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CONTINUOUS RANKIN BOUND FOR HILBERT AND BANACH SPACES

K. MAHESH KRISHNA

(Communicated by I. Peri¢)

Abstract. Let (Q, 1) be a finite measure space and {7y }qcq be anormalized continuous Bessel
family for a real Hilbert space ¢ . If the diagonal A:= {(a, o) : a € Q} is measurable in the
measure space Q x Q, then we show that

wp (o) > —EXR) "

a,BeQ,atp (Lxw)(QxQ)\A)

We call Inequality (1) as continuous Rankin bound. It improves 77 years old result of Rankin
[Ann. of Math., 1947]. 1t also answers one of the questions asked by K. M. Krishna in the paper
[Continuous Welch bounds with applications, Commun. Korean Math. Soc., 2023]. We also
derive Banach space version of Inequality (1).

1. Introduction

In 1947, Rankin derived following result for a collection of unit vectors in R4,

THEOREM 1. (Rankin Bound) [12, 13] (Theorem 7.10 [17]) If {’L'j};le is a col-
lection of unit vectors in RY, then

-1
max T, Tp) =2 —. o)
1<j~,k<n.,j;£k< R — )
In particular,
i 2
min Ti— Tl < ——. 3
1<j,k<n,j¢kH i~ wl” < no1 3)

Striking feature of Inequalities (2) and (3) is that they do not depend upon the
dimension d. Inequalities (2) and (3) play important roles in the study of packings of
lines (which motivated to study the packings of planes) [6, 5], Kepler conjecture [8, 15],
sphere packings [3, 18] and the geometry of numbers [4].

After the derivation of continuous Welch bounds in most general form, author of
the paper [11] asked what is the version of Rankin bound for collections indexed by
measure spaces. We are going to answer this in this paper.
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2. Continuous Rankin bound

We start by recalling the notion of continuous frames which are introduced inde-
pendently by Ali, Antoine and Gazeau [1] and Kaiser [9]. In the paper, .7 denotes a
real Hilbert space (need not be finite dimensional).

DEFINITION 1. [1,9,2,7] Let (Q,u) be a measure space. A collection {7y }ncq
in a Hilbert space 7 is said to be a continuous frame (or generalized frame) for 7 if
the following holds.

(i) Foreach h € 57, the map Q> o — (h,74) € K is measurable.
(i1) There are a,b > 0 such that
bl < [ 7o) (o) < BIHIE, Vi e 2.
Q

If we do not demand the first inequality in (ii), then we say it is a continuous Bessel
Sfamily for . A continuous Bessel family {7y }qcq is said to be normalized or unit
normif ||74]] =1, Vo € Q.

Given a continuous Bessel family, the analysis operator
Or: A >h— 0:he€ L2(Q); 0:h:Q3 o (h1y) €K

is a well-defined bounded linear operator. Its adjoint, the synthesis operator is given by

0:: 22(Q)> f /f(oc)ra du(a) e .
Q

By combining analysis and synthesis operators, we get the frame operator, defined as

Sgi= G:GT:%BhH/@Ja)TadM(O!) SE
Q

Note that the integrals are weak integrals (Pettis integrals [16]). With this machinery,
we generalize Theorem 1.

THEOREM 2. (Continuous Rankin Bound) Ler (Q,u) be a finite measure space
and {Ty}qeq be a normalized continuous Bessel family for a real Hilbert space .
Ifthe diagonal A:= {(o, @) : o0 € Q} is measurable in the measure space Q x Q, then

—(uxu)(4)

oy 2 . 4

i () 2 @ 9N @
In particular,

of L niP<a(1 (ux p)(A) ) 5

panbesp 7o = 781 ( T s (@ x)\A) ®
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Proof. Since @(Q) < o, xq € £*(Q) and

[l mldwxw@p < [ Il p)(ep)

(QxQ)\A (QxQ)\A
= (uxpu)((QxQ)\A) <

Now by using Fubini’s theorem, we get

< 16; xall* = (0; 20, 65 x0)

- < [ xa(@maan(e), / m(ﬁ)fﬁdu(ﬁ)> - < [ wadut), [ du(B)>

Q Q

= [ [t w)du@)dn(B) = [ (zut) (e x (. B)
Q Q

QxQ

~ [ @)+ [ (rg)dx p)(ep)

(QxQ\A

A
~ [(radduxmi@p)+ [ (o m)d(ux ) (e.p)
A

(QxQ)\A

— W@+ [ (m)dx p)(ep)
(QxQ)\A

< (uxu)(A)+ ( sup <ra,rg>> (U X u)((2xQ)\A).
o,BeQ 0P
Now writing inner product using norm, we get

||ra||2+rﬁ||2—ra—rﬁ2>
2

sup  (Ta,78) (
a,feQ,0#pB a,feQ,0#p

2—||7a — 752
sup _
ape.atp 2

_infypeo azp | Ta — 7l
5 :

Therefore

B infa,ﬁe&a#ﬁ [ T — Tﬁ”z S —(ux u)(A)
2 STETCENS

which gives

infa,BEQ,a;éB ”Toc -1 H2 (.u X “)(A)
2 S xwex oy
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COROLLARY 1. Theorem 1 follows from Theorem 2.

Proof. Take Q={1,...,n} and u as the counting measure. [J

EXAMPLE 1. Let Q:=[0,27] and u be the Lebesgue measure on Q. Define
Ty = (cosa,sinoa), Vo € Q.
Then
27
1)) Pdac= [ (). (cos e sina) e
Q 0

21

:/ (xcosa +ysina)? dot
0
21

= / (x?cos? o0 4 y*sin® o + 2xysin o cos o) d ot
0

=n(x* +y7)
= nl|x V), Vixy) R

Therefore {7y }qeq is a normalized continuous frame for R?. In particular, it is a
normalized continuous Bessel family for R?. We now have

sup  (Tg,Tg) = sup ((cosa,sina), (cos B,sinfB))
a,BeQ,a#p a,fel0.27],0#p
= sup (cosacos P +sinosinfB)
a,fel0.27],a#p
= sup cos(ar— )
a,Bel0,2n],07#B
0 — A
L0 —xw)

i~ uxm)(@xQ\A)

EXAMPLE 2. Let (Q,u) be a measure space. Let # be a reproducing kernel
Hilbert space on € with kernel

K:QxQ—R, K(«pB):=(Kg Ky)=Kg(ax), Vo,BeQ.

Then {Kq }geq is a continuous Parseval frame for .#2(Q, 1) . Let Q; be a measurable
subset of € such that the family {Ky }4c@, is bounded below on Q. Then {Ky }acq,
is a continuous Bessel family for .#?(Q,u). Let A; be the diagonal of Q; x Q;.
Inequality (4) then gives

—(uxu)(Ay)
vl oK Ko 2 G (@ < o) VA
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A remarkable feature of Inequality (4) is that it allows to derive Inequality (5). We
can not do this by using first order continuous Welch bound [11].

Given a measure space (Q, 1) with measurable diagonal and a normalized contin-
uous Bessel family {7y }4ecq for a real Hilbert space .77, we define

M{Ta}ocq) = sup  (Tq,Tp)
a,BeQ,a#p
and
N = inf —15]%
({ta}ac) aﬁégﬂ#ﬁ“fa 3|

Similar to the problem of Grassmannian frames (see [14]), we propose following prob-
lem.

QUESTION 1. Given a measure space (Q, ) with measurable diagonal and a real
Hilbert space .7, find normalized continuous Bessel family {7y }qcq for 7, such
that

M ({To taecq) = Inf{# ({00} acq) : {®a}aecq is a normalized continuous
Bessel family for 57°}. (6)

Equivalently, find normalized continuous Bessel family {7y }qcq for 7, such that

N {Tataca) = sup{V ({0a}acq) : {®a}acq is a normalized continuous
Bessel family for ¢}
Further, for which measure spaces (Q, 1) and real Hilbert spaces 7, solution to (6)

exists?

3. Continuous Rankin bound for Banach spaces

In this section, we derive continuous Rankin bound for Banach spaces. First we
need a notion.

DEFINITION 2. [10] Let (Q, 1) be ameasure space and p € [1,). Let {7y }neca
be a collection in a Banach space 2" and {fy}ncq be a collection in 2™*. The pair
({fotaco,{Ta}acq) is said to be a continuous p-Bessel family for 2" if the following
conditions are satisfied.

(i) Foreach x € 2, the map Q > a — fy(x) € K is measurable.
(ii) Foreach ue £P(Q,u),themap Q> o +— u()t, € 2 is measurable.
(i) The map (continuous analysis operator)
O : X ox—0,c P(Qu); Orx: Q3 a— (0px)(a) := fu(x) €K

is a well-defined bounded linear operator.
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(iv) The map (continuous synthesis operator)

Oc - LP(Q ) > 1t Orut = /u(a)‘ca du(a) e 2
Q
is a well-defined bounded linear operator.

THEOREM 3. (Functional Continuous Rankin Bound) Let (Q, i) be a finite mea-
sure space and ({fo}aco,{Tatacq) be a continuous p-approximate Bessel family for
a real Banach space 2~ satisfying the following.

() fou(te) =1 forall a e Q.
(i) [[fall <L, ||t <1 forall 1 < o€ Q.
(iii) O76;xq > 0.
If the diagonal A:= {(o, @) : o0 € Q} is measurable in the measure space Q x Q, then

—(ux )(8)
ot )2 s @x Ay

Proof. Since u(Q) < e, we have
[ lateplaw < mepy< [ Iallgldinx wep)
(@xQ)\A (@xQ)\A
<(ux)((@xQ)\A) <

Now by using Fubini’s theorem, we get

0</(9f97xg)( /fa O x0)du(a)

—/fa(/m yegdu(p ) /fa</rﬁdu ))du(a)

://fm au(B)du(e) = | fultg)d(ux w)(ep)
Q Q

QxQ

/ % w) (e B) + /fa<rg>d<u><u><a,ﬁ>
A

(QxQ)\A

~ [felmauxpy@py+ [ falig)dux p)(ep)
A

(QxQ)\A
~ (X u)(A)+ / Fo(Tp)d(p x )(at, B)

(QxQ)\A

< (uxu)(A)+ ( sup fa(TB)> (mxp)(QxQ)\A). O
o,BeQ.a#p
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COROLLARY 2. Let {1;}i_; be a collection in a real Banach space 2" and
{fiYi=1 be a collectionin 2™ satisfying the following.

(i) fi(tj))=1forall 1 <j<n.
() Il <1, ||t) <1 forall 1 < j<n.

(i) Ei<jrcnfi(m) 2 0.

Then

max (1) = _—
1<j,k<n,j¢kf’ @) >
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