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FURTHER GENERALIZATIONS OF ALZER-FONSECA-KOVACEC
TYPE INEQUALITIES AND APPLICATIONS

TRAN DINH PHUNG AND DUONG QuocC Huy*

(Communicated by S. Varosanec)

Abstract. In this paper, we develop a new method which allows us to establish interesting gen-
eralizations of the well-known Young-type inequalities, or inequalities between arithmetic and
harmonic mean. Several attractive applications of these inequalities to matrix inequalities, deter-
minant inequalities and unitarily invariant norm inequalities are also presented.

1. Introduction

The well-known Young inequality for two positive real numbers a and b says that,
forall v €0,1],
aVyb:=(1—Vv)a+vb>a'"""b" =: afyb

with the equality sign if and only if a =5 or v € {0,1}.
One of the most important two weight generalizations of this inequality is the
Alzer-Fonseca-Kovacec inequality discovered in 2015 of the form

(X)* (@) —(atvb)* (1—v>{ w1
u (aVyub)* — (atub)* l—u

where 0 < v<u <1 and A > 1, see [1] for the details. When A = I, the dou-
ble inequality provides sharper inequalities in comparison with the original results by
Kittaneh and Manasrah in [6, 7]. The idea for the proof of the left-hand side of the
inequality (1.1) is to show that for each 0 < x # 1, the function

(1Vy0)* — (130
v

fv)=

is decreasing on (0, 1), which yields the claimed inequality. The right-hand side of the
inequality (1.1) is proved similarly.

In 2006, Dragomir [3] established the famous double inequality in the following
theorem.
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THEOREM 1.1. ([3]) Let f be a convex function defined an interval J C R. If
0 < o< B <1 aretwo weights and x,y € J, we then have

o _(d-o)fx)+tafly) - f(A-axtay) 1-c
B~ (1=B)f(x)+BfO)— f(1=B)x+By) ~ 1-p°

It is remarkable that by choosing x =0, y=1, and f(v) = al=vbY with a,b >0,
v €[0,1] in (1.2), we easily obtain the inequalities in (1.1) for A = 1. Moreover, based
on the techniques as in [5] and the result in the case A = 1, we get a new proof of it
without employing the tools of single variable calculus.

In 2020, by using the same idea and the techniques of single variable calculus as
in [1] for the following functions

1—- 11—
1.2
= = (1.2)

_ IVyx—Ifyx

(IVVx)Z— (lﬁvx)z
g(V) - V(I—V)

v(l—v)

and h(v)=
with v € (0,1), Y. Ren showed in [9] that, for b >a>0and 0 <v< 1< 1,

aVyb—agyb _ v(1-v) (aVyb)? — (atyb)? cv(-v)

< < . L.
aVeb—atb ST—0) " W=y Sticn 1Y
More generally, in 2023 by utilizing the expansion

(1Vyx)" = (1vx)™ = [(1Vyx) = (18vx)]¢ (V) (1.4)

and showing the function ¢ is increasing on (0, 1) when x € [1,0) and the function ¢
is decreasing on (0,1) when x € (0,1], C. Yang and Z. Wang [11] generalized (1.3) to
(aVyb)" — (afvD)" < v(l-v)
(aVib)m — (at:b)™ ~ (1 —1)

(1.5)

under the same conditions b >a >0 and 0 < v < 7 < 1, where m are positive integers.
Recently, thanks to the same idea as of C. Yang and Z. Wang [11], Y. Ren showed in
[10, Theorem 3] that, for 0 < v < 7 < %, meNT and a > b >0,

(aVyb)™ — (K(h,2)"affyb)™ < v(l—v)

(aVb)" — (K(h,2)%atby" =~ t(1—1)’ (1.6)

where h = g >0 and K(h,2) = (h:[}: " is the Kantorovich constant.

A natural question arises from the above mentioned results: whether the inequali-
ties (1.5) and (1.6) hold for real numbers p € (m,m+ 1) with m € NT ?

Unfortunately, the method used in [10, 11] to get the inequalities (1.5) and (1.6)
does not work for such real numbers p. Even an effective approach as in [5] leads only
to weaker results than desired. Very recently, X. Yang, C. Yang and H. Li [12] gave an
affirmative answer to the above question by showing the following three inequalities,
where a!yb = ((1—v)a~' 4+ vb~!)~! is meant to be the harmonic mean of reals a,b >
0.
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I.If0<a<b,A>1land 0<v<7<1,then

(aVyb)* — (atyb)" _ v(1-V)

(@VebV —(atcb) S 71— 1) 47
2.If0<a<bA>1land 0<v<T<I1,then
ok = T
3.If0<b<a,A>land 0<v<7<3,then
(aVyb)* — (K(h,2) alyb)* _v(i—v) (19)

(aV.b)* — (K(h,2)%atb)* ~ t(1—1)"

The method used to prove these three inequalities is not different from that of [9, 10,
111, which is difficult to apply to more general cases. In the present paper, we develop
a new way to generalize the above-mentioned results for increasing convex functions.

Besides the current section the paper consists of two sections. In Section 2, we es-
tablish two series of inequalities involving increasing convex functions, the immediate
consequences of which are generalizations of Alzer-Fonseca-Kovacec-type inequalities
related to the Arithmetic mean, the Geometric mean and the Harmonic mean (see The-
orems 2.2, 2.4, and 2.6 below). In Section 3, we propose various applications of the
newly introduced results to inequalities involving matrices, unitarily invariant norms,
traces and determinants.

2. Further generalizations of Alzer-Fonseca-Kovacec type inequalities

The goal of this section is to generalize the Alzer-Fonseca-Kovacec type inequali-
ties (1.5) and (1.6) by replacing the power function by any increasing convex function.
We start this section with an important result in the following.

THEOREM 2.1. Let ay,ar,by,by with a; # ap, by # by be real numbers selected
from an interval J on which @ is a strictly increasing convex function. Let \y be a
strictly increasing convex function on the interval @(J). If az,by € [a1,b2], the double
inequality (2.1) below holds:

a—ar _ @laz) —@(ar) _ yolar) —wog(ar)
by—b1 = @(b2)—@(b1) ~ wop(by)—yoq(by)

If ay,b;y € [by,ay], then the above inequalities work in the reversed direction, that is

2.1

a—ar _ @laz) —@(ar) _ yoglar) —wog(ar)
by—b1 ~ @(b2)—@(b1) ~ wop(by)—yoq(by)

(2.2)
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Proof. Since ay,b € [ay,by] CJ, we deduce that a; < by, ay < by, a; < ay, and
b1 < by. This, together with the hypothesis on the strictly increasing convex property of
@ on J and the inequality (3.6) in [8, p. 2], implies that ¢(a1) < @(az), @(b1) < @(b2),

and
¢(az) — @(ay) < @(ba) —@(b1)
aj) —daj = bz—bl ’

which is equivalent to

a—ar _ ¢(a2) —@(ar)

by—by = @(ba) —(b1)’
On the other hand, we also have because of the strictly increasing property of ¢ on J
that @(az), @(b1) € [@(a1), (b2)] C @(J), which leads to ¢(a1) < ¢(b1) < @(b2) and
¢o(ar) < ¢(az) < @(by). This, combined with the strictly increasing convex property
of ¥ on ¢(J) and the inequality (3.6) in [8, p. 2], follows that

(2.3)

voola) —yog(a) _ yop(bs)—woo(bi)
Q(az) —@(ar) A @(b2) — @(by)

or equivalently,
yo@(az) —yop(ar) < ¢(az) — @(ar)
wop(b)—yooeb) = ¢(b2)—o(b1)
This, together with (2.3), gives us the inequality (2.1).
The inequality (2.2) is similarly proved by utilizing the inequality (3.6) in [8, p.
2], and so we omit the details. [J

Now let us mention some remarkable special cases of Theorem 2.1, which offer
various generalizations of the Alzer-Fonseca-Kovacec type inequalities (1.5) and (1.6).
The first significant consequence is as follows.

THEOREM 2.2. Let 0 < v < T <1, @ be a strictly increasing convex function
defined on some interval J containing positive real numbers a,b, and y be a strictly
increasing convex function defined on @(J).

(D) If b>a>0, then

vo@(aVyb) — yo@(atyb) . o (aVyb) — @(atiyb) . v(l—v)

< < . 24
yo@(aVh)—wo@(ath) ~ @(aVeb)—@(ath) ~ t(l—1) @h
2) If a>b >0, then

volavvb) —yoplatvh)  @aVeb) —glatvb)  vl—v) o

wo@(aVh) —woo(ath) ~ @(aVih)—(ath) ~ t(l—1)°

Proof. To prove the first claim, we put a; = afyb, a; = aVyb, by = alicb, by =
aVb. These numbers satisfy the conditions a»,b; € [a1,b;], a; < ap and by < by in
Theorem 2.1 and by Ren’s first inequality (1.3) we know that the left-hand side of (2.1)
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is smaller or equal to ‘;E}:Z)) . The inequality (2.1) immediately yields the inequality
(2.4).

The other inequality is proved similarly. However, we can obtain it directly from
(2.4) as follows. Since 0 < v<1t< 1, wehave 0 <1—7< 1—v < 1. Thus, replacing
a,b,v and 7 in the inequality (2.4) with b,a,1 — 7 and 1 — v, respectively, we get the
inequality (2.5). O

REMARK 2.3. If we let @(r) = ¢ and y(r) =19/ with 1 < p < g <o and
t €[0,00) in (2.4), thenfor 0 <a<band 0 <v <1<,
(aVyb)? — (afyb)? - (aVyb)P — (atyb)P P aVyb —afyb - v(l—v)
(aV:b)? — (a:b)? b (aV:b)P — (al:b)P = aVib—atch h T(l-1)

These inequalities are reverse in the case a > b >0 and 0 < v < 7 < 1. These results
generalize the main inequalities in [12, Theorem 2.2 and Corollary 2.3].

Next, in view of Theorem 2.1 and Ren’s inequality (1.6), we obtain the second
significant consequence as follows.

THEOREM 2.4. Let ¢ be an increasing convex function defined on some interval
J containing positive real numbers a,b, and y be a strictly increasing convex function

defined on @(J). Let K(h,2) = (hH) with h =2 > 0 be the Kantorovich constant.

(D If0<v<‘r<§anda>b>07 then

yo@(aVyb) —yop(K(h,2) afyb) S @(aVyb) — @(K(h,2)"aivb) S v(l—v)

Wo@(aVih)—wop(K(h2)%alb) = @(aVib)— @(K(h,2)%ab) ~ (1 —(5)6')

2) If <v<t<landb>a>0, then

yo@(aVyb)—yop(K(h, )1‘Vajjvb)< @(aVyb) — @(K(h,2)'"Vatyb)
yo@(aVih)—wop(K(h,2)~ Taﬁ‘rb) ( b) ¢(K(h,2)!""at:b)

2.7

Proof. To show the second statement of Theorem 2.4, for % <v<T<1, wehave
O0<l—-7<1l-v< 2 Hence, by swapping the parameters v, 7,a,b for | —7,1—v,b,a
in Ren’s inequality (1.6), we get for 1 s<v<rt<landb>a>0,

avVyb—K(h,2)'"Vat,b - v(l—v)

aVeb—K(h2)afb ~ t(1-1)° @8

Now, we put a; = K(h,2)'"Vaiyb, a; = aVyb, by = K(h,2)'"%afi;h, by = aV:b.
These numbers satisfy the conditions ay,b; € [a1,bz], a; < ap and by < by in Theorem
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2.1 and by (2.8) we know that the left-hand side of (2.1) is smaller or equal to :E}:Z)) .
Then thanks to the inequality (2.1), we immediately obtain the inequality (2.7).

The inequality (2.6) follows directly from the inequality (2.7). Indeed, because
of 0 <v<T<2i wegeti<l-v<1—7<1. Thus, replacing a,b,v and T
in the inequality (2.7) by b,a,1 — 7 and 1 — v, respectively, we obtain the inequality

2.6). O

REMARK 2.5. In the special case @(r) =t” and y(r) =19/? with 1 < p < g <eo
and ¢ € [0,e0), Theorem 2.4 yields that:

L If0<v<t<3anda>b>0, then

(aVyb)? — (K(h,2)"atvb)? _ (aVyb)" — (K(h,2)"atyb)"
(aV:b)1 — (K(h,2)%at:h) =~ (aVib)P — (K (h,2)%atcb)P
aVyb—K(h,2)"atyb _ v(1-v)
~ avV:b—K(h,2 )Taﬁfb (1—1)°
2. If L s<v<t<landb>a>0, then
(aVyb)q — (K (h,2)'"Vat,b) _ (@Vvb)P — (K(h,2)'"Vat,b)?
(aV:b)i— (K(h,2)' " Tati;h)? ~ (aVib)P — (K (h,2)'"Tatb)P
< avVyb—K(h,2)'""Vatyb _ v(1—v)
avVib—K(h,2)'"Tat:b ~ t(l—1)°

These results extend and generalize [12, Theorem 2.7].

The last main consequence of this section is as follows.

THEOREM 2.6. Let 0 < v < T <1, @ be a strictly increasing convex function
defined on some interval J containing positive real numbers a,b, and y be a strictly
increasing convex function defined on @(J).

1. If b>a>0, then
wo@(aVyb)—yo(alyb) . o(aVyb) — @(alyb) . v(l—v)

< < . 2.9
yo@(aVh)—wop(alsd) ~ @(aVd)—@(alh) ~ t(l—1) 29)
2. If a>b >0, then
yo@(aVyb)—woe(alyb) < o(aVyb) — p(al\d) < v(l— (2.10)
yo(aVh)—woe(alh) = @(aVeb)—o@(alsh) ~ (1 — '

Proof. We first prove the inequality (2.9). Set a; = a!\b, ap =aV b, by = a!:b,
by = aVb. Observe that these numbers satisfy the conditions az,b € [a1,b2], a1 < az
and by < by in Theorem 2.1. Then the inequality (2.1) together with the right-hand side
of (1.8) implies the inequality (2.9).
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One can obtain the inequality (2.10) directly from (2.9) as follows. Since 0 < v <
7 <1,wehave 0 <1—7<1—v<1. Thus, replacing a,b,v and 7 in the inequality
(2.9) by b,a,1 —7 and 1 — v, respectively, we get the inequality (2.10). O

REMARK 2.7. If we choose @(r) =P and y(r) =9/? with 1 < p < g < oo and
t € [0,00), Theorem 2.6 implies that:
1. Ifb>a>0and 0<v<7t<1,then

(aVyb)? —(alyb)? - (aVyb)P — (alyb)? _ aVyb—alyb . v(l—v)
(aV:b)d —(aleb)d ~ (aVeb)P — (alth)? ~ aVib—alh ~ t(l—1)°

2. Ifa>b>0and 0<v<1<1,then

(aVyb)? —(alyb)? - (aVyb)P — (a!yb)? < avVyb—alyb < v(l—v)
(aV:b)i —(alb)d = (aVeb)P — (alsb)P = aVib—alh ~ t(l1—1)°

These results extend and generalize [12, Theorem 2.8].

3. Some applications

We begin this section with some preliminaries on the theory of matrices. Let M,
be a set of all n x n complex matrices. A Hermitian matrix A € M, is called positive
semidefinite (positive definite), written A > 0 (A > 0), if z*Az > 0 for all z € C" (if
7*Az >0 for all z € C"\ {0}, respectively), and let us denote respectively by

M," = {A €M, : A is positive semidefinite}

and
M, ={A€M,: A ispositive definite}.

For two Hermitian matrices A,B € M,, we use the notation A > B to indicate that
A —B > 0. The spectral theorem for Hermitian matrices says that (see [4, Theorem
2.5.6]) if A,...,A, are the not necessarily distinct eigenvalues of a Hermitian matrix
A € M, there then exists a unitarily matrix U € M,, such that A= UAU*, where A =
diag(Ay,...,A,). Moreover, if f is a continuous function defined on an interval J con-
taining A1, ...,A,, onedefines f(A) =Uf(A)U", where f(A)=diag(f(A1),...,f(A)).
The absolute value of A € M, is defined as |A| = (A*A)!/?, and the singular values
s1(A) = -+ = sp(A) of A are the eigenvalues of |A].

Next, a norm ||| - ||| on M, is called unitarily invariant if ||UAV||| = ||A]||] for all
unitary matrices U,V € M, . Several typical examples of unitarily invariant norms are
as follows: For A € M,,,

1. the trace norm: tr(|A[) = ¥7_;s5;(A);
2. the spectral norm: [|A]| = s1(A);

3. the Schatten p-norm: [|Al|, = (Z;?:ls’;(A))l/p forany p € [1,0);
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L
4. the Hilbert-Schmidt (or the Frobenious) norm: [[A[y = (27— |aij|*)? .

Finally, we denote the v-weighted arithmetic mean, geometric and harmonic mean
of two positive definite matrices A,B € M*" and v € [0,1] by

AV,B=(1—V)A+VB, Af,B=AZ(A"IBA 1)AZ,
and
ALB=((1—v)A~ +vB ) = AV2[(1 = v)I+ v(A~1/2BA1/2)~1]7141/2,

here, I € M, is the unit matrix. The same notations as above are also employed when
v ¢ ]0,1]. In particular, we write AVB, AiB and A!B respectively for the case v = % .
3.1. Matrix inequalities

The matrix version of the Young inequality says that, for any matrices A, B € M,/ t,

AV,B > At,B.

The two weight refinement and reverse of this inequality was established by Alzer,
Fonseca and Kovacec in [1] in the form

% 1—v

?(AVTB _AﬁrB) <AV,B —AﬁvB < ﬁ(AVrB _AﬁrB)7

where A,B € M,/ ™ and 0 < v < 7 < 1. Its exponential version was proved by Choi in
[2] in the form

Alm(AVyB) = AymB + (2r0)" [Afn(AVB) — Al 0B],
Alm(AVyB) < AfymB + (2R0)" [An(AVB) — Al 2B],

where A,B € M;;", m € N*, ry = min{v,1 — v}, and Ry = max{v,1 —v}. The
proving idea of these inequalities is to rely on the following.

LEMMA 3.1. (see [5, Lemma 3.3]) Let X € M,, be any Hermitian matrix with its

spectrum in some interval J C R. If f and g are continuous real-valued functions
defined on J such that f(t) > g(t) forall t € J, then f(X) > g(X).

Now, we will provide some generalizations of the above inequalities.

THEOREM 3.2. Let ABE M, A >1and 0 <v <1< 1. Then, the following
assertions hold.

(1) If B> A, then
v(l—v)
Aﬂ/l (AVVB) _Aﬁv)LB < m [Aﬁ)t (AVTB) _Aﬁr/lB]a
and

A% (AV,B) — Aty (AL B) < % AL (AVB) — A%y (ALB)].



FURTHER GENERALIZATIONS OF ALZER-FONSECA-KOVACEC TYPE INEQUALITIES 67
(2) If A > B, then
A5y (AV.B) ~ A58 > S0 = A (AVB) - Ay B,
and

A% (AV,B) — Aty (AL B) > % AL (AVB) — A%y (ALB)].

Proof. We give a detailed proof of the first inequality and the other one are proved
similarly. In view of (1.7), we have that, for x > 1,

v(l—v)

i 10—+ ot =

[(1—v)+va] —x¥* <

Thus, applying Lemma 3.1 for X € M,/ with X > I, we deduce

where I € M, is the unit matrix. Since B > A > 0, we have A*%BA*% > 1. By taking
X =A"2BA"Z in (3.1) and multiplying both-sides of the obtained inequality by A2 ,
we get the claimed inequality. This completes the proof of the theorem. []

{[(1 =)+ 1X* =X}, 3.1)

THEOREM 3.3. Let AABEM,, A>1,0<m<a<f <M <o and K(-,2) be
defined as in Theorem 2.4. Then, the following statements hold.

(D IfO<v<t<%and MI>A>Bl>al>B>ml>0, then

At (AVVB) —K(at/B,2)"* A2 B
v(l—v)
T r(l—-1)

A8, (AVB) — K (m/M,2)"* Ati; B].
Q) Ifi<v<t<land MI>B>Bl>al>A>ml>0, then
M[Ati (AVyB) — K(M/m,2)"""*At,,, B]
V(l _ V) A \% 9 VA
< A% (AV.B) — K(B/0,2) "V A4, B.

Proof. 1t follows from (1.9) that, for all x € [4}, %] C (0,1], we have

=R

(1= v)+vx)* — (K(x,2)"x")* > %[((1 — 1)+ )" — (K(x,2)"x")*].



68 T. D. PHUNG AND D. Q. HUY

Combining with the fact that the function K(-,2) is decreasing on (0, 1], we infer that,
forall x € [, 5.

(1= v)+va)* — K(r/B,2) "2V
> ‘;8 : ;/)) [((1-17) —i—*L'x)’l — (K(X,Z)Txf)ﬂ
> %[((1 - T) -i-’L')c)}L —K(m/M,Z)TAxrA].

By Lemma 3.1, we find that, for X € M, with X <1,

1—
(1=WI+vX)* —K(ot/B,2)"* X" > H (1= 1)+ 7X)* —K(m/M,2)™ X 7).
(3.2)
Since A and B satisfy the condition (1), it is easy to deduce that the spectrum of
A~IBA~7 is in (% %} Indeed, it follows from the condition (1) and [4, Theorem
7.7.2(a)] that
MA ' >1>BA ' >aA ' A 2BA 2 > mA ),

where we have just used the fact that (A’%)* —A"1, Moreover, these inequalities
imply that

o

—1.

B

Thus, we obtain 1> A~2BA~2 > 1. Now, a combination of the inequality (3.2)

and arguments as in the proof of Theorem 3.2 yields the desired inequality.
The other inequality is proved similarly and so, we omit the details. [

(04
mA " =AYy > and aA' =2

i i ﬁ(BA‘l) <

3.2. Determinant inequalities
In 2018, Choi [2] showed that, for all A,B € M,/ *, v €[0,1] and m € N*,

detAY/" + detBY/"
2

where rp = min{v,1 — v}. In this subsection, we establish a general refinement and
reverse of this inequality as follows.

[det(AV,B)" > [det(Aty B)" + (2r0)" [ )"~ dera)],

THEOREM 3.4. Let A\ABeM,", 0<v<t<1and ¢@:[0,0) =R be an in-
creasing convex function.

(1) If A= B >0, then

@ odet(AV,B) — @ odet(AfyB)
v(l—v)

>0 [@([(detAR )V (detBF)]") — @ o det(At:B)],
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and

@ odet(AV,B) — @(det(A)!, det(B))
< v(l—v)
~r(l—1)

(2) If B=A >0, then

[@([(detAT )V (detBi)]") — ¢(det(A)! det(B))].

@ odet(AV.B) — @ o det(A#;B)
< T(1—1)
T v(l—v)

[0([(detAn )V, (det B1)]") — ¢ o det(A#,B)],
and

@ odet(AV:B) — ¢(det(A)!r det(B))
- (1 —1)

Z Va=v) [@(([(detA7 )V, (detB1)]") — p(det(A)!y det(B))].

To prove this theorem, we need the following inequality of Minkowski for deter-
minants.

LEMMA 3.5. (Minkowski’s inequality, [4, Theorem 7.8.21]) Let A,B € M, be pos-
itive definite. Then

[det(A+ B)]'/" > (detA)/" + (detB)'/".

Proof of Theorem 3.4. We give a proof of the case A > B > 0. By using Lemma
3.5, the fact that the function ¢ is increasing and Theorem 2.2(2) with a = det(A)%
and b = det(B)% , we have

1

(
(det((1 — v)A)# +det(vB)n)
(
(

1
n

7)) — w([det(A)3c det(B)] /")

1
n

1 n
[p([det(A) Ve det(B)"]") — ¢ o det(AL:B)],
where y(¢) = @(#") is an increasing convex function defined on [0, o).
Utilizing the same method, we can obtain the other inequality, hence we omit the
details. [J
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3.3. Trace and unitarily invariant norm inequalities

In 2018, Choi [2] gave trace and unitarily invariant norm inequalities for A,B €
M;7" and X € M, of the forms

[tr(AVyB)]" — (tr|AgyB|)™ = (2r0)"{[tr(AVB)]" — [tr(A)§tr(B)]" }
and
IAX ([ Vo | X B — (A" X BY|||™
> ro)" { (IAX ) 1 XBII)" = (llAX [ £ 11 XBI)"},

where m € N*, v € [0,1] and ry = min{v,1—v}. Two weight generalizations of
the above inequalities are given in [12, Theorems 3.2 and 3.3]. In order to show these
inequalities, the authors used fundamental results in the following.

LEMMA 3.6. ([5, p. 381]) Let A,B,X € M,, suchthat A and B are positive semidef-
inite. If 0 < v < 1, then

A= X BV < [lAX I [IX B
In particular, we have
tr|[ATVBY| < tr(A) "V te(B)".

Now, we provide several generalizations for these results.

THEOREM 3.7. Let A\ BEM,, 0<v<1<1and @:[0,0) =R be an increas-
ing convex function. Then , the following statements hold.

(1) If B=A >0, then

@ otr(AVyB) — (tr(A)fy tr(B))
v(l—v)

< m [otr(AV.B) — @otr(|Af:B])],

and

@otr(AVyB) — ¢(tr(A)!y tr(B))
v(l—v)

STa=D (@ otr(AV.B) — @(tr(A) ! tr(B))].

(2) If A= B >0, then

@ otr(AVyB) — (tr(A)fy tr(B))
v(l—v)

> m[(P otr(AV;B) — ¢ otr(|AﬁTBD],
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and
@ otr(AVyB) — @(tr(A)!, tr(B))

>%[(potr(AVTB) (tr(A) 1 tr(B))].

Proof. Let us consider the case B > A > 0. By using Theorem 2.2(1) with a =
tr(A) and b = tr(B), we infer that

@otr(AVyB) — ¢(tr(A)fy tr(B))
= @(tr(A)Vytr(B)) — @(tr(A)ty tr(B))

< \;8_:))[ (tr(A) Ve te(B)) — @(tr(A) i tr(B))]
N :El :)) (@ otr(AVB) — @(tr(A) g tr(B))]
< VE :)) [(potr(AvrB) (potr(|AﬁrBD].

The other inequalities are proved similarly, so we omit the details. [

THEOREM 3.8. Let A,B,X € M, with A, BEM;, 0<v<1<1and @:[0,)—
R be an increasing convex function. Then, for every unitarily invariant norm ||| - |||, the
following statements hold.

(D) IfIXB]| > [[|AX]]|, then

o(IAX ||| V< 1 XBII) — o(|llA" "X B|)
7(1

ZVi=v) — 5)) [o(IAX (Il Vv (I XBIID — e(llAX (I 2v [[| XBI])]-

@) 17 [lAX[l| = X B[, then

o(llAX | Vv I XBIIl) — @ (|4 XB )
v(l—v)

> m[(ﬂ(llle Ve[l XBlll) — e (lllAX | 4 [I| X B[[)]-

Proof. We present a proof of the first inequality, namely |||XB]|| > [|AX]]| > 0
Relying on Lemma 3.6, Theorem 2.2(1) and the fact that the function ¢ is increasing,
we have

o(IIAX | V= [ XBIl) — o(llA~*XB"|)

= o(lAX (I V2 I XBIll) — o (llAX [l £ [I| X B}
(1 —71)
v(l—v)

> [p(lAX [ Vv (I XBII) — e(lllAX (I v [[| X BIll]-
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The other inequality is proved similarly and we omit the details. [J
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