athematical
nequalities
& Papplications
Volume 28, Number 2 (2025), 271-277 doi:10.7153/mia-2025-28-18

THREE GEOMETRIC CONSTANTS FOR TOTAL MORREY SPACES

MINGQUAN WEI*, SA LI, XIAOYU L1U AND YIHAO HOU

(Communicated by S. Varosanec)

Abstract. In this paper, we calculate the von Neumann-Jordan constant, the James constant
and the Dunkl-Williams constant for total Morrey spaces. As a corollary, the aforementioned
constants for modified Morrey spaces are established.

1. Introduction

For a Banach space (X, ||-||), the von Neumann—Jordan constant Cny(X) (see [8]),
the James constant Cj(X) (see [7]), and the Dunkl-Williams constant Cpw (X) (see
[3]) are given by

2 2
B+l o),
2 (Il + I¥1R)

Ci(X) = sup{min{[lx+y|[x, [x = yl[x} : 5,y € X, [lxllx = [I¥llx = 1},

Cow (X) 1:SUP{ el + iyl | _x - :x,yGX\{O},X#y}7
X

Cr(X) = sup

e=vllx llixllx livllx

respectively. These constants measure the uniform nonsquareness of X . For the von
Neumann—Jordan constant Cny(X), it is well known that 1 < Cny(X) < 2, and Cny(X)
=1 if and only if X is a Hilbert space (see [1]). It was shown in [4] that v/2 < Cy(X) <
2, and Cy(X) = V2 if X is a Hilbert space. Besides, from [3], we know that 2 <
Cpw (X) < 4, and that Cpw(X) = 2 if and only if X is a Hilbert space.

For some concrete Banach spaces, the geometric constants can be precisely given.
For instance, the geometric constants for Lebesgue spaces and discrete Lebesgue spaces
were established in [4]. Recently, Gunawan et al. [6, 9] calculated the aforementioned
geometric constants for Morrey spaces and small Morrey spaces. In this paper, we
shall consider these three constants for total Morrey spaces, which can be seen as the
intermediate spaces between Lebesgue spaces and Morrey spaces. Now we recall the
definition of the total Morrey space LP** (R"). Let 0 < p < oo, 0 < A,u < n, [1]; =
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min{1,}, > 0. The total Morrey space LP** (R") is the set of all locally integrable
functions f with the finite (quasi-)norm

'E\P

122
1Al paw = sup [y " (/)] 11l e(een)

xeR™ >0

where B(x,t) denotes the ball centered at x with radius 7 > 0. A particular case of
LPAH (R") is the modified Morrey space denoted by LP* (R") = LP*0 (R") .

It was proven in [5] that LP** (R") is a Banach space for 1 < p < e. As a
consequence, we have

Cny (LPHH(R™)) < 2, G (LPAH(R™)) < 2, Cow (LPHH(R)) < 4

for l<p<eand 0 <A <n, 0 < u < n. Ouraim in this paper is to establish the
precise geometric constants for total Morrey spaces. In fact, we shall prove that the
inequalities given above are exactly equalities.

2. Main result

Our main result can be stated as follows.

THEOREM 1. Let 1 <p <o, 0 <A <n, 0< u<n. Thenwe have Cxy(LPHH(R"))
= Gy(LPHH(R")) =2 and Cow (LPHH(R")) = 4.

Proof. We borrow some ideas from [2, 6, 9]. For sufficiently small €,6 € (0,1),
we define some useful functions as follows:

£6) =z (<) x| 7
g(x) = X(0,6) (1x]) £ (x) = X(o,e)(|x|)|x|l’7’n§
hx) = F(x) — g(x) = e (D) x| 7"

K(x) = —£(x) +28(5) = (220, (%]) — 20,1y (W) 1¥) 7"

1x) = (14 8)g(x) + (1 - 8)h(x) = (2870.¢) (x]) — 8+ 1) (0.1 (1))

By using the definition of total Morrey spaces, we have

_A I
1l zpaw = sup [ty " [1/2]{ (1 fller By
xeR™ >0
. _A . I3
= sup (min{z,1})" 7 (min{1/7,1})7 || fllzr(B(xs))
x€R™ >0

u 2
:max{ sup t 7| fllo(B(esy), Sup  t pf”LI’(B(x,t))}'

xeR™ 1>1 xeR™ 0<t<1
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Let w, be the area of the unit sphere in R”. By a simple calculation, we get

sup 1~ "Hfllu = sup 7 (/
B(x.

x€R™ 1>1 xeR" g=>1

T
ol ([0
-(2))

2o () P "dy)

N_-

E'ul—

and

1

_ A _ A _ P
sup  t 7| fllLr(Blesy) = Sup t ” (/ x|t "dx)
xeR",0<1<1 0<t<1 B(0,)
1
1 P t »
=w,) sup t ? (/ rl_ldr>
0<r<1 0
_ (w_)
A
1
Consequently, || f]|;p2x = (%*)7 . In a similar way, we obtain
Y
sup 1 7|8l o (B(xs)) = [x|* " "dx
xeR">1 B(0,¢)

Op\p A
-\ &

and
-5 —2 A—n %
sup 17 gllLrs(ay = sup 177 / X0.e) ([x]) [x|*"dx
xeR™ 0<r<1 0<r<1 B(0.)
-5 A—n %
= max sup t » / X(O,E) (|x|) |)C| dx ,
O<r<e B(0.r)
s Y.
sup 5 ([ 00 () b
e<t<1 B(0.)
1 1
A 4 P
= wy/? max sup ¢t < M—ldr>' ,sup 17 (/ A ldr)
O<r<e 0 e<i<l
7 1
AN\ P - A 1
[t 1\ 7 J
- w}i/pmax sup rr By , Sup <_> ’ <£> ’ = (%> ! ’
O<r<e A e<t<l1 A 14 A
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==

12 1
which yield ||g|| ;. :max{(%)p 8/77(%)1’} = ()7 =fllpirw -

For h, we have the following estimate:

A—n %
Hea) () "

hlly oo = |0 = /
1Al o = || HLI’(B(O,I)) (B(O,l)
1 1

—ar ([ #tan) = (%) (1) = (=)

Noting that [k| = |f], we get [|k||;pau = || £l ppiu -
As for [, we have

Aen
1(x) = (28 x0,¢) (Ix]) = 8 + 1) x0,1) (Jx[) x| 7

A=n
(1+8) 7, if 0< | <e;

— A—n
—Y(A=8)x P, if e<|x|<1;
0, if |x|>1.

Now we calculate the total Morrey norm of /:

u 2
||le,Aﬁu=maX{ sup ¢ ?|[lllzpBixs))s  SUP f”l||LP(B(x,t))}

xeRM 1>1 xeR™ 0<t<1

1
= max (/ |l(x)|pdx) ! , sup . (/ |l(x)|pdx) ! ,
B(0,1) O<r<e B(0,1)

] ,
sup ¢ P (/ l(x)|1’dx> }
e<r<1 B(0)

=:max{l,h,15}.

For I, there holds

2 ; 2 o \F
sup 177 / 1)|Pdx )" = sup 177 / (14 8)7 | "dx
0<t<e B(0y) 0<t<e B(0,r)

=1 +0) [ fll -

For I, we obtain the following estimates:

(/B(O.I)Z(X)I”dx> : = w,” (/08 (1 +5)“’M—1dr+/£1 (1- 5)pr/‘—1dr> %
<all? (/01(1+5W1dr)%

= (148) ()" = 1+ 8) |/ pan-
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For I3, we have

A g
sup ¢ » (/ l(x)|pdx)
e<t<l1 B(0,r)

1
1/p

[ L
— ol sup 17 (/8(1+5)Pr“dr+/ (1—5)Prﬂldr>”
e<t<1 0 e

1
) 1
<ol” sup 175 (/ (1+6)PM‘1dr>p

e<t<l1 0

= (1+8) ()" = (1+8) [l

Combining the estimates for /1, I, and I, we get ||I||, 1 = (14+8) (| f]lp1n

For the von Neumann—Jordan constant Cyy(L”**(R")), we have

+k + k
Cny (LP*H(RM)) > [ e i oW

2 (112, + WK, 1)
||2g||Lp?LpL + HZhHLpAM

2(IA12, +||fHW)

Bt 1= ) IR,
I

2

:1+<1—£A>ﬁ.

Letting £ — 0T, we obtain Cny(LP*#(R")) > 2. Since Cny(LP**(R")) < 2, we have
Cny (LPAH(R™)) = 2.

/

For the James constant Cy(LP#**(R")), one has

f _ k
|fHLI’>/1~H HkHLIMM

Cy(LPHH(RM)) > mln{H Sk
Hf”LP?LH |

|k||LI’~,7L>H

2 2h
i el Plirse
Fliis” Wl

1 1
2min{2,2<l—el>”}:2<l—sl>”.

By an argument similar to the estimates of Cy(LP**(R")), we have Cy(LP**(R")) =

LPAu }

)
LPAM

2.



276 M. WEI, S. L1, X. LIU AND Y. HoU

Finally, we calculate the Dunkl-Williams constant Cpw (LP***(R")). In fact,

f [
Hf”LM# W”Ln,?w
Hf“mw‘f'Hl”mM (L+6)f—

16Kl 2.0 (L4 [f 1l p2on
o Hf”LM# + Hl”LnLu % 1
5Hf||yn?t>u (1 + 5) ”fHLM,M

240 28 ) %
= . . .
s T () Wl

- 414;25(S (1 8/1)%'

Hf”LM# + Hl”LnLu
”f_lHLM#

Cow (L (R") >

LpA

LpAu

128 2.1

Letting £,8 — 0", we have Cpw (LP**(R")) > 4. By virtue of Cpw (LP**(R")) <4,
we get Cpw (LP**(R")) = 4. The proof is completed. [J

By taking 4 = 0 in Theorem 1, we obtain the von Neumann—Jordan constant,
the James constant and the Dunkl-Williams constant for the modified Morrey space
LP*(R™).

COROLLARY 1. Let 1 < p <o, 0 <A <n. Then Cny(LP*(R")) = Cy(LP* (R™))
:27 CDW(Lp7 (Rn)) =4.

REMARK 1. Recall that a Banach space X with a norm || - ||x is uniformly non-
square if and only if there exists a 6 > 0 such that

min{[x+y||x, [[x —yllx} <2(1-9)

for all x,y € X with ||x||x = ||y|lx = 1. It then follows from the definition of the
James constant and Cj (U”A'“(R")) =2 that the total Morrey space LP*:*(R") is not
uniformly non-square, and hence not uniformly convex (see [7]) for 1 < p < 0,0 <
A<n,0< u<n.
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