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APPROXIMATION IN GENERALIZED MORREY
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(Communicated by I. Perić)

Abstract. The issue of the denseness property of smooth functions has been considered in many
studies. To allow approximation by smooth functions in generalized Morrey spaces, generalized
Zorko spaces and vanishing-type spaces are defined. While the generalized Zorko space employs
the first-order difference, we construct a subspace of the generalized Morrey space utilizing
the second-order difference. We investigate its properties concerning approximation by smooth
functions and its relation to the generalized Zorko space.

1. Introduction

Morrey spaces introduced by C. B. Morrey in [13] play an important role in the
study of elliptic partial differential equations. The classical Morrey space Lp,λ (Rn) ,
1 � p < ∞ , 0 � λ � n consists of all p -integrable functions f on R

n such that

‖ f‖p,λ := sup
x∈Rn,r>0

(
1

rλ

∫
B(x,r)

| f (y)|pdy

) 1
p

< ∞. (1)

The notation B(x,r) denotes the ball centered at x ∈ R
n with radius r > 0. For λ = 0

the space Lp,0(Rn) reduces to the Lebesgue space Lp(Rn) . Meanwhile, when λ = ∞ ,
we have Lp,∞(Rn) = L∞(Rn) . The function r �→ rλ in (1) can be replaced by a suitable
function ϕ : (0,∞) → (0,∞) to define a generalized Morrey space Lp,ϕ(Rn) .

We can say that Morrey spaces include Lebesgue spaces as a special case. How-
ever, the denseness property of smooth functions in Lebesgue spaces is not carried over
to Morrey spaces. Zorko [18] constructs a function in the Morrey space that cannot
be approximated by smooth functions nor even by continuous functions. In the pa-
per, Zorko proposes a closed subset of a Morrey space in which the translation of each
function is continuous and provides approximation results in such subset by compactly
supported smooth functions. We call such subset a Zorko space. Later, the Zorko space
plays a significant part in approximation of functions in Morrey spaces and their vari-
ants, for instance [1, 2, 5, 6, 12].

Mathematics subject classification (2020): 41A30, 41A65, 46B26, 46E30.
Keywords and phrases: Approximation, smooth functions, second-order difference, Zorko spaces.
This research is supported by the Indonesia Endowment Funds for Education (LPDP).
∗ Corresponding author.

c© � � , Zagreb
Paper MIA-28-11

159

http://dx.doi.org/10.7153/mia-2025-28-11


160 D. HASANAH AND H. GUNAWAN

The translation property which is possessed by functions in Zorko spaces employs
the difference of the first order of the form f (.+h)− f (.) . In [9], the authors modify
the difference into the second order to introduce the modified Zorko space. Functions
in the modified subspace have the property that the norm of the difference of order two
is vanishing, i.e. || f (.+ y)+ f (.− y)− 2 f (.)||p,λ → 0 as |y| → 0. This modification
is motivated by the well-known fact that Besov spaces (a type of smoothness spaces)
can be described using higher order differences with sufficiently large smoothness ex-
ponents (see [3], [4], and [11]). An approximation result by smooth functions in the
modified Zorko space is obtained in [9]. An interesting result concerning the close
relation between Zorko space and the modified one is also acquired by utilizing the
relation between the Zokro space and the diamond space provided in [8].

In this paper, we extend the approximation result in Morrey spaces to the genera-
lized Morrey spaces. We propose a subspace in a generalized Morrey space employing
the second-order difference. This subspace can be considered as a modification of the
generalized Zorko space introduced in [1]. By the triangle inequality, we can see ea-
sily that functions in the generalized Zorko space are always in the modified one. We
investigate whether the converse is true or not. We study some characterizations of the
modified generalized Zorko space in terms of the approximability by smooth functions
and its relation to the generalized Zorko space. In this study, the diamond space is
built over a generalized Morrey space. We prove the inclusion between the generalized
Zorko space and the diamond space to find the relation between the generalized Zorko
space and the modified one.

2. Preliminaries

2.1. Generalized Morrey spaces

Generalized Morrey spaces were introduced by Nakai in [15] in studying Hardy-
Littlewood maximal operators, singular integral operators, and the Riesz potentials in
the spaces. The generalized Morrey space involves a general function ϕ : (0,∞) →
(0,∞) to replace rλ in the definition of the classical Morrey space.

DEFINITION 2.1. Let 1 � p < ∞ and let ϕ : (0,∞) → (0,∞) be a measurable
function. The generalized Morrey space Lp,ϕ(Rn) is the collection of all locally p -
integrable functions f on R

n such that

|| f ||p,ϕ := sup
x∈Rn,r>0

(
1

ϕ(r)

∫
B(x,r)

| f (y)|pdy

) 1
p

< ∞.

The generalized Morrey space covers the classical Morrey space by letting ϕ(r) =
rλ , 0 � λ � n , that is Lp,ϕ(Rn) = Lp,λ (Rn) . If ϕ(r) = 1, then Lp,ϕ(Rn) = Lp(Rn) .
On the other hand, taking ϕ(r) = rn will imply Lp,ϕ(Rn) = L∞(Rn) . To establish
nice properties for the generalized Morrey space Lp,ϕ(Rn) , some assumptions on the
function parameter ϕ are needed [1].
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DEFINITION 2.2. The class Φ is the collection of all measurable functions ϕ :
(0,∞) → (0,∞) such that

1. ϕ is almost increasing;

2. ϕ(t)/tn is almost decreasing;

3. inft>δ ϕ(t) > 0 for every δ > 0.

Note that a function ϕ : (0,∞) → (0,∞) is said to be almost increasing (resp.
almost decreasing) if ϕ(s) � ϕ(t) (resp. ϕ(s) � ϕ(t)) for s � t . The expression f � g
means that f � cg for some independent positive constant c .

The conditions above defining the class Φ are widely used in papers on general-
ized Morrey spaces such as in [7, 16, 17]. As stated in [14], taking ϕ in Φ ensures
that the space Lp,ϕ (Rn) is non-trivial. Under such assumptions on ϕ , the characteristic
function on a ball belongs to Lp,ϕ(Rn) . Later, we show that the characteristic function
on a ball is also a member of the proposed subspace.

2.2. Modified generalized Zorko spaces

Almeida & Samko [1] introduce the generalized Zorko space to give an approx-
imation property by smooth functions. The space is defined using the first order of
difference as follows.

DEFINITION 2.3. For 1 � p < ∞ and ϕ ∈ Φ , the generalized Zorko subspace,
denoted by L

p,ϕ(Rn) is given by

L
p,ϕ(Rn) := { f ∈ Lp,ϕ(Rn) : ||τy f − f ||p,ϕ → 0 as |y| → 0},

where τy f := f (.− y),y ∈ R
n .

The generalized Zorko space is proposed to have the approximation property by
C∞ -functions as stated in [1] in the following.

THEOREM 2.1. Let ϕ ∈ Φ and 1 � p < ∞ . Then every function with Zorko prop-
erty can be approximated in Morrey norm by C∞ -functions. Moreover, we have

Lp,ϕ(Rn)∩C∞(Rn) = L
p,ϕ(Rn).

Differences of functions play a significant role in function spaces. Hovemann [10]
states that differences are suitable tools to describe smoothness Morrey spaces, such
as Besov spaces and Triebel-Lizorkin spaces. Hovemann & Sickel in [11] study under
which conditions the Besov-type spaces can be described by using higher-order differ-
ences. In this paper, we construct a subset of the generalized Morrey space utilizing
the second-order difference to investigate its properties concerning approximation by
smooth functions and its relation to the generalized Zorko space.
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DEFINITION 2.4. Let 1 � p < ∞ and ϕ ∈ Φ . The modified generalized Zorko
subspace, denoted by SL

p,ϕ(Rn) , is given by

SL
p,ϕ(Rn) := { f ∈ Lp,ϕ(Rn) : || f (.+ y)+ f (.− y)−2 f ||p,ϕ → 0 as |y| → 0}.

We give an example of functions in the modified generalized Zorko space SL
p,ϕ(Rn)

as follows.

EXAMPLE 1. Let a ∈ R
n and R > 0. The characteristic function on the ball

B(a,R) , f (t) = χB(a,R)(t) , is in SL
p,ϕ(Rn) if ϕ ∈ Φ and limr→0

rn

ϕ(r) = 0.

Let |y| < R . We consider the value of following quantity.

| f (t + y)+ f (t− y)−2 f (t)|=

⎧⎪⎪⎨
⎪⎪⎩

0, t ∈ B(a− y,R)∩B(a+ y,R)

1, t ∈ B(a− y,R)�B(a+ y,R)

2, t ∈ B(a,R)\ [B(a− y,R)∪B(a+ y,R)].

Let x ∈ R
n and r > 0. We have∫

B(x,r)
| f (t + y)+ f (t− y)−2 f (t)|pdt =

∫
B(x,r)∩(B1�B2)

1dt +
∫
B(x,r)∩A

2pdt

� 2p
(∫

B(x,r)∩(B�B1)
1dt +

∫
B(x,r)∩(B�B2)

1dt

)
� |B(x,r)∩ (B�B1)|+ |B(x,r)∩ (B�B2)|

with B = B(a,R) , B1 = B(a− y,R) , B2 = B(a+ y,R) , and A = B(a,R)\ [B(a− y,R)∪
B(a+ y,R)] .

For r � |y| 1
n , we have

rn

ϕ(r)
� |y|

ϕ(|y| 1
n )

as ϕ(t)/tn is almost decreasing. Thus,

K1 := sup
x∈Rn,0<r�|y| 1n

(
1

ϕ(r)

∫
B(x,r)

| f (t + y)+ f (t− y)−2 f (t)|pdt

) 1
p

� sup
x∈Rn,0<r�|y| 1n

(
1

ϕ(r)
(|B(x,r)∩ (B�B1)|+ |B(x,r)∩ (B�B2)|)

) 1
p

� sup
x∈Rn,0<r�|y| 1n

(
1

ϕ(r)
|B(x,r)|

) 1
p

� sup
0<r�|y| 1n

(
rn

ϕ(r)

) 1
p

�
(

|y|
ϕ(|y| 1

n )

) 1
p

.
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Note that lim|y|→0 K1 � lim|y|→0

(
|y|

ϕ(|y| 1n )

) 1
p

= 0. On the other hand, for r > |y| 1
n we

obtain

K2 := sup
x∈Rn,r>|y| 1n

(
1

ϕ(r)

∫
B(x,r)

| f (t + y)+ f (t− y)−2 f (t)|pdt

) 1
p

� sup
x∈Rn,r>|y| 1n

(
1

ϕ(r)
(|B(x,r)∩ (B�B1)|+ |B(x,r)∩ (B�B2)|)

) 1
p

� sup
r>|y| 1n

(
1

ϕ(r)
(|B�B1|+ |B�B2|)

) 1
p

� sup
r>|y| 1n

(
1

ϕ(r)
|B�B1|

) 1
p

.

Since ϕ(t) is almost increasing, we have 1
ϕ(r) � 1

ϕ(|y| 1n )
. As a consequence,

K2 � sup
r>|y| 1n

(
1

ϕ(r)
|B�B1|

) 1
p

�
(

1

ϕ(|y| 1
n )
|y|(R+(k− 1

2
)|y|)n−1

) 1
p

=

(
|y|

ϕ(|y| 1
n )

(R+(k− 1
2
)|y|)n−1

) 1
p

.

Note that for |y| → 0 we obtain K2 → 0 since |y|
ϕ(|y| 1n )

→ 0. Based on the definition,

|| f (.+ y)+ f (.− y)−2 f ||p,ϕ � max(K1,K2).

As |y| → 0, we conclude that || f (. + y) + f (. − y)− 2 f ||p,ϕ → 0. Hence, f (t) =
χB(a,R)(t) ∈ SL

p,ϕ(Rn) .

By using the triangle inequality and the limit property of the functions in the mod-
ified generalized Zorko space, the modified generalized Zorko space SL

p,ϕ(Rn) is a
closed subspace as stated in the lemma below.

LEMMA 2.2. The modified generalized Zorko space SL
p,ϕ(Rn) is closed in

Lp,ϕ(Rn) .
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3. Approximation results in modified generalized Zorko spaces

In this section, we provide some properties regarding approximation by smooth
functions in the modified generalized Zorko space SL

p,ϕ . In the beginning we show
that the space SL

p,ϕ is closed under the operator of convolution with integrable ker-
nels. This result is used later to form smooth functions that approximate a function in
the modified generalized Zorko space. We also present an approximation result in the
modified space by continuous functions with compact support.

The lemma below shows that the convolution result of a function in a generalized
Morrey space with an integrable function is in the generalized Morrey space.

LEMMA 3.1. ([1]) Let 1 � p < ∞ and ϕ ∈ Φ . If φ ∈ L1(Rn) and f is locally
p-integrable on R

n , then

1
ϕ(r)

∫
B(x,r)

|( f ∗φ)(t)|pdt � ||φ ||pL1
sup
z∈Rn

1
ϕ(r)

∫
B(z,r)

| f (s)|pds

for every x ∈ R
n and r > 0 . Consequently, for f ∈ Lp,ϕ we have

|| f ∗φ ||p,ϕ � ||φ ||1|| f ||p,ϕ .

In line with the above result, the modified generalized Zorko space SL
p,ϕ(Rn) is

also closed under the convolution operator with an integrable kernel as presented in the
following lemma.

LEMMA 3.2. Let 1 � p < ∞ and ϕ ∈ Φ . The modified generalized Zorko space
SL

p,ϕ(Rn) is closed under the convolution operator with a kernel φ ∈ L1(Rn) .

Proof. Let f ∈ SL
p,ϕ(Rn) and φ ∈ L1(Rn) . For x,y ∈ R

n and r > 0, the Min-
kowski’s integral inequality implies

[∫
B(x,r)

|( f ∗φ)(t + y)+ ( f ∗φ)(t− y)−2( f ∗φ)(t)|pdt

]1/p

�
∫

Rn

[∫
B(x,r)

| f (t − s+ y)+ f (t− s− y)−2 f (t− s)|p dt

]1/p

|φ(s)|ds

=
∫

Rn

[∫
B(x−s,r)

| f (u+ y)+ f (u− y)−2 f (u)|p du

]1/p

|φ(s)|ds.

Thus, by the definition of the generalized Morrey norm we have

||( f ∗φ)(·+ y)+ ( f ∗φ)(·− y)−2( f ∗φ)||p,ϕ � || f (·+ y)+ f (·− y)−2 f ||p,ϕ||φ ||1.

Since f ∈ SL
p,ϕ(Rn) , we come to the result that

lim
|y|→0

||( f ∗φ)(.+ y)+ ( f ∗φ)(.− y)−2( f ∗φ)||p,ϕ = 0.
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This implies that f ∗φ ∈ SL
p,ϕ(Rn) for any f ∈ SL

p,ϕ(Rn) . �
If the kernel of the convolution in Lemma 3.1 is a smooth function, then the result

of the convolution is also a smooth function as stated in the following lemma.

LEMMA 3.3. Let 1 � p < ∞ and ϕ ∈ Φ . Let φ ∈ C∞
c with ||φ ||1 = 1 . If f ∈

Lp,ϕ(Rn) , then f ∗φ ∈C∞ .

Now we ready to establish our main theorem discussing an approximation result
in the modified generalized Zorko space SL

p,ϕ(Rn) .

THEOREM 3.4. Let 1 � p < ∞ and ϕ ∈ Φ . If f ∈ SL
p,ϕ(Rn) , then f can be

approximated by smooth functions in the generalized Morrey norm. In other words,

SLp,ϕ(Rn)∩C∞(Rn) = SL
p,ϕ(Rn).

Proof. Let φ ∈C∞
c (Rn) with ||φ ||1 = 1. We define φ̃ (x) = φ(−x) and φ j(x) :=

jnφ( jx) for all j ∈ N . By virtue of Lemma 3.2 and Lemma 3.3, we know that f ∗ φ j

and f ∗ φ̃ j is in SL
p,ϕ(Rn)∩C∞(Rn) . For x ∈ R

n , r > 0, and j ∈ N we observe that
using the Minkowski’s inequality yields

[∫
B(x,r)

∣∣∣∣ f ∗φ j(u)+ f ∗ φ̃ j(u)
2

− f (u)
∣∣∣∣
p

du

] 1
p

�
[∫

B(x,r)

∣∣∣∣
∫

Rn
( f (u− s)+ f (u+ s)−2 f (u))φ j(s)ds

∣∣∣∣
p

du

] 1
p

�
∫

Rn

(∫
B(x,r)

| f (u− s)+ f (u+ s)−2 f (u)|pdu

) 1
p

|φ j(s)|ds.

We now have the following expression by employing the change of variable method to
the above inequality,∥∥∥∥ f ∗φ j + f (u)∗ φ̃ j(u)

2
− f

∥∥∥∥
p,ϕ

�
∫

Rn
‖ f (·+ t/ j)+ f (·− t/ j)−2 f (·)‖p,ϕ |φ(t)|dt.

Since ‖ f (·+ t/ j)+ f (·− t/ j)− 2 f (·)‖p,ϕ � 4‖ f‖p,ϕ , applying the Lebesgue’s domi-
nated convergence theorem and using the fact that f ∈ SL

p,ϕ(Rn) results in

lim
j→∞

∥∥∥∥ f ∗φ j + f ∗ φ̃ j

2
− f

∥∥∥∥
p,ϕ

� lim
j→∞

1
2

∫
Rn

∥∥∥∥ f (·+ t
j
)+ f (·− t

j
)−2 f (·)

∥∥∥∥
p,ϕ

|φ(t)|dt

=
1
2

∫
Rn

lim
j→∞

∥∥∥∥ f (·+ t
j
)+ f (·− t

j
)−2 f (·)

∥∥∥∥
p,ϕ

|φ(t)|dt

= 0.
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Thus f ∈ SL
p,ϕ(Rn) can be approximated in Lp,ϕ(Rn) norm by smooth functions. By

virtue of Lemma 2.2, we can conclude that

SLp,ϕ(Rn)∩C∞(Rn) = SL
p,ϕ(Rn). �

The next result shows another approximation property in the modified generalized
Zorko space SL

p,ϕ(Rn) . The theorem below gives a sufficient condition for functions
in the modified generalized Zorko space in terms of approximability by continuous
functions.

THEOREM 3.5. Let 1 � p < ∞ and ϕ ∈ Φ . If f ∈ SL
p,ϕ(Rn) can be approxi-

mated in generalized Morrey norm by continuously differentiable functions with com-
pact support, then f ∈ SL

p,ϕ(Rn) .

Proof. Let {g j} ⊆ C1
c (Rn) such that lim j→∞ ||g j − f ||p,ϕ = 0. By the triangle

inequality,

|| f (·+ y)+ f (·− y)−2 f ||p,ϕ � || f (·+ y)−g j(·+ y)||p,ϕ + ||g j(·+ y)−g j||p,ϕ

+ || f (·− y)−g j(·− y)||p,ϕ + ||g j(·− y)−g j||p,ϕ

+2|| f −g j||p,ϕ .

Suppose that supp(g j) ⊆ B(0,Rj −1) for some Rj > 1. If we take |y| < 1, then by the
mean value theorem we obtain

|g j(x+ y)−g j(x)| =
∣∣∣∣
∫ 1

0
y.∇g j(x+ ty)dt

∣∣∣∣
�
∫ 1

0
|y||∇g j(x+ ty)|dt

�
∫ 1

0
|y|||∇g j||∞dt

= |y|||∇g j||∞.

Let M = sup j{Rj} . As a consequence, for any x ∈ R
n and r > 0 we have

∫
B(x,r)

|g j(x+ y)−g j(x)|pdx =
∫

B(x,r)∩B(0,M)
|g j(x+ y)−g j(x)|pdx

�
∫

B(x,r)∩B(0,M)
|y|p||∇g j||p∞dx

= |y|p||∇g j||p∞|B(x,r)∩B(0,M)|.

Thus we have come to the following expression,

||g j(.+ y)−g j(.)|| � |y|||∇g j||∞ sup
x∈Rn,r>0

[
1

ϕ(r)
|B(x,r)∩B(0,M)|

] 1
p

.
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For r < M , since ϕ(t)/tn is almost decreasing, we obtain

rn

ϕ(r)
� Mn

ϕ(M)
.

Thus,

sup
x∈Rn,r<M

[
1

ϕ(r)
|B(x,r)∩B(0,R)|

] 1
p

� sup
r<M

[
1

ϕ(r)
|B(x,r)|

] 1
p

� sup
r<M

[
rn

ϕ(r)

] 1
p

�
[

Mn

ϕ(M)

] 1
p

.

On the other hand, for r � M we have the following relation as ϕ(t) is an almost
increasing function

1
ϕ(r)

� 1
ϕ(M)

.

So,

sup
x∈Rn,r�M

[
1

ϕ(r)
|B(x,r)∩B(0,M)|

] 1
p

� sup
r�M

[
1

ϕ(r)
|B(0,M)|

] 1
p

� sup
r�M

[
Rn

ϕ(r)

] 1
p

�
[

Mn

ϕ(M)

] 1
p

.

As a consequence,

||g j(.+ y)−g j(.)||p,ϕ � |y|||∇g j||∞
[

Mn

ϕ(M)

] 1
p

.

Hence, we obtain

|| f (.+ y)+ f (.− y)−2 f ||p,ϕ � 4|| f −g j||p,ϕ +2|y|||∇g j||∞
[

Mn

ϕ(M)

] 1
p

.

Taking y → 0 yields

limsup
y→0

|| f (.+ y)+ f (.− y)−2 f ||p,ϕ

� limsup
y→0

4|| f −g j||p,ϕ + limsup
y→0

2|y|||∇g j||∞
[

Mn

ϕ(M)

] 1
p

= 4|| f −g j||p,ϕ .
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Now let j gets larger and larger to attain

limsup
y→0

|| f (.+ y)+ f (.− y)−2 f ||p,ϕ � lim
j→∞

4|| f −g j||p,ϕ = 0.

We can conclude that limy→0 || f (. + y) + f (.− y)− 2 f ||p,ϕ = 0, or in other words,
f ∈ SL

p,ϕ(Rn) . It completes the proof. �

4. Diamond spaces built in generalized Morrey spaces

In this section, we investigate a close relation between the generalized Zorko space
and the modified one by employing properties of the diamond space. The notion of dia-
mond space is introduced in [19] in studying interpolation properties. In this study, the
diamond space is built over generalized Morrey spaces. The definition of the diamond
space is given in the following.

DEFINITION 4.1. The diamond space �Lp,ϕ(Rn) denotes the closure in Lp,ϕ(Rn)
of the set of all infinitely differentiable functions f such that ∂ α f ∈ Lp,ϕ(Rn) for all
α ∈ N

n
0 .

By using the triangle inequality, it is easy to see the following inclusion.

LEMMA 4.1. Let 1 � p < ∞ and ϕ ∈ Φ . We have the inclusion

L
p,ϕ(Rn) ⊆ SL

p,ϕ(Rn).

The following theorem discusses the inclusion relation between the modified gen-
eralized Zorko space SL

p,ϕ(Rn) and the diamond space �Lp,ϕ(Rn) .

THEOREM 4.2. Let 1 � p < ∞ and ϕ ∈Φ . If f ∈ SL
p,ϕ(Rn) , then f ∈�Lp,ϕ(Rn) .

Proof. Let f ∈ SL
p,ϕ(Rn) . Consider a non-negative function φ ∈ C∞

c (Rn) and
||φ ||1 = 1. Suppose that supp(φ) ⊆ B(0,R) for some R > 0. We set φ j(x) := jnφ( jx)
for each j ∈ N and φ̃ (x) := φ(−x) . Define f j := 1

2( f ∗ φ j + f ∗ φ̃ j) . For any x ∈ R
n

and r > 0, by using the Minkowski’s inequality, we have

[∫
B(x,r)

∣∣∣∣12 ( f ∗φ j(u)+ f ∗ φ̃ j(u))− f (u)
∣∣∣∣
p

du

] 1
p

�
∫

Rn

[∫
B(x,r)

| f (u− s)+ f (u+ s)−2 f (u)|pdu

] 1
p

|φ j(s)|ds.

This will lead to the expressions

|| f j − f ||p,ϕ �
∫

Rn
|| f (·− s)+ f (·+ s)−2 f (·)||p,ϕ|φ j(s)|ds

=
∫
|s|<R/ j

|| f (·− s)+ f (·+ s)−2 f (·)||p,ϕ|φ j(s)|ds.
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Taking supremumover the ball B(0,R/ j) for the value of || f (·−s)+ f (·+s)−2 f (·)||p,ϕ
implies

|| f j − f ||p,ϕ �
∫
|s|<R/ j

sup
|t|<R/ j

|| f (·− t)+ f (·+ t)−2 f (·)||p,ϕ|φ j(s)|ds.

Since ||φ ||1 = 1, we obtain

|| f j − f ||p,ϕ � sup
|t|<R/ j

|| f (·− t)+ f (·+ t)−2 f (·)||p,ϕ.

As f ∈ SL
p,ϕ(Rn) , taking j → ∞ will gain

lim
j→∞

|| f j − f ||p,ϕ = 0.

Thus f j → f in the norm of Lp,ϕ(Rn) . By the property of convolution, we see that

∂ α f j = ∂ α
(

1
2
( f ∗φ j + f ∗ φ̃ j)

)

=
1
2
( f ∗ ∂ α φ j +(−1)|α |( f ∗ ∂ α φ̃ j)).

Since ∂ α φ j and ∂ α φ̃ j are in C∞(Rn) for all α ∈ N
n
0 and SL

p,ϕ(Rn) is invariant to
convolution with an integrable kernel, we have ∂ α f j ∈ SL

p,ϕ(Rn) ⊆ Lp,ϕ(Rn) . Now
we have come to the conclusion that f ∈ �Lp,ϕ(Rn) . �

In the following theorem, we provide the inclusion relation between the diamond
space and the generalized Zorko space.

THEOREM 4.3. Let 1 � p < ∞ and ϕ ∈ Φ . We have the inclusion

�Lp,ϕ(Rn) ⊆ L
p,ϕ(Rn).

Proof. Let f ∈ �Lp,ϕ(Rn) . Then there exists a sequence of smooth functions
{ f j}∞

j=1 ⊆ Lp,ϕ(Rn) such that ∂ α f j ∈Lp,ϕ(Rn) for all α ∈N
n
0 and j∈N , and lim j→∞ f j

= f in the norm of Lp,ϕ(Rn) . Let y ∈ R
n with |y| < 1. By virtue of the triangle in-

equality we have

|| f (·+ y)− f ||p,ϕ � || f (·+ y)− f j(·+ y)||p,ϕ + || f j(·+ y)− f j||p,ϕ + || f j − f ||p,ϕ .

The function f j is smooth in the ball B(x,r + |y|) . Thus by mean value theorem we
obtain

f j(s+ y)− f j(s) =
∫ 1

0
y.∇ f j(s+ ty)dt.
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Using Minkowski’s inequality implies to the following expressions

|| f j(·+ y)− f j(·)||p,ϕ = sup
x∈Rn,r>0

(
1

ϕ(r)

∫
B(x,r)

∣∣∣∣
∫ 1

0
y.∇ f j(s+ ty)dt

∣∣∣∣
p

ds

) 1
p

� sup
x∈Rn,r>0

(
1

ϕ(r)

∫
B(x,r)

[∫ 1

0
|∇ f j(s+ ty)||y|dt

]p) 1
p

� sup
x∈Rn,r>0

∫ 1

0

(
1

ϕ(r)

∫
B(x,r)

|∇ f j(s+ ty)|p|y|pds

) 1
p

dt

� |y|
∫ 1

0
sup

x∈Rn,r>0

(
1

ϕ(r)

∫
B(x,r)

|∇ f j(s+ ty)|pds

) 1
p

dt.

This process will lead to the expression

|| f j(·+ y)− f j(·)||p,ϕ � |y|||∇ f j||p,ϕ .

Consequently,

|| f (·+ y)− f ||p,ϕ � |y|||∇ f j||p,ϕ +2|| f − f j||p,ϕ .

Taking y → 0 will imply

limsup
y→0

|| f (·+ y)− f ||p,ϕ � limsup
y→0

|y|.||∇ f j||p,ϕ + limsup
y→0

2|| f − f j||p,ϕ

= 2|| f − f j||p,ϕ .

Continuing the process by letting j → ∞ yields

limsup
y→0

|| f (·+ y)− f (·)||p,ϕ � 0.

We can conclude that limy→0 || f (·+ y)− f (·)||p,ϕ . In other words, f is in the Zorko
space L

p,ϕ(Rn) . �

By employing Lemma 4.1, Theorem 4.2, and Theorem 4.3, we come to the con-
clusion that the generalized Zorko space L

p,ϕ(Rn) and the modified generalized Zorko
space SL

p,ϕ(Rn) represent the same set as stated in the following corollary.

COROLLARY 4.4. Let 1 � p < ∞ and ϕ ∈ Φ . We have

SL
p,ϕ(Rn) = L

p,ϕ(Rn).

This relation shows that modifying the order of difference from the first order to
the second one in generalized Zorko spaces does not alter approximation properties by
smooth functions in generalized Morrey spaces.
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5. Conclusion

The set of smooth functions is not dense in the generalized Morrey spaces. To
deal with the issue, some subspaces with specific properties are defined in generalized
Morrey spaces. One of them is the generalized Zorko space in which its members’
first order of difference is vanishing. Every function in the generalized Zorko space
can be approximated by smooth functions. In this paper, the subspace of generalized
Morrey space utilizing the second order of difference is defined. Using convolution
with compactly supported smooth functions, approximation property by C∞ -functions
is still satisfied in the new subspace. The inclusion between the diamond space and
the generalized Zorko space suggests that modifying the difference of order one with
order two does not alter the subspace. It is still in question whether the higher order of
difference would impact the generalized Zorko space and its approximation properties.
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