athematical
nequalities
& Papplications
Volume 28, Number 2 (2025), 199-219 doi:10.7153/mia-2025-28-14

SOME PROPERTIES OF GENERALIZATION
CLASSES OF ANALYTIC FUNCTIONS

HATUN OZLEM GUNEY*, DANIEL BREAZ AND SHIGEYOSHI OWA

(Communicated by S. Varosanec)

Abstract. Let </(n) be the class of functions f(z) of the form

oo

k
f(Z) =z+ za1+kzl+ﬁ (l’l: 172737“')
k=1 "
which are analytic in the open unit disc U. If ap k= 0 for k # n,2n,3n,---, then f(z) is

given by f(z) = z+ X5, axz*. For such functions f(z) € /(n), some generalization classes
7" (n,&), €(n,ct) and 2 (n, o) are defined. The object of present paper is to discuss some
interesting properties of f(z) € <7 (n) concerning with subordinations and strongly functions.

1. Introduction

Let n be a natural number and .7 (n) be the class of functions f(z) of the form
- k
f@)=z+Ya, " (n=1,23,-) (1)
k=1 "

that are analytic in the open unit disc U= {z € C: [z| < 1}. Here, we take the princi-
pal value for {/z. Let 7 (n,ct) denote the subclass of 7 (n) consisting of f(z) that

satisfies )
Re{Z}C(S)}>(x,(ZEU) @)

for some o (0 < & < 1). Also, € (n, ) is the subclass of .o7(n) consisting of f(z)
that satisfies
2f"(2)

1)

for some o (0 < o < 1). By the definitions for .%" (n, o) and €(n, ), we see that
f(z) €@(n, ) if and only if zf"(z) € 7 (n, ), and that f(z) € 7 (n,a) if and only

Re{1+ }>a,(zeU) 3)
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if f dt € €(n,a). If a, & =0 for k# n,2n,3n,---, then f(z) € </ (n) can be
wrltten by
f@) =2+ a 4)
k=2
and write that f(z) € «. o
Let us consider a function f(z) € </ (n) given by

f(2)=

Z

(1 _ \,72)2}1(170()

. 5
& TG+ -0)—1) )
=z+ 4
= k!
with 0 < o < 1. If n =2, then
z
0=
o (6)
—Z—|—ZH ]+3 4(X) 1+k
and f(z) € .7 (2,0) in Giiney, Breaz and Owa [3]. Also, n = 3, then
z
TR
o T (+5-60) @
— 3
Z+k§1 0 Z
and f(z) € . (3,a) in Giiney and Owa [2]. Also, f(z) given by (5) satisfies
zf’(z)} <1+(1—2a){1/2)
Re —Re| L T=HWVE) Sy (zeU). 8)
§c e el

Thus we know that f(z) given by (5) is in the class 7" (n,ct). If we consider a function
f(z) € &(n) given by

1
@)= ——————— (0<a<]1),
1@ = T pna ©<@<D ©)

then f(z) satisfies

Re{l—l—ZJJ::/((ZZ))}:Re (%) >a,(zel) (10)

and f(z) € €(n,a). Further, if f(z) € </(n) given by

f(z):(Zoc—l)z—i—z(l—oc)/ozﬁ;dt, (11)
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then f(z) satisfies

Ref'(z) = Re (%j‘;‘)ﬁ) >, (zeU).

We denote by f(z) € Z(n, ) if f(z) € o/ (n) satisfies
Ref'(z) > a, (z€ 1)

forO<a<1.

201

12)

13)

For analytic functions f(z) and F(z) in U, we introduce that f(z) is subordinate
to F(z), written f(z) < F(z) (z € U), if there exists a function w(z) analytic in U
with w(0) =0 and |w(z)| <1 (z € U) and such that f(z) = F(w(z)) (see [6]). With

the definition for subordinations, if f(z) € <7 (n) satisfies

z2f'(z) - 1+ (1—2a)iz
f(2) 1—3/z

with 0 < o < 1, then f(z) € 7 (n, ), and if f(z) € < (n) satisfies
2f"(2) PRk (1—-2a)z
f'(2) 1-yz

with 0 < o < 1, then f(z) € €(n, ). Further, if f(z) € &/ (n) satisfies

1+ (1-20)/z
1=z

, (z€ ),

1+

, (ze D),

f(z) < ,(ze),

with 0 < o < 1, then f(z) € Z(n, ).

EXAMPLE 1. We consider a function f(z) € </ (n) given by

f(z)zl_zyfw
k

Letting z = ¢ (0 < 0 <2r), we have

eie
Ref(z)zRe( .9)
1—eé'n

k
Zl+ﬁ.

oo

1

If n=1, then

(14)

15)

(16)

7)

(18)

19)
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If n =2, then
Ref()——l sin3 6 1 sin (4+9)
Y= sin% 2 sm%
1
=—= <4c0s2— — 1) 20)
2
3
> -z
2
If n =3, then
Ref(e) = L sing6) 1 (sin(2+36)
Y= sin% 2 sin%
1 0 0
=-3 <4c0s2§ +2cos§ - 1) @D
5
> -z
2
If n =4, then
1 (sin}6 1 sin(%—i—?—ﬁ)
Ref(z):—z sin & :_5 sin &
3 3
1 0 ,0 2 22
=3 <4cosz<2c:os Z—l>+(4cos 6—1)) (22)
7
= ——.
2
If n=S5, then
1 (sin$50 1 sin(%+%9)
Ref(z)z—z 0 |7 2\ T anf
sin 15 sin 15
1 ,0 ,0 0 ,0 (23)
= 2(4005 5(4005 5 3>+4coss<2c:os 5 1)+1
9
= ——.
2

Therefore, we can be expected that (18) gives us

in (£ 421
= (182329

2 Sinﬂ
2n—1
5

(24)

=
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2. Some applications of subordinations

To consider some applications of subordinations, we need the following lemma
due to Suffridge [10].

LEMMA 1. Let p(z) be analytic in U with p(0) =1 and h(z) be analytic and
starlike in U. If

' (2) < h(z), (z€ V), (25)

then

p(z)</(:h(t)dt,(z€[[}). (26)

T
Applying the above lemma, we have the following theorem.

THEOREM 1. Let f(z) € o/ (n) and h(z) be given by

z
h(z) = W» (ze ) (27)

with 0 < o < 1. If f(2) satisfies

z2f"(z) < h(z) (28)
then
, z@ B Z 1
ro= [ 2ra= | Ty <) 29)

Proof. We define a function p(z) = f'(z) for f(z) € </ (n). Then p(z) is analytic
in U and p(0) = 1. Also, h(z) given by (27) satisfies

Re (ZZ/(SU —Re (%\2;)\/2) >a, (ze ). (30)

Using Lemma 1, we see if
2p'(2) = 2f"(2) < h(z), (z € U), 31)

then

P(Z):f’(Z)</(:@dt:‘/ozmdt,(26[m. O (32)

Letting n = 2 in Theorem 1, we see the following corollary.
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COROLLARY 1. If f(z) € o/ (2) satisfies

Z

2f"(z) < W,

(zeU) (33)

with 0 < o < 1, then

fz) < /Z 71 dt
Z
0 (l—\/lt)4(lia)

1

= a1 @Ea—3) (1—(1—2)* 31— (3—4a)V2) , (z€ ).

(34)

Next, we have the following theorem.

THEOREM 2. If f(z) € </ (n) satisfies

zf (Z)Z_f(z) < 1z \’1/;)2"(17&) . (z€ ) 35)
with 0 < o < 1, then
f(z) : 1
T = /0 W(jt’ (Z S U) (36)

Proof. Let us consider a function p(z) by p(z) = @ for f(z) € o/(n). Then
p(z) is analytic in U and p(0) = 1. Since

v 22— f2) z
zp'(2) = . < (oo (z€ ), (37)
Lemma I implies that
_ f(2) : 1
pe) ==~ </0 —(1_%)2,,(17&)&, (zeU). O (38)

Next, we have to introduce the following lemma by Hallenbeck and Ruscheweyh

[5].

LEMMA 2. Let a function p(z) be analytic in U with p(0) = 1 and h(z) be ana-
Iytic and convex in U. If p(z) satisfies

p(2)+zp'(z) < h(z), (z € 1), (39)
then

p(2) < é/ozh(t)dt, (ze D). (40)
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Applying Lemma 2, we derive the following theorem.

THEOREM 3. If f(z) € </ (n) satisfies

1+ (1-20){/z

(@) +zf"(z) < = ,(ze ) (41)
Sfor some real a@ (0 < o0 < 1), then
sy L L (=200
f(2) < z/o I dt, (zeT). (42)

Proof. We consider a function p(z) = f'(z) for f(z) € &/(n). Then p(z) is ana-
lytic in U with p(0) = 1. Note that the function h(z) given by

TR

is convex in U. By the condition (41), we say that

,(ze ) (43)

P+ @ = @+ ar @) <hl = =

Using Lemma 2, we see that

pz)=f(z) < %/()Zh(t)dt: %/()Z%Wdt, (zeU). O (45

Taking n =2 in Theorem 3, we obtain the following corollary.

COROLLARY 2. If f(z) € &/ (2) satisfies

P+ < 2 ey o
with 0 < o0 < 1, then
1) < (2a—1)—4(1—a)1°g(lz_‘/2) +4(1\/_2a). 47
Considering p(z) = 2 for f(z) € &/ (n) and
hle) = 2 %)

with 0 < o < 1 in Lemma 2, we have the following theorem.
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THEOREM 4. If f(z) € </ (n) satisfies

, 1+ (1-2a){/z
f(1)<—1_\,ﬁ (z€) (49)
with 0 < o < 1, then
21+ (1—20)3/t
fz) =< /0 — g U &eU). (50)
REMARK 1. If we consider f(z) € &/(2) given by
f(2)=Qa—1)z—4(1 —a)log(l —/z) +4(1 — o) \/z. (51)
with 0 < o < 1, then
I+(1-2 .
ro =2 e, 62

thatis f(z) € Z(2,a).

Next, we introduce the lemma due to Miller and Mocanu [7].

LEMMA 3. Let F(z) be analytic in U and G(z) be analytic in U and the bound-
ary of U with F(0) = G(0). If F(z) is not subordinate to G(z), then there exist points
20 € U and & € U, and a real m > 1 for which F(|z] < |z0]) € G(U),

(i) F(z0) = G(&)
(ii) z0F'(z0) = m&G' (&)

Using the above lemma, we prove the following theorem.

THEOREM 5. Let By be the solution of

Br= 3 Tan~! <E> (53)
2 n
and let
2. —1(B
a:B—F;Tan (;) , (0<B < Bo) (54)
with n=1,2,3,---. If p(z) is analytic in U with p(0) =1 and
: L+yz\"
v +ar@) < (123F) cev (59
then 5
1+
p(z) < (l—\"/E) (ze ). (56)
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Proof. We use the same method of the proof by Miller and Mocanu (Theorem 5
in [8]). Note that (53) implies

ETan*1 (E) =3-28 (57)
Vi n
and
B<3—0a(0<p<po) (58)
by (54). We consider the functions
1+z\“
o) = (125%) (59)
and 5
1 7,
0= (12%) . (60)

Then we see that |argh(z)| < Fo and |argg(z)| < ZB in U. For such h(z) and g(z),
we need to show that p(z) < g(z) (z € U). Since p(0) = g(0) = 1, by Lemma 3, if
p(z) is not subordinate to g(z), then there exist points zg € U and &, € dU, and a real
m =1 for which p(|z] < |z|) C g(U), p(20) = g(&) and zop'(z0) = m&og'(&o)- Let
p(z0) # 0, then g(&) #0 and /& # +1. Noting that

1 n
jargg(&)| = B arg (f V?) <2B (Geav), (61)
— <0
we consider
ir— Lt Ve (& € JU). (62)

&
Then, we obtain that

p(z0) +z0p' (z0) = &(&o) +m&og’ (&)

- &g (&)
=5(e) (1+m =)
RYY P (63)

-(va)

It follows from (63), that

mB (r+ 1
arg(p(z0) + 207/ (20)) = 5 B+ Tan ™! (%) (64)
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and
14 _ n 14
EB +Tan ! <E> < |arg(p(z0) + 200" (20))| < 5B+ - (65)
n 2 2
Thus, using (57) and (58), we have

n n
F0< |larg(p(z0) +z0p (20))| < 27— 50 (66)

Since |argh(z)| < Fou (z € U), (66) contradicts (55). Therefore, the subordination (56)
is true for p(zo) #0 (z € U). If p(z9) =0 (z € U), with the same reason of the proof
by Miller and Mocanu (Theorem 5 in [8]), we have

T T
>0 < Jarg(p(zo) +20P (20))| 27— Ze. O (67)

Taking 8 = n in Theorem 5, then we have the following corollary.

COROLLARY 3. If p(z) is analytic in U with p(0) =1 and

2n+1
o (L)
va+ae < (1) T e (%)
forn=1,2,3,---, then
1+vz\"
p(z)-<<1_<ﬁ) (ze ). (69)

Taking 8 = v/3n in Theorem 5, then we obtain the following corollary.

COROLLARY 4. If p(z) is analytic in U with p(0) = 1 and

2
, L+yz) 5
p(2) +zp'(2) < (1_\,72> (ze ) (70)
forn=1,2,3,---, then
Vn
14z
p(z) < (1_\%) (zeU). (71)

Taking p(z) = f’(z) in Theorem 5, then we have the following corollary.

COROLLARY 5. Let o and B be define (53) and (54). If f(z) € </ (n) satisfies

ro+ara< (25 eev) )
forn=1,2,3,---, then
, 1+¢7)\°
1o =< (%) eev. 73)

that is, f(z) € %#(n,0).
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If we consider p(z) = @ for f(z) € </(n) in Theorem 5, then we have the
following corollary.

COROLLARY 6. Let o and B be define (53) and (54). If f(z) € </ (n) satisfies

/ L+yz\"

1@< (=%) cev) 74
forn=1,2,3,--- then

f@ (1492’

T—<<1—\"/E) (ZGU) (75)

Next, we show the following theorem.

THEOREM 6. Let p(z) be analytic in U with p(0) = 1. If p(z) satisfies
I1+(1-20)z

p(2) +2p'(2) < —— 7 (zeU) (76)
Sfor some real a (0 < o0 < 1), then
1+ (1-20)/z
p(Z) < 1_—\’72 (Z S U) (77)

where n=1,2,3,---.

Proof. 1If we suppose that p(z) is not subordinate to a function g(z) given by

I+ (1 -2a)z
1=z

Lemma 3 gives us that there exist points zg € U and &, € dU, and a real m > 1 for

which p(|z| <|zo|) € g(U), p(z0) = g(&o) and zop'(z0) = m&og'(&o). It follows that

p(20) +20p' (z0) = &(&o) +m&og’ (o)

:1+(1—2a)’\’/§_0{1+m< 12098 V% )}

g(z) (ze ), (78)

1— /& n\14+(1-20)/& 1-3/&
(79)
Letting & = ¢ (0 < 0 < 2r), we have
)
14+ (1—20)e'n
p(20) + 200" (20) :(—.9)
1—eé'n
(80)

m (l_za)elg ei% <1+(1—206)€lg>
+= -
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This implies that

14 (1—20)cos?
Re(p(z0) +20p(20)) = &0 — o= [ 1 =20+ ( )9 i (81)
2n 1 —cos
If we define a function k(¢) given by
1+ -20) (6
k(l)—T (l‘—COSn)7 (82)
then k(z) > o and
! _ 2(1 - OC)
k(1) = e > 0. (83)
Thus, we have
/ m(l—a)
Re(p(z0) +20p'(20)) < 0 — —, <% (84)

Noting that Reg(z) > o (z € U), (84) contradicts the condition (76). Therefore, p(z)
satisfies the subordination (77). [

Taking p(z) = f’(z) in Theorem 6, then we have the following corollary.

COROLLARY 7. If f(z) € o (n) satisfies

1+ (1 —-20)/z

! "(z) < eU 85
PO+ < o e D) (85)
Sor some real o (0< o < 1), then
, 1+ (1-20)/z
e U), 86
O ) (56)
that is, f(z) € Z(n, ).
Further, we have the following corollary.
COROLLARY 8. If f(z) € o (n) satisfies
, 1+ (1—-2a){z
< ——F——"(z€U 87
£ <=2 cen) 87)

Sor some real o (0< o < 1), then

z 11—z
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To discuss the next our results for subordinations, we have to introduce the lemma
due to Nunokawa, Owa and Sokol [9].

LEMMA 4. Let p(z) be analytic in U with p(0) =1 and p(z) # 0 in U. If there
exists a point zo € U such that

largp(2)| < 2B (12| <120l < 1) (89)
and -
largp(z0)| = 5[5 (90)
for some B >0, then
p(z0)
where 5
+1
k> > 1 (argp(z0) = 5B) 92)
and )
+1
k<= <1 (argp(z0) = —2B). ©3)
where 1
(p(20))F = +ia (a>0). (94)

Now, we derive the following theorem.

THEOREM 7. Let p(z) be analytic with p(0) =1 and p(z) # 0 in U. If p(z)

satisfies
() 1+w>ﬁ 2B
p(z)+ Fe) <<1—<72 T (ze) (95)
with 0 < B <1 and n=1,2,3---, then
1+97)\°
p(z)<<1_\n/z) (zeU). (96)

Proof. We consider a function p(z) which is not satisfy the subordination (96).
Then there exists a point zg € U such that

Jargp(3)] < TB (12l <20l < 1) ©7)
and -
largp(z0)| = 7 B- (98)

Applying Lemma 4, we have

ZOP/(ZO) _ lkﬁ, (99)
p(z0)
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where k satisfies (92) and (93) in Lemma 4. If p(z9) = 58, then
/
p(zo)+ 229 _ (10B 4 ikB (0> 0). (100)
p(20)
Considering a boundary point z = ¢'¥ in U, we see that
1+92\P | 2Bz sin B
( ) + 5 = 5 +i—p- (101)
11—z 1—-(W2) 1—cos? sin 2
Thus, if the subordination (95) is satisfied, then
sin &
a= 5 >0 (102)
L —cos
2+ 1
@t -1 (103)
- %ﬂa

and
k>
~ 2a sin 2

using the same way for the case argp(zo)
ondition (95). Therefore, we complete the proof of the theorem. [

f'(z) in Theorem 7, we have the following corollary.

This implies that p(z) is not satisfy the condition (95). For the case argp(z)
7B, we say that p(z) is not satisfy the

Letting p(z)
COROLLARY 9. If f(z) € & (n) satisfies f'(z) #0 (z€ U) and
, 72f"(z) 1+ /2 B 2Bz
f(z)+ e <<1—\n/z> +1—(\n/z)2 (z€U) (104)
with 0 < B < 1 then
, 1+ yz2\?
1@< (%) cev), (105)
that is, f(z) € %(n,0).
COROLLARY 10. If f(z) € o/ (n) satisfies & #0 (z€U) and
f (H\[) iﬁ(\\/é)z (zeU) (106)
with 0 < B < 1 then
z2f'(z) 1+ 1z P
6] = (1—(72) (ze ), (107)
e .7 (n,0).

that is, f(z)
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3. Consideration for strongly functions

Let us consider a function f(z) € 7 (n) given by

f(z)z/()z<1+<:/i)adt7(zeU). (108)

i

with 0 < o < 1. Then f(z) satisfies

We say that f(z) is strongly of order o in U if f(z) € o7 (n) satisfies

< ga,(zeU). (109)

|argf'(z)] = @

T
jargf'(2)| < Fe, (€ 1) (110)
forO<a<1.
To discuss about strongly functions in U we need the following lemma due to

Fejér and Riesz [1] (also by Tsuji [11].)

LEMMA 5. Let a function f(z) be analytic in |z| < 1. Then, f(z) satisfies

1 1
J@rla <3 [ QP (0> 0) (i

where the above integral on the left hand side is considered along the real axis.

REMARK 2. If we make a change of variables in Lemma 5, then the inequality
(111) becomes

r . 2 .
/ £ (pe®)Pdp < %/ £ (re®)P 0. (112)
—r 0
Also, we use the following lemma by Gwynme [4].

LEMMA 6. Let f(z) be a complex valued harmonic function defined on a neigh-
borhood of a closed disk of radius 1 and center O in the complex plane. Then

1 1—72

. 2r .
fre®)y=— [ f(e®)

= d 113
27 Jo 1+7r2—2rcos(6—p) p (113)
and
I 11—
— ————dp =1 114
277:/0 1+ r2—2rcosp p (114

Now, we derive the following theorem.
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THEOREM 8. If f(z) € </ (n) satisfies

Z]J:’((ZE) < %, (ze )
Sfor some real a (0 < o0 < 1), then
|largf'(z)| < ga, (z€U).

Proof. We note that
log f'(z) = log| f'(z)| +iarg f'(z)

and

log f'(z) = /OZ (logf’(t))/dt = OZ JJ:/((:)) dr.

Thus we have
largf'(z)| = [Im (log f'(2))|
1)
’Im/ 70 dt
f”(Pele)eze
0 Flpe®) ¢ ¢

(R
o (i
2=

r
</
—r
.
</
—r

(115)

(116)

(117)

(118)

(119)

where z =re® (0< 0 <2m), 0<r<1 and 0<p <r. Using the inequality (112)

with p =1, we obtain

;
|argf 5/ re‘9
1 2r i0 //
_/ re' f'( re'® dO
2 f’ re’6

<) e

This completes the proof of theorem. [J

Taking o = 1 in Theorem &, we obtain the following corollary.

(120)
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COROLLARY 11. Let f(z) € </ (n) satisfies

/! 1
Zf((;)) <3.GeD) (121)
then
largf'(z)| < g (z€U). (122)

REMARK 3. If we take n = 3 in Theorem 8, then we have the result by Giiney
and Owa [2].

Next, we derive the following theorem.

THEOREM 9. If f(z) € </ (n) satisfies

@)« 1+ﬁ<75>
e Re< s ) @EY (123)
Sor some real o0 (0< o < 1) and some real B (B # —1), then
largf'(2)] < gm (ze ). (124)

Proof. 1If we use the same method of the proof in Theorem 8, we have that

2
argf 2 /

Thus, using the inequality (123), we know that

lare/ (2 4/ <1+ﬁﬁeen>de

re'n

rezef// rez(-)
f/ rez(-)

do. (125)

2w (1 9y _ /)2
« H (B ) e (3) BT 4 16)
4 —2/reos (2) + (U7)
_z/“ L-p +1+B L=’ 6
4 Jo 2 2 l+(\”/l_’)2—2\’7?cos (g) )
Further, we note that
2m 1— (/7)? " 1— (/F)?
/ 2(\/;) dé=n 2(\/;> dp <21 (127)
0 1+ (yr)” —2/rcos? 0 1+ (W/r)”—2¢rcosp
by Lemma 6. Therefore, we obtain that
|argf’(z)|<ga7(z€U). O (128)
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REMARK 4. If we consider n = 3 in Theorem 9, then we obtain the result for

f(z) € &7(3) in Giiney and Owa [2].

EXAMPLE 2. We consider a function f(z) € </ (n) given by

f(e) = (z_iﬁf (zeT)

with o (0 < o < 1). It follows that

largf'(2)| = 3atfare (2~ ¥/7)| < 30 = Zat, (z€ V)

and
2f"(z)| Ba| Wz 3
= <-a,(zeU).
) 77 <% el
If we consider some real 3 such that 8 < ":,127 then we have
2f"(z)| 3 a(l-B) « 1+ Bz
Co< P 2R ,(z€ ).
@ | S n” 7 <Re(q=7 ) €D

Next, we derive the following theorem.

THEOREM 10. If f(z) € </ (n) satisfies

f'(@) % oo (LHBYE
) 1'<2R<1—W>’(ZEU’

Sfor some real a (0 < o0 < 1) and some real B (B # —1), then

Proof. We note that

log <@> — log|LE

and

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)
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Thus, we have

)
(f’(pe"">
f(pe®)  pe'®

()

g/ Im
0
-
</,
2
<3

1
p
d
27r l+ﬁ\/—e"
4/ i ) L
ren

rez(-)f/ re‘e

rez(-)

\

v |

Thus, we complete the proof of the theorem. []

EXAMPLE 3. We consider a function f(z) € </ (n) given by

f(2) =z<2_L\n/z)3a ,(zel)

with o (0 < v < 1). Then

satisfies

Thus w(z) satisfies

largw(z)| = |arg <2 "Z)‘ < g, (ze )
This gives us that
[z 2 T
— || =3« <—-o,(zeU
arg( - we 7=z )| < 30 (€ V)
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(137)

(138)

(139)

(140)

(141)

(142)
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Also, we have

zf'(2) 3a| Vz 3
—1|=— <-a,(zel). 143
Therefore, considering 8 such that § < ":,127 we see

Zf’(Z)_l‘ 3 _all-p) o (HWZ

) < -0 < < —Re I~z

; J > ) (ze D). (144)
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