—x;)

< D aip(xi) an
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c) If @ is (m,M,y)-convex, m < M, then both (16) and (17) hold.

Proof. a) Applying (3)to z=d and y=x;, i € {1,...,n}, we have
m{y(x) —w(d) = v'(d)(xi —d)] < o(xi)) — 9(d) — ¢'(d)(xi —d).  (18)

Multiplying (18) with a; and summing over i, i =1,...,n, we get

m <§afw(xi) —y(d) - w’(d)(f—d)> < éaicp(x,-) —¢(d)—¢'(d)(¥ —d). (19)

On the other side, applying (3) to y=¢ and z=x;, i € {1,...,n}, we have
m[y(e) —y(x) —y'(x)(e—xi)] < ole) — p(x;) — ¢ (xi) (e —xi)

and multiplying it with @; and summing over i, i = 1,...,n, we get

m (u/(e) — zn:ail[/ (i) Za, (e —xl)> (20)
i=1
—zn‘,aifp (xi) Za, x7) (e — x;).
i=1

Now, combining inequalities (19) and (20), we get (16).
b) We proceed analogously, only instead of (3) we use (4).
¢) This case is proved by a) and b) combined. []

As an easy consequence of the previous theorem we get the following corollary.

COROLLARY 1. Let the assumptions of Theorem 1 hold.

a) If @ is (m,y)-lower convex, then

m (iaiw(xi) _ w(x)) @1

< Za,-(p/(x,-)(x,- —X)—m (l[/(x) — Zaill/ Xi) Za, (x— x,)) .
i i=1
b) If ¢ is (M,y)-upper convex, then

M(ia,w;e, +2a, (xi)(x —xi) — w(x)) Za,-(p’(x,-)()?—xi)

i=1

=

X Zazq) xi) — @(x) (22)
=1

<M (i aiy(x;) — l[/(f)) .

i=1
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c) If ¢ is (m,M,y)-convex, m < M, then

m ( ay(x;) — w(x)) < }n‘,aifp(xi) —(x)
i=1

T

<M (i aiy(x;) — V/(X)>

i=1

and

M

—
-

aiy(x; +2a, (k¥ —xi)— l[/(f))

<

S

lamxi)—¢<f>+§ai<p’<xi><f—xi>

'M=

1

i=1

Proof. a) If we set d = e = x, then (16) becomes
n
Q(X)+m (}‘,aiw(xi) - w(@)
i=1

< ), aip(x;)

N

i=1

Za, (X —xi) — (I{/(f)—iaiw Xi) Zaz (x— xz))

which is equivalent to (21).
b) If we set d = ¢ = x, then (17) becomes

(251, v(x; +Za, (X —x;) — w(f))+q)(f)—zai(p/(xi)(f—xi)

< En‘,aifp(X)

=
<M (iaﬂl/(xi) - w(x)) +o(x)

which is equivalent to (22).
¢) Combining inequalities (21) and (22), we get (23) and (24).

m(ia,w Xi —|—Za, (X —xi)— w(f)).

(23)

(24)

REMARK 1. Note that if y is a zero function, i.e. w(t) =0, for all 7 € (a,b),

then ¢ is convex in the usual sense and (16) becomes

n n

=

¢(d)+¢'(d)(x—d) < 1 aip(xi) < @(e) = Y i (xi)(e —xi),

i=1

(25)
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i.e. we get the Jensen type inequalities for convex functions. Specially, (21) becomes
0<

ai(x;) — (%) <Y @i’ (x;) (x; — X), (26)

-
e

Il
-

i=1

where the first inequality in (26), i.e.

¢(¥) <, aip(x) 27

1

-

1

is Jensen’s inequality for convex functions and the second inequality in (26) is a coun-
terpart of Jensen’s inequality for convex functions, proved in [9].
If m=c>0and y = id?, then (16) becomes

o(d) + /(&) (5 — )+ ar(i— d)? (28)
i=1

< 0(e) ~ X ai' () (e —x) - ciai (xi—e)?.

i.e. we get the Jensen type inequalities for strongly convex functions which accompa-

nies an integral version of (28) for strongly convex functions observed in [29].
Furthermore, the first inequality in (21) is Jensen’s inequality for (m,y)-lower

convex functions, while the second inequality in (22) is Jensen’s inequality for (M, y)-

upper convex functions. Jensen’s inequality for (m,M,y)-convex function ¢ is in-

equality (23). On the other hand, the Jessen type inequalities for (m, M, y)-convex

functions, i.e. generalizations of (23) for positive linear functionals were proved in [6].
If m=c>0and y = id?, then (21) becomes

a;p(x;) — @(x) (29)

-

Il
—_

n
cZai(xi—)?)z <
i=1

/N
R
2
-e\
=

-)(xi—x)—cia,-(xi—x)?

The first inequality in (29), i.e.

-

<p<x>+c_j21a,-<xi—x>2< aip(x:)

1

is Jensen’s inequality for strongly convex functions with modulus ¢ (see [25]).
For M =c¢ >0 and y = id?, inequality (22) becomes

; ai(F—x)? = aig! () (F—x) <

i=1 i

a;p(x;) — @(x) (30)

& It

< a,-(xi—)?)z.

i=1
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The second inequality in (30), i.e.

n

Sao(x) < o) +z1 (51— )?

is Jensen’s inequality for approximately concave functions, obtained in [23].

4. The Jensen-Steffensen type inequalities

The assumption “a = (ay,...,a,) is nonnegative n-tuple” can be relaxed at the
expense of more restrictions on the n-tuple x. Namely, if a = (ay,...,a,) is a real
n-tuple that satisfies

J
OgAj:Zangn, jzl,...,l’l, Anzla (31)
i=1

then for any monotonic (increasing or decreasing) n-tuple x = (x1,...,x,) € (a,b)" we
have
X=X aixi € (a,b),

and for any convex function @: (a,b) — R, inequality (27) still holds. Inequality (27)
considered under conditions (31) is known as the Jensen-Steffensen inequality for con-
vex functions (see [26]). The Jensen-Steffensen inequality is a proper generalization of
Jensen’s inequality since nonnegative weights a satisfy Steffensen’s conditions (31) in
every order, which means that for nonnegative weights the monotonicity condition on
x becomes irrelevant.

In this section we prove the Jensen-Steffensen type inequalities for (m, y)-lower
convex, (M, y)-upper convex functions and (m, M, y)-convex functions, i.e. we prove
that inequalities from the previous section hold under Steffensen’s conditions (31).

THEOREM 2. Let x = (x1,...,X,) be any monotonic n-tuple (increasing or de-
creasing) in (a,b)" and a = (ay,...,a,) be a real n-tuple such that (31) holds. Let
m,M R and y,¢: (a,b) — R be functions such that y is convex.

a) If @ is (m,y)-lower convex, then (16) holds for all d,e € (a,b). In particular,
(21) holds.

b) If ¢ is (M,w)-upper convex, then (17) holds for all d,e € (a,b). In particular,
(22) holds.

c) If @ is (m,M,y)-convex, m < M, then both (16) and (17) hold. In particular,
(23) and (24) hold.

Proof. Without any loss of generality, we may assume that x; <xp <... < Xx,.
Let X = Y | aix;. Under the assumptions of theorem, we have x; < ¥ < x, (for
the proof see [3].)



JENSEN TYPE INEQUALITIES 31

a)Let Fi(y) = 0(y) — ¢(d) —¢'(d)(y—d) —m[y(y) — w(d) —y'(d)(y —d)].
From Lemma 5 we have F(x;) >0 forall i € {1,...,n}.
Comparing d with xp,...,x, we need to consider three cases.

Case 1. x, < d < b: In this case x; € (a,d) forall i =1,...,n. Hence, according
to Lemma 5 we have

F1 (xl) 2 F1 (JCQ) 2 ZFl (xn) Z 0.
Denoting Ag = 0 it follows
a,:A,-—Ai_l, i:l,...,n,

and therefore

n n
zaiFl xl 2 A —Ai—1 Fl (xl)

A_F( 1)+ A=A Fi(x2)+...+ (A — Ay 1) Fi (x)

Il
M\

Az(Fl (xi) = F1 (xi1)) +AnFi (%n)
1

WV

0.

Case?2. a < d < x;: Inthis case x; € (d,b) forall i =1,... ,n. Hence, according
to Lemma 5 we have
0<F1 (xl) <F1 ()Cz) < <F1 (xn).

Denoting A, 1 = 0 it follows
_ n
Akzzai:An_Ak—h k:l7...,n,
ik

al:Ai_Ai+la i:l7'”7n7

and therefore

En:aiFl ()Ci) = En:(A Az+l)F1 (xl)
i=1 i=1

=AF (x))+ Zzi (F1 (xi) = Fi (xi-1))
i=2

> 0.

Case 3. x1 < d < x,: In this case there exists k € {1,...,n— 1} such that x; <
d < Xk+1-
By Lemma 5 we get

F1 (xl) >Fl (JCQ) 2 ZFl (xk) 20 and OgFl (xk+1) <F1 (xk+2) < gFl (xn)
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Then

n

aiFy (x)+ Y, aiFy (xi)
1 i=kt1
1

-

n
Y aiFy (x;) =
i=1

~
|

=2 A (Fy (xi) = F1 (xi41)) +ArF1 ()

—

n
+ AR () + Y, AR () — B (xior)
i=k+2

= 0.

In all three cases we have
n
N aiFy (x;)
i=1

Vi

a9 (x;) — 9(d) — ¢'(d) (F—d) = m (zl ay(x) — w(d) — v/ (d) (%~ d>)

i=1

WV
o

)

and therefore, the first inequality in (16) holds.
Now, let Fy (x;) = @(e) — @ (xi) — ¢ (xi) (e —x;) —m [y (e) — w(x;) — y'(xi) (e —xi)],

i=1,...,n.
Analogously, applying Lemma 5, we can prove that
n n n

ZaiFI (xi) = o@(e) — zai(/)(xi) — Y @i’ (xi)(e —xi)
' 1

i=1 i=1 i=
—m |y(e) = Y ay(x) — Y, aiw' (xi)(e —x;)
i=1 i=1
=0,

i.e. the second inequality in (16) holds.
Inserting d = e =X in (16), we get (21).
b) Analogously as in the proof of case a), we show that

n

S aibs() = 3 aip(xi) — o(d) — ¢'(d)(F—d)
i=1 |

M (Zl"’” —y(d) — v (d) (¥ — d>)

N
o
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and

Zain(xi) =op(e) — Zn‘j Zal i)(e—x;)

—M(u/(e)—Za,-u/ Xi) Za, e—?ﬁ))
i=1
<0,

i.e. (17) holds.
Inserting d = e =X in (17), we get (22).
¢) This case is obtained by a) and b) combined. [J

REMARK 2. Note that in the trivial case of y being a zero function, function ¢
is convex in the usual sense and (16) reduces to the Jensen-Steffensen type inequalities
for convex functions, i.e. inequality (25) holds under Steffensen’s conditions (31) and
its particular case is (26). Similar inequalities for convex functions were proved in [20].
For related results see also [1], [2], [17], [18] and [21].

If m=c>0 and y = id?, then (16) considered under (31) assumes form as in
(28), i.e. we get the Jensen-Steffensen type inequalities for strongly convex functions,
with particular case (29). These accompany analogous integral versions for strongly
convex functions, proved in [29].

5. Applications

First we present the Jensen type inequalities for twice differentiable (m, y)-lower
convex, (M,y)-upper convex and (m,M,y)-convex functions with some specified
forms of the function .

PROPOSITION 1. Let I C (0,00) be an open interval, x = (x1,...,x,) € I" and
a=(aj,...,ay) be nonnegative n-tuple such that 3} a; =1 and x =Y}, aix;. Let
@: 1 — R be a twice differentiable function and g,: I — R be defined by g,(t) =
@" (1)t>P, where p € (—o0,0) U (1,0).

a) If infic; g,(t) =y > —oo, then

S S Xy — X
p(p—1) <21a g p)

< D aip(xi) — ¢(x) (32)

e

I
—_

ox

Il
-

< a,-(ﬂ(x,-)(x,-—f)—ﬁ( —pra,x —1)2 f’)

i=1
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b) If sup,c; 8p(t) = O < oo, then

n

(pra,-xf_l +(1L—p) Za,-xf - fp> — Zai(p’(x,-)(f—x,-)
i=1 i=1

i=1

I
p(p—1)

< D aip(xi) — (x) (33)

N

i=1

6 n
< aix! —xP | .
p(p—1) (Zj )

c) If —o <y < gp(t) <8 <o, forall t €1, then

! (}nlaixg’ - f”) < zn:aifp(xi) — (%) (34)
i=1

p(p—1) i=1

6 n
< ixl — x?
o (3 )
and

0 pfzn:a,-xf_l—l—(l—p)zn:aixP—EP
pip—1) i=1 i—1 !
< Y aip(xi) — (X) + Y, @i’ (xi) (X — xi) (35)

i=1 i=1

Y = - p—1 < p —
<——— | px Y axt +(1—p) Y anxt —xV ).
p(p—1)< Zﬁ : ,:21 l

Proof. a) Let’s consider the function £, (1) = ¢(t) — ﬁtl’ . Then

hy(1) = @"(t) =P 2 = 1" (270" (1) —y) =12 (g, (1) = ¥) 2 0,

i.e. h, is convex and then the function ¢ is ( -1, (-)? ) -lower convex.
P p(p—1)

Now, applying (21) to the (ﬁ, ()1’> -lower convex function @, we get (32).

b) Let us consider the function i,(¢) = ﬁﬂ’ — (). Then

(1) = 802 — ¢ (1) = 1723 7" (1)
=723~ gy(1)) >0,

i.e. i, is convex and then the function ¢ is (ﬁ7 (-)1’> -upper convex.
1)

p(p—1)
¢) This case is a combination of a) and b). [

Now, applying (22) to the ( ,(-)p> -upper convex function ¢, we get (33).
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REMARK 3. If —eco <y < ¢”(1) <8 <o, forall ¢ €1, then for p =2, as a direct
consequence of (34) and (35) from Proposition 1, we get

! <2aix% - fz> < Y aip(xi) — (%) < g <2aix,-2 - fz> (36)
i=1 i=1 i=1

and

\SY e}

<2f.§n%aixi - .En:la,-x,-z - fz) <Y aip(xi) — (%) + En:ai(p/(xi)(f_x")

i=1 i=1
,}/ n n
< 3 2% Y aixi— Y, ai? — i . (37)
i=1 i-1

Related results for (27 ‘;7( )2> -convex functions, but in the context of so called o-

lower and f3 -upper convex functions, can be found in [8].

PROPOSITION 2. Ler I C (0,00) be an open interval, X = (xi,...,x,) € I" and
a=(ai,...,ay) be a nonnegative n-tuple such that ¥ a; =1 and x = E a;x;. Let
@: [ — R be atwice differentiable function and g: I — R be defined by g(t) = tz(p”(t)

a) If infic; g(t) =y > —oo, then

= Y n
In (ﬁ) < ;ai(p(x,-) —(x) (38)

b) If sup,c; g(t) = 6 < oo, then
< Z aip(xi) — @(x) (39)

c) If —o<y<g(t) <O <oo, forall t €1, then

S
(H" xa,> Zal o(x;)) — @(x) <In (H—x) (40)
i=1 i= =17

=|
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and

° ( 1= _x”’ - i% ) s zn:ai(p(xi)_(p(ﬂJrzn:ai‘Pl(xi)(f—xi)
=1 Py

i=1

<y<m7n’“ ui—x2£+1>- (41)

i=1%; =1 X

Proof. a) Let’s consider the function i(r) = ¢(t) — y(—Inz). Then

W) =0 (0) 75 = 5 (P0"(0) 1) = 5 (6() ~1) >0,

i.e. h is convex and then the function ¢ is (y,—In(-))-lower convex.
Now, applying (21) to the (y,—In(-))-lower convex function ¢, we get (38).
b) Let’s consider the function i(¢) = 6(—In¢) — ¢(z). Then
-/ l " l 2.1 l
F()=05-0'(1)= 5619 (1) = (6 -8(r) >0,
i.e. i is convex and then the function ¢ is (8, —In(-))-upper convex.
Now, applying (22) to the (8, —In(+))-upper convex function ¢, we get (39).
¢) This case is a combination of a) and b). [

PROPOSITION 3. Ler I C (0,00) be an open interval, X = (xi,...,x,) € I" and
a=(ay,...,a,) be a nonnegative n-tuple such that ¥} ,a; =1 and x =3, aix;. Let
@: I — R be a twice differentiable function and g: I — R be defined by g(t) =t¢" ().

a) If infic; g(t) =y > —oo, then

In (H'x ) (42)

=X

N\
1=
k)
hS)
=
|
S
=

a; @' (x;)(x; — X) + yXIn ="

N
M=

Il
—_

b) If sup,c; g(t) = 8 < oo, then

n apx;p 5
<In <H+x> . 43)
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c) If —o<y < g(t) <O <oo, forall t €1, then

n aixi n n aixi 9
In (L i ) Z o(x) — (%) <In (Lﬂ;f ) (44)
X i=1 X

and

n al
Sxln—=0 1Y
X

n
<Y aip(x) — @ +2a1 (¥ —xi)
i=1

n az

< yRln =t (45)
X

Proof. a) Let’s consider the function i(r) = ¢(z) — ytInz. Then

L0 -1 =15 -1 >0,

1
" o Y
R (t) =" (1) rs ;

i.e. h is convex and then the function ¢ is (¥, (-)In(-))-lower convex.
Now, applying (21) to the (y,(-)In(-))-lower convex function ¢, we get

n
Y (2 a,-x,-lnxi — flnf)

i=1

ox

I
—_

< ), aip(xi) — o(x)

-

Il
-

< a,-(p’(x,-)(x,- — .f) Y (xlnx— Zaixilnx,- — Z ﬂ()C—)Ci)> s
i=1 =1 M
what is equivalent to (42).
b) Let’s consider the function 6¢Int — ¢(z). Then
1
t

(1) =87~ 9"() = 1 (5-19"(1) = 1 (5 (1)) >0,

i.e. i is convex and then the function ¢ is (8, (-)In(+))-upper convex.
So, applying (22) to such function we obtain

<2a1x,1nx,+2 (x —x; —xlnx) zn:a,-(p/(x,-)()?—x,-)

n
<6 (2 aix;Inx; — flnf)
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what is equivalent to (43).
¢) This case is a combination of a) and b). [

REMARK 4. Making use of Theorem 2 we could obtain analogous results as in
the previous propositions, concerning Steffensen’s conditions (31).

Now we use the previous propositions to derive new lower and upper bounds for
the well known mean inequalities. For this purpose, let us recall that for 0 </ < L, x =
(x1,...,%,) € (I,L)" and a nonnegative n-tuple a = (ay,...,a,) such that 3 a; =1,
weighted power mean of order s € R is defined by

G l—

@), s#0

M;(x,a) = I’ s=0 (46)
min{xy,...,x,}, §— —oo
max{xy,...,x,} §— oo

In particular, classical weighted means are then given as follows:
e arithmetic mean A(x,a) = M) (x,a) = ¥ a;x;,
e geometric mean G(x,a) = My(x,a) = [T/ x}",
e harmonic mean H(x,a)=M_|(x,a) = <1+

i=1 x;

EXAMPLE 1. Let 0 <! < L and let functions ¢@,g,: (I,L) — R be such that
gp(t) = @"(t)t* P, where p € (—e0,0) U (1,). Applying Proposition 1 to particular
cases of the function ¢, we get the following results.

a) If ¢(¢) = —Inz, then inf,c(; 1) gp(t) = L™ and sup,c(; ) gp(t) =17".
Applying (34) and (35), we get

L (Mp(x,a)— AP (x,a))
plp—1) " ’

A(x,a)
G(x,a)
r

<1

and
1P
plp—1)
Alx,a)  Ax,a)
G(x,a) H(x,a)
L7
pp—1)

(PA@MY~ | (x,0) + (1~ p)M(x,) ~ A”(x,a))

+1

—1
(pA(xaa)Mgfl

N

(x,a) + (1 - p)Mp(x,a) A" (x,a) ).
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If p =2, then
1 2 2 A(x,a)
32 (M5 (x,a) —A*(x,a)) <1In Gx.a)
1
< T (M3 (x,a) — A*(x,a))
and

1
T (Az(x,a) —M? (x,a)) <In

b) Let @(z) = tInz. Then for p € (—e0,0), we have inf,c( ) g,(t) = 1'"7 and
SUPye (1) gp(1) = L' 7P
Applying (34) and (35), we get

L (M”(x a)—AP(x a)) (47)
plp—1) 7 ’
_ O
S (A(x’a»A(x,a)
- Li-r M” "
= m ( p(xva) - (x,a))
and
1—
oo 1) (P @M )+ (1= M) - (5)
Lot Ana)
N (A(x,al))A(x’“) H(x,a) ! (48)
11-r -
s m (pA(x’a)Mpfl (x,a) + (1 — p)MP(x,a) —Ap(x,a)> .

If p € (1,%), then inf,c(;;)g,(r) = L'"7 and sup,c( 1) gp(1) = 1'77 and then
inequalities (47) and (48) are reversed.

EXAMPLE 2. Let 0 < < L and the functions ¢,g: (I,L) — R be such that
@(1) =tInz and g(r) =>@" (t) =1. Then inf,c(; 1) (r) =1 and sup,c(; 1) (1) = L.
Applying (40) and (41), we get

Ax,a) ) ) e A(xa)\*
In (G(x,a)) s (A(x,a)) @ s (G(x,a)>
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and

G(x,a) H(x,a)

<1 (lnA(x,a) A(x,a) N 1) .

EXAMPLE 3. Let 0 <! < L and let functions ¢,g,: ([,L) — R be such that

gp(t) =1@"(t), where p € (—e2,0) U (1,%0). Applying Proposition 3 to particular case
of the function ¢, we get the following results.

a) If @(¢) = —1Inz, then inf,c g 1) g,(t) = 1 and Supe(.) 8p(t) = L
Now applying (44) and (45), we have

aiXi 1 n aix; 1
In 71_[?:1)6" ’ <In Alx,a) <In I 1% ]
A(x,a)A(xa) G(x,a) A(x,a)A(xa)

and

=
=
8
=

~—

<lIn ik
= G(x,a) H(x,a)
Axa)  G(xa)
In .
L A(x,a)

b) If @(1) = ¢!, then infic(; 1) g,(r) =l and sup,( 1) gp(1) = Le*.
Applying (44) and (45), we get

}.’l x(:lixi lel n _ n x(:lixi L€L
In <7’__1f‘ ) < Za,-ex" —e¢*<In <7’_1 ! )
X i=1

and

Funding. This research is partially supported through KK.01.1.1.02.0027, a project
co-financed by the Croatian Government and the European Union through the Euro-

pean Regional Development Fund — the Competitiveness and Cohesion Operational
Programme.



JENSEN TYPE INEQUALITIES 41

Data Availability. Data availability is not applicable to this manuscript as no new

data were generated or analysed during the current study.

[1]
[2]
[3]
[4]

[5]

[6]
[7]
[8]
[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]

Conflict of interest. The author declare no conflict of interest.

REFERENCES

S. ABRAMOVICH, S. IVELIC, AND J. PECARIC, Generalizations of Jensen-Steffensen and related
integral inequalities for superquadratic functions, Cent. Eur. J. Math. 8 (2010) 937-949.

S. ABRAMOVICH, S. IVELIC, AND J. PECARIC, Improvement of Jensen-Steffensen’s inequality for
superquadratic functions, Banach J. Math. Anal. 4 (1) (2010) 159-169.

S. ABRAMOVICH, M. KLARICIC BAKULA, M. MATIC, J. PECARIC, A variant of Jensen—
Steffensen’s inequality and quasi-arithmetic means, 307 (1) (2005), 370-386.

S. S. DRAGOMIR, A survey on Jessen’s type inequalities for positive functionals, In: Pardalos, P. M.,
et al. (eds.) Nonlinear Analysis, Springer Optimmization and Its Applications 68, Springer, New York
(2012) 177-232.

S. S. DRAGOMIR, Inequalities for (m,M)-Y -Convex Functions with Applications to Operator Non-
commutative Perspectives, Analysis, Cryptography And Information Science, (Series On Computers
And Operations Research), 10 (2023) 61-89.

S. S. DRAGOMIR, On the Jessen’s inequality for isotonic linear functionals, Nonlinear Anal. Forum
7 (2) (2002) 139-151.

S. S. DRAGOMIR, On the reverse of Jessen’s inequality for isotonic linear functionals, J. Inequal. Pure
Appl. Math. 2 (3) (2001) 1-13.

S. S. DRAGOMIR, Some inequalities for (m,M)-convex mappings and applications for Csiszdr ¢ -
divergence in information theory, Math. J. Ibaraki Univ. 33 (2001) 35-50.

S. S. DRAGOMIR AND C. J. GOH, A Counterpart of Jensen’s Discrete Inequality for Differentiable
Convex Mappings and Applications in Information Theory, Math. Comput. Modelling 24 (2) (1996)
I-11.

S. S. DRAGOMIR AND I. GOMM, Basic Inequalities for (m,M) -V -convex functions when ¥ = —In,
Kragujevac J. Math. 44 (2) (2020) 313-325.

S. S. DRAGOMIR AND 1. GOMM, Hermite-Hadamard type inequalities for (m,M)-¥ -convex func-
tions when ¥ = —In, Math. Morav. 22 (1) (2018) 5-79.

S. S. DRAGOMIR AND N. M. IONESCU, On some inequalities for convex-dominated functions,
L’Anal. Num. Th’eor. L’ Approx. 19 (1), 21-27 (1990).

S. S. DRAGOMIR AND K. NIKODEM, Functions generating (m,M,y)-Schur-convex sums, Aequat.
Math. 93 (2019), 79-90.

S. S. DRAGOMIR AND K. NIKODEM, Jensen’s and Hermite—Hadamard’s inequalities for lower and
strongly convex functions on normed spaces, Bull. Iranian Math. Soc. 44 (2018) 1337-1349.

S. IVELIC BRADANOVIC, Improvements of Jensen’s inequality and its converse for strongly convex
Sfunctions with applications to strongly f-divergences, J. Math. Anal. Appl. 2 (531), (2024), 1-16.S.

S. IVELIC BRADANOVIC, Sherman’s inequality and its converse for strongly convex functions with
applications to generalized f-divergences, Turk. J. Math. 6 (43) (2019) 2680-2696.

S. IVELIC, M. KLARICIC BAKULA AND J. PECARIC, Cauchy type means related to the converse
Jensen-Steffensen inequality, Rad Hrvat. Akad. Znan. Umjet. Mat. Znan. 515 (2013) 123-138.

S. IVELIC, M. KLARICIC BAKULA AND J. PECARIC, Converse Jensen—Steffensen inequality, Aequ.
Math. 82 (2011) 233-246.

E. A. JAMAL, On (m;M;¢,) Schur h-convex stochastic process, J. Math. Comput. Sci. 11 (3) (2021)
3602-3612.

M. KLARICIC BAKULA, M. MATIC AND J. PECARIC, Generalizations of the Jensen-Steffensen and
related inequalities, Cent. Eur. J. Math. 7 (2009) 787-803.

M. KRNIC, N. LOVRICEVIC AND J. PECARIC, On some properties of Jensen-Steffensen’s functional,
An. Univ. Craiova Ser. Mat. Inform. 38 (2) (2011) 43-54.

F. MEHMOOD, A. R. KHAN AND M. A. U. SIDDIQUE, Concave and Concavifiable Functions and
Some Related Results, J. Mech. Cont. & Math. Sci. 15 (6) (2020), 268-279.



42

S. S. DRAGOMIR, S. IVELIC BRADANOVIC AND N. LOVRICEVIC

[23] N. MERENTES AND K. NIKODEM, Strong convexity and separation theorems, Aequat. Math. 90
(2016) 47-55.

[24] C.P. NICULESCU AND L. E. PERSSON, Convex Functions and Their Applications. A Contemporary
Approach, 2nd ed., CMS Books in Mathematics, Springer: New York, NY, USA, 2018, Vol. 2.

[25] K. NIKODEM, On Strongly Convex Functions and Related Classes of Functions, Handbook of Func-
tional Equations, Springer, New York, 2014, 365-405.

[26] J. PECARIC, F. PROSCHAN AND Y. L. TONG, Convex functions, Partial Orderings and Statistical
Applications, Academic Press, New York, 1992.

[27] B. T. POLYAK, Existence theorems and convergence of minimizing sequences in extremum problems
with restrictions, Soviet Math. Dokl. 7 (1966) 72-75.

[28] A. W. ROBERTS AND D. E. VARBERG, Convex Functions, Academic Press, New York, 1973.

[29] Y.-Q. SONG, M. ADIL KHAN, S. Z. ULLAH AND Y.-M. CHU, Integral Inequalities Involving
Strongly Convex Functions, J. Funct. Spaces. 2018 (2018) 1-8.

[30] L. VESELY AND L. ZAJ{CEK, Delta-convex mappings between Banach spaces and applications, Dis-
sert. Math. 289, PWN, Warszawa (1989).

[31] S.ZLOBEC, Characterization of convexiable function, Optimization 55 (2006), 251-261.

(Received June 12, 2024) Sever Silvestru Dragomir

School of Engineering and Science

Victoria University

PO Box 14428 Melbourne City, MC 8001, Australia

and

Centre of Excellence in the Mathematical and Statistical Sciences
School of Computer Science and Applied Mathematics

University of the Witwatersrand

Johannesburg, Private Bag 3, Wits 2050, South Africa

e-mail: sever .dragomir@vu.edu.au

Slavica Iveli¢ Bradanovi¢

Faculty of Civil Engineering, Architecture and Geodesy
University of Split

Matice hrvatske 15, 21000 Split, Croatia

e-mail: sivelic@gradst.hr

Neda Lovricevi¢

Faculty of Civil Engineering, Architecture and Geodesy
University of Split

Matice hrvatske 15, 21000 Split, Croatia

e-mail: Neda.Lovricevic@gradst.hr

Mathematical Inequalities & Applications

mia@e

.ele-math.com

le-math.com



