athematical
nequalities
& Papplications
Volume 28, Number 2 (2025), 307-325 doi:10.7153/mia-2025-28-21

GENERALIZED p-ZBAGANU CONSTANT IN BANACH SPACES

KALLAL PAL* AND SUMIT CHANDOK

(Communicated by S. Varosanec)

Abstract. In this paper, we introduce generalized p-Zbaganu constant and discuss its bounds.
Also, we obtain its relation with the generalized von Neumann-Jordan constant, the generalized
Ptolemy constant, and the modulus of convexity. Furthermore, using generalized p-Zbdganu
constant, we characterize the uniformly non-square and the weak normal structure and obtain
that a Banach space has the fixed point property.

1. Introduction

The study of geometric constants is a quantitative analysis of the geometry of
space, and it also plays an essential role in investigating several other geometrical prob-
lems related to functional analysis. Numerous geometric constants are associated with
Banach spaces. There are innumerable connections among various geometric constants,
and these constants are mathematically beautiful. Many scientists have defined various
specific constants to explore and study some abstract aspects of Banach spaces.

In 1936, Clarkson [4] proposed the concept of convexity modules d4 (&) for de-
scribing uniformly convex spaces. The modulus of convexity measures how far the
middle point of the segment joining two points must be from Sy . Later motivated by
the outstanding work on the characterization of inner product spaces by Jordan and von
Neumann [12], Clarkson [5] defined the von Neumann-Jordan constant Cyy(2Z").

Zbédganu [19] introduced a new constant %,(.2") and conjectured that it coincide
with €yy(Z2") in a normed space. Later, Alonso and Martin [1] provided a counterex-
ample, stating that ény(2") # 6,(Z") in general and they discussed its relationship
with other renowned constants. In 2021, Liu et al. [17] introduced a new geometric
constant %;(A,u,2") in a Banach space 2~ which used to describe the generaliza-
tions of the parallelogram law.

Cui et al. [3] introduced the generalized von Neumann-Jordan constant ¢}, (2")
and discussed its bounds in uniformly non-square Banach spaces. Recently, Ni et al.
[16] introduced the skew generalized von Neumann-Jordan constant €, (A, u, 2") in
Banach spaces.
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The space (£, ||.]|) has the fixed point property if every non-expansive self-
mapping of each nonempty, bounded, closed, convex, subset C of 2" has a fixed point.
According to the result of Kirk [13], the reflexive Banach spaces with normal structure
have the fixed point property.

To check that a given Banach space has normal structure is not an easy task.
Whether or not a Banach space has normal structure depends on the geometry of a unit
sphere. The purpose of this study is to provide sufficient criteria for normal structure in
reflexive Banach spaces, specifically using the generalized p-Zbédganu constant.

Various constants associated with Banach spaces such as the characteristic of con-
vexity & (%), the von Neumann-Jordan constant Cy;(2"), among others have been
useful in providing sufficient conditions for fixed point property or normal structure in
reflexive Banach spaces.

Motivated by these works, we introduce another geometric constant called gener-
alized p-Zbiganu constant (denoted by 67 (A,u, 2")) and discuss its interesting geo-
metric properties in Banach spaces. Also, we provide a characterization of uniformly
non-square Banach spaces using a condition on generalized p-Zbaganu constant.

It is to noting that every uniformly non-square Banach space has the fixed point
property (see [7]). So, one can solve some fixed point problems using generalized
p-Zbdganu constant in Banach spaces.

The article’s structure follows: After the introductory Section 1, we proceed to
Section 2, providing some fundamental definitions, notations and results. Section 3, has
been divided into three subsections. In the first subsection, we introduce the generalized
p-Zbdganu constant 67 (A, u, 2"). We also investigate its bounds in Hilbert spaces. In
the next subsection, we establish its relation with renowned geometric constants viz.
von Neumann-Jordan constant, generalized von Neumann-Jordan constant, generalized
Ptolemy constant, and modulus of convexity. In the last, we use the generalized p-
Zbdganu constant to characterize uniformly non-square Banach spaces. In addition, we
give some necessary conditions for weak normal structure using generalized p-Zbaganu
constant.

2. Preliminaries
The following are some notations and definitions that will be utilized in the subse-

quent sections.
Let 2" be a Banach space and .”»- be a unit sphere of a Banach space 2 .

DEFINITION 1. Let 2" be a Banach space.

(i) 2 is called uniformly non-square [10] if there exists a § > 0 such that x,y €
L9, either

H%(x—i—y)” <l-=dor

‘%(x—y)H <1-6.
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(ii) The James constant [10] _# (%"), is defined as
F(27) = sup{ minlx+ [ [x =y} s x5 € S }.

(iii) The von Neumann-Jordan constant [5] Gy (Z), is defined as

x4 |2+ Jx—y|?
a2 =sop{ LRI e 2 2 00}

(iv) The generalized von Neumann-Jordan constant [3] %ny(2"), is defined as

x+y[|P+ ||x—y||?
a2 —sp{ B e 2 ) 2 0,01,

where 1 < p < oo,

(v) The modulus of convexity [4] 84 (&), is defined as
Sq(€) = inf{l - M XY E Ly |lx—yl = 8} , where €€ 0,2].
(vi) The Zbdganu constant [19] €,(Z") is defined as

I 250 bl .
a2 =s{ el e 2. oy 2 00

(vii) The generalized Zbdganu constant [19] €, (A, u, Z") is defined as, for A,u >0,

_ 2||Ax+ py| [ ux — Ayl
%()L,‘u,,%”) - Sup{ (12-’—‘“2)(”)6“2-,— ||yH2) 'x7y S %,(X,y) 7& (070) :

(viii) The Ptolemy constant [15] is defined as

be—yliwl
Cp(Z):= sup { cx,y,w e Z\{0} 5.
(Z):= S\ Te=wlloT + Iw =TT Oy

(ix) The characteristic of convexity [11] is defined as
&(Z) :=sup{e €[0,2]: 02 () = 0}.

Alonso and Fuster [2] introduced a new constant by using the geometric mean of
the lengths of the non-constant sides of the triangles inscribed in .9 with vertices
—x, x and y. They defined it as

6(2) = sup{V/|x+yllllx =yl :xy €S2}

More about the above-defined constants can be found in Dinarvand [6] and Li et al.
[14].
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DEFINITION 2. Let .# be a subset of a Banach space (2, ||.]|) . A mapping
T:./# — % is called non-expansive if ||Tx— Ty|| < ||x—y| forall x,y € .# .

DEFINITION 3. (see [9]) A non-empty convex and bounded convex subset .# of
a Banach space 2" is said to have normal structure if for every convex subset C of .#
that contains more than one point, there exists a point xo € C such that

sup{lxo —y[| : y € C} <sup{fx—y[: x,y € C}.

DEFINITION 4. (see [9]) A Banach space 2~ is said to have weak normal struc-
ture if each weakly compact convex subset .# of 2~ that contains more than one point
has normal structure.

For a reflexive Banach space, normal structure and weak normal structure coin-
cide.
The following results will be used in the sequel.

LEMMA 1. If x,y >0, 1 < p < oo, then (x+y)? <27~ 1(xP +yP).

If a Banach space does not have weak normal structure, then there exists an in-
scribed hexagon in .2~ with a length of each side arbitrarily closed to 1 and with at
least four sides whose distance to .- are arbitrarily small.

LEMMA 2. [8] Let 2 be a Banach space without weak normal structure, then
forany €, 0 < € < 1, there exist x,y,w in ./ satisfying

(a) y—w=ax with [a—1| <&,
(b) [lx=yl[=1][lw—=(=x) =1 < &; and

© 5L 11255 > 1 —e.
3. Main results
First, we introduce the generalized p-Zbdganu constant and discuss its bounds.
3.1. Generalized p-Zbaganu constant and its bounds
First, we introduce a new geometric constant and its different equivalent forms.

DEFINITION 5. Let (£, ||.||) be a Banach space of dimension at least 2. Then
for A,u >0 and p > 1, the number

1A%+ pyl]” || px — Ay]|”
22773 (A2 4 u2P ) ([|x][2P + [1y[177)

EPA,u, ) ::sup{ X,y € %(x,y)#(O,O)}
(D)

is said to be a generalized p-Zbdganu constant.
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Now, we give another form of 67 (A,u, 2") for x,y € %4 as follows:

[ Ax + pry|[P|| px — Aty|[P
22P=3(A%P 4 p2r)(14-1%P)

%p(k,m%)::sup{ :x7y65’%-,0<t<1}. 2)

For A = u in (1), we define

[+ [P [l = ylIP
227=2(|lx)1% + [y 11%7)

CH (X )=Cr(AA,Z) = sup{

Z

x,ye 2, (x,y) #£ (0,0)}.
(3)

REMARK 1. (a) For p=1 in (1), we get ‘Kzl(/l,,u,%) =€ (A, u, 2, intro-
duced by Liu et al. [17].

(b) In particular, p =1 in (3), we have € (Z') = €.(Z"), introduced by Zbdganu
[19].

We observe that the following is one possible form of €7 (27):

227 |||y ])”
(4177 + = y[77)

<gzl’(,%”):sup{zzp_z :x,ye%,(x,y)#(0,0)}. 4)

Next, we discuss about the lower and upper bounds of the constant 67 (A, u, 2).

PROPOSITION 1. For a Banach space 2, 22,,%2 <€ (A,u,2)<L2.

Proof. First we assume that x # 0, y=0 with A = u = 1. So, we have

[Ax+ pyl||P[| ux — Ayl _ AP uP||x||*r
2273 (AP + p2P) ([|x[12P + ||y[|2P) - 2273 (A2P + wP)||x||2P
)Lp‘up
= 220-3(A2 + u2p)
1
2

So, by taking supremum over x,y € 2" and (x,y) # (0,0), we get

1
A, )= 22
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On the other hand,

[ Ax + py[|P]| x — Ayl[P
22073(A% + u2) (||x )12 + [y [12P)
([[ A2 + pyl PP + |lux = Ay[1*)
T 2% 2273(A%0 4 p2p) (x[|2P + [|y]1%P)
- [l gl 1D+ (el + ALy [1D)?7]
2(A27 + p2P)(||x[2P + [|y[|*)
22” R T 0 I i ([ i o ] )
22 2(A2P + 2P ) ([lx[? + [|y[1*7)
[Using the Lemma 1]

_ 22N AR 4 ) (PP + [IIPP)
22P=2(A20 4 p2P)([|x][2P + [1y[1?P)
=2.

Therefore, 22p > <P (A,u, )< O

For p =1 and using the Remark 1(a), we get the following result.

COROLLARY 1. (see [17]) Fora Banach space X, 1 < €,(A,u, 2) < 2.

Taking A = u in Corollary 1, we have the following result.
COROLLARY 2. For a Banach space 2", 1 < €,(Z") < 2.

EXAMPLE 1. We consider a two-dimensional real sequence space 2~ = (.. with
(p,q) = max{|p|,|q|}. Taking x = (1,1) and y = (1,—1) we have |jx|| =1 and
|lv]| = 1. Now, ||/1x+uy|| A+ and ||ux—Ay|]|=u+A Let, A =pu =2. Then
P —
CL O 2) = stz i = 2
To discuss the bounds of the constant 67 (p,u,.2") in a Hilbert space, we need
the following theorem as a main tool.

THEOREM 1. Let 2 be a real normed linear space, and ||.|| derives from an
inner product. Then

124y |2+ [l px = Ay (PP < (A 4+ )P+ (1A — ) for p > 1,

SJorall x,y € L.
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Proof. Let the norm ||.|| on £~ is induced by an inner product (-,-) and x,y €
9 . Consider

120+ eyl 4 [l = Ay
= {Ax = uy P37 + {llux —Ay[%}”
= (A2[|x]> + [yl + 22 e, ) + (312 + A2 (Iyl[> = 221, 3)”
= (A2 + U 424008 0)P + (U + A% —2A cos B)?,

where cos0 = %, (x,y) # (0,0).

Choose Z(0) := (A% + u? +2Aucos0)? + (u? + A% —2Aucos 0)”. By taking
differentiation, we have

Z'(0) = p(u>+A%4+2Aucos0)P 1 x (—2Ausin6)
+p(u?+ A% —2Aucos0)P 1 x 24 usin@.

=p {(u2+/12 —2Aucosf)P~1 — (u2+)t2+2)tuc056)1’1] X 2Ausin0.

Therefore, the critical values of Z(0), being the roots of %Z'(0) =0, are 0 =k,
(2k+1)% for k=0,4+1,42,....
Again, taking a differentiation, we have

Z"(0) = p[(u2+/12 —2Aucos0)P ' — (u?+ A% +2Aucos 6)1’1} X 2A U cos 0

+p(p—1) {(,u2 + A% —2Apcos0)P 2 + (U + A%+ 22 picos 6)”_2}
x 22%u?sin% 6.
If 6 = 2km, then
A" (2km) = p {(uuﬁ —2ap)P = (u2+12+2w)1’1} X 24U
<0.

If 6 = (2k+ 1)7, then
Z"((2k+ 1)) :p{(,uz-i-/lz-i-Z/l,u)p_l - (u2+x2—uu)l’—l] X (—2Au)

=p[<u2+zz—zw>ﬂl - (u2+7t2+27w)’”] « (2041)
0

N
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If 6 =(2k+1)%, then
(k4 1)5) = plp-1) [uﬂ AR (i ww] %2222

—plp— 1) 2+ 2772 2%
> 0.
Now, max{ % (2kn), %2k + 1)1} = (A + u)?’ + (|A — u|)?”. Therefore,
A+ ol PP + [l = AyIPP < (4 ) 4 (12 — )P for p > 1,
for all x,y € .9 . Hence the result. [
Taking A = u in Theorem 1, we have the following result.

COROLLARY 3. For a norm space 2, ||.|| derives from an inner product if and
only if for all x,y € L9 and p > 1, we have

[Py + e = yl[2P < 227

. A—ul)?r
THEOREM 2. Fora Hilbert space 7, 22[,%2 <EP (A, u, ) < l—l—%,

where x,y € L.

Proof. For p > 1, using (1) and Theorem 1, we have

1A+ pylPllwx—AyllP _ [[Ax py]PP+ flpx— Ay
220=3(A20 + p2P)(|Ix[|2P + [[y[[2P) = 2% 22073(A20 + ) ([[x[122 + [ly]|%7)
(A +p)* + (|4 —p[)*”
=220 2(A% - p2p ) ([Ix]2P + [1y]1PP)
2132 4 4i%) 1 (12— )
S22 2(A% 4 ) (14-1)
(|2 —p))?
22p71()L2p +“2p) :

By taking the supremum over x,y € .%», we get

(1A —u|)*r

14 7
0 A) < o

Also, by Proposition 1, 22,%2 < €Y (A,u, ). Therefore,
1 (1A —u))?
- P _ AR
252 S G ) S 1+ 22p=1(A2p 4 u2p)’

Taking A = u in Theorem 2, we have
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COROLLARY 4. For a Hilbert space 3, 22],%2 < 6P () < 1, where x,y €
L.

REMARK 2. It is easy to see that, for x,y € Sy in Hilbert space 7, 0 <
lim €7 () < 1.
p—ee

EXAMPLE 2. Consider a two-dimensional real sequence space .7 = ¢, with (p,q)

= /|p|?+1q|?. Taking x = (1,2) and y = (1,0) we have ||x|| = /5 and ||y|| = 1.
Now, |[x+y| = /8 and ||x—y|| =2. Then,

e+yllPle—yll? 88 x2r  4x2f
22p=2(|lx[?P + [ly[PP) - 22P72(5P 1) P AL

Then %Zp(,%”)<¥<l.

3.2. Relationship with other geometric constants

In this section, we discuss the relationship of 67 (A,u, 2") with other renowned
geometric constants.

First, we provide a relation of 47 (A,u,2’) with constants like 47,(2") and
().

PROPOSITION 2. For a Banach space %,

_ P
w2 <2 &‘2‘3%2,;"” w2

. 221 [(u;mfﬁ <(Il2u>>2’7]

(W2 )

(724

Z

).

Proof. Consider

x| e — 2]
207302+ u20) (6P + [ ]P?)

A A— —A A
B+ S 1P ) + )

20322 & u20) (x| + vI)

X A= Pria- A r
_ (B l+ B2l (A2 + 452 - 1)
) 27302+ u2) (K7 + )

<2 [(S2) e+ (252 -

20 (B e+ (252) = w)117]
2203 (22 1 ) (x| + [P

X
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_ p
Zzp_z{ (WA) e+ 2127+ 1= )17

()" ()

+

II(X+y)”(x—y)||”}

2273 (AP + ) (|31 + [Iy11F)

(4p-3) ([ A+ ([A—u|) p
b= (Bt e e y)

203 (A ) 20 ([1x])PP A [lylPP)

zr KM) & <M5“D>2p] L+ DIl

X
271 (A% + u?P) 227=2(|lxl1?P + 111177

22p-1 {(MQLM))”-F <M>2P]

(A2P 4 p2r)

(A + ) (A —u))" 2
(A2 per) N

(2)+

).

Therefore,

CP(A,u,2)

(52" (5)"]

(W2 2]

N (R D))

(/121’+u21’) NJ(%)"F

er(x). O

For p =1 and using Remark 1(a), we have

COROLLARY 5. For a Banach space 2,

<z+u>>2+ ((A;u|)>2]
(ACS
202+ ) ey
(A +u)|A — 4|

1
= W%NJ(%)‘F E%Z(,%”)

A A—
- %w%)%(%).

(A+p)A—pl

C(A,u27) < G 2)+ K

THEOREM 3. For a Banach space X,

222 20— AP

2p
%”()L,H,%)Sm NJ( ) m'
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Proof. Consider

ok Pt — Al
25332 1 a2 (WP + [ TPP)
(A4 ]+ e — Ay]122)
S Tx 2302 1 @2 (PP + )
RGP+ (= A A=) D)
202020 4 20 (5 1 [y)
< GG+ =211+ (1= Al + A= 1))
202220 1 2 ([P 1 [y |7)
A2 (e 3)[122 4+ [ — APPIYIZP) + (1t — AP x|+ A22]1x — y)122)
2222 & 2 (PP 1 [ )
AP IR+ = yIPP) + = AR + )
T2 ¢ 02 (2 1 1)
A% )P ey 2u— AP
= Gy (P ) T (A )
22p ) 2p 2w 2u— A%
S G ) )T ey

< 22p—1 X

2py2p —A12P
Therefore, €7 (A, u, Z) < %%ﬁﬁ%)—k% O

Now, we introduce a generalized version of the Ptolemy constant and the con-
stant 65(2"). Also, we find the lower and upper bound of €7 (A,u, 2") using the
generalized Ptolemy constant.

DEFINITION 6. For a Banach space 2", the real number

CL(Z):= sup { e =P lw” :x,y,wG%\{O}}
7 stvow LU =wlPIy P+ [lw—y[P[x]|7)

is called a generalized Ptolemy constant.
THEOREM 4. For a Banach space 2", €5,(2") > €" ().

Proof. 1f x,y € & and w =x+y, then

[l =YlI7[lw]” B e 0 R ¥ Y
- P .
(e =wllPlly [P+ lw=ylIPlxlP) - e+ llyli2e) = 2272 (]2 + [l ]127)

Therefore, ¢,(27) > ¢ (2). O

Consider the following parametrization of the constant 65 (.2"): for A,u >0

G, ) = sup{y/Tx+ il PIAx— P s x,y € S}, 5)
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REMARK 3. For A =1 and p =1 we get, Cﬁé(Lu,%) =%c(u,Z), given by
[15]. Also, €L(1,1,2°) =66(X"), given by [2].

oP 9"\12
THEOREM 5. For a Banach space 2, €7 (A, u, ) > %.

Proof. Given x,y € .9 and A,u > 0, we have
[[Ax+ pyl|P || px — Ay[|?
CPOp, X) >
L) 2> 53 et w2 (WP + [ P)

_ [[Ax A+ py||P[| px — Ay]|?
- 22p—2(/12p + ‘Lsz) )

Hence, 67 (A, u, 2°) > [0 01 2))”

= 22p72(1’2p+u2p) . D

THEOREM 6. For a Banach space X,

%”f(%))sup{[g(l;g—gﬁgg))}pﬁgegZ}.

Proof. Suppose that there exist x,y € .2, such that ||x —y|| = €. Consider

[+ [P llx = yl|”
L) >
¢ 227=2(||x[|2P + [|y]12P)
x4 y||Pe?

2221 41)
On simplifying, we get

21l (X))

= eyl

Hence

2p—1cpp 1
el et
2 2¢
From the definition of 84 (€), we have

==

21l (2)]

g >1-—
6[(8)/1 e

It implies that
221G (2) > [2e(1 - (€))7

Therefore,

Tra— ©)

Hence the result. [
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COROLLARY 6. For a Banach space 2", €7 (X)) > €(Z).

Proof. Inequality (6) holds for any € € [0,2]. It suffices to take in particular € =
8()(%). O

REMARK 4. For a given Banach space (Z,||.
the function ¢4 (€) :[0,2] — [0,2] given by

[e(1—84(€))]"
2(p—1) '

), Theorem 6 suggests us to study

P (€)=

When % is a Hilbert space, then 8y (€) = Y25 V24_82. Therefore, we have

[e(1 =82 (€)))F
2(p=1)

(o)

()

22p—1

O (€)=

It is easy to see that the function ¢ attains its maximum at € = /2, and that q)(ﬁ) =1.
This result indicates that the constant ¢ (2") has attained the maximum value of 1 in
a Hilbert space.

By restricting € € (1,2], we discuss the positivity of the modulus of convexity
with certain conditions using 67 (A, u, 2") constant. In addition, we examine the rela-
tionship between the modulus of convexity and 67 (A,u, 27).

THEOREM 7. 84 (€) > 0, for a Banach space X~ with

(A +u)pr(e— 1)

Z

where 1 <p<eo, A > u, and € € (1,2].

Proof. Suppose 84 (&) = 0, then there exist x,,y, € So such that ||x, —y,|| =€
forall n € N, lim ||x, 4+ y,|| =2 and x, — x, y, — y. Consider
N—oo

[ A%n 4yl = (|4 (0 +yn) — (2 = )ya]|
2 Allxn+yall = (4 = )|yl
=2A—(A—n)
=A+u,
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and
(|43 = Aynll = [|(A + 1) (X0 = Yn) + Uyn — Ax|
= (A A+ ) llxn = ynll = llynll — A2l
=A+ue—u—=~a
— (A+u)(e—1).

Further, we have

(A+w)PEe—1r  A+pwP[A+u)(e—1]

22-2(A2 4 ) 22p=2(A20 4 u2p)
P —_ P
< lim inf - ”3&3("2""“}’;“ ||,Lan2 AYn|| -
n—ee " 2273 (AP 4 PP ([|xa |27+ [|yal[?P)
. 2P| Axn + oy || uxn — Ayal|”
<1
e P 22023 (20 120) ([l 27 + [y 27)
=CP . )
(A +p)pPrie = 1)r
2217_2(},2174-“217) ’

which is absurd. Hence the result. [

THEOREM 8. For a Banach space 4,

A -2 — 2089 14
P, 2) > +“><822p_;&;jt_uzp) (@)

where A > U, and € € (1,2].
Proof. Suppose that there exist x,y € .%2-, such that ||x —y|| = €. Consider

[[px = Ayl = [[(A + p) (x = y) + uy — Ax]|
Z (A +w)llx =yl = ml[y[l = Allx]
=A+tuwe—u—»~
=A+u)(e—1).

By using definition, we get

[[Ax + py||P]| px — Ayl
CP (Ao, Z) >
LRI Z) 2 Gy w2y (WP + )
o 4yl = o= w2+ p) (e = D)
T 223 ) ([lx)12P + Y]1%P)
Allx 4yl = (A=W lyDPIA +p)(e = 1)]P
2217_2(},217 + ‘Lsz) .

>
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On simplifying, we have

==

(—m) . (227726 (A, 1, 2) (AP + u?P)]

> .
7 AL+ )1 > x4yl
Hence
ol =) PR G 2) R )
2 7 22 2AA+u)(e—1) ’

From the definition of 84 (€), we have

+i B [221?72%17()‘7“’&V)()sz_i_‘ugp)ﬁ

1
dx (&) 25 +9; 2.(A+u)(e—1)

It implies that
202G (A, V(A2 4 12P) 2 (A + )6 — DA+ 1 — 2485 (€))7

Therefore,

[(A+p)(e 1A +n—2482())]”

P
ng (A, 27) = 22p72()L2p+‘u21’)

O

Taking A = u in the Theorem 8, we have

COROLLARY 7. For a Banach space 2,

CPX) = (e —1)(1—84-(€))]P, where € € (1,2].

Z

3.3. Uniformly non-square and normal structure
In this section, first, we characterize a uniformly non-square space in terms of the

generalized p-Zbdganu constant.

THEOREM 9. A Banach space 2~ with

GA—w)"(A+w?

P
GO ) < S

for some A,u >0, is uniformly non-square.

Proof. Without loss of generality, let u > A . Suppose 2" is not a uniformly non-
square space. For all 0 < & < A2, there exist x,y € .#y-, such that both |x+y|| and
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||x — yl| is strictly greater than 2 — Now, for x,y € ./, we have

_€_
anr
x4y = 1A Ge+3) + (u—A)y]
> A+l = (=)l
€
=i (2= gm) ~ -2
&

and

[ux = Ay[| = [|u(x —y) + (1 —2A)y — Ax]|
> ullx =yl = (u=2A)yl
€
=i (2= gm) (=4
ep

So, [|Ax+ uy||P|jux—Ay||P = (B4 —u—5)" ()L +u— %)p. Since € is arbitrarily
small, ||Ax+ wy||P||ux—Ay||? = (3A — u)? (A +u)?. Therefore,

ox+ sy P Jax— Ayl (32— )" (Bt )"

%
A, u,2) 2 2020+ ) C 22 2(A% 4 p2p)

which is a contradiction to the given assumption. Hence the result. [

It is important to note that every uniformly non-square Banach space has the fixed
point property [7]. Thus, we conclude the following corollary.

BA—w)P(A+u)P

COROLLARY 8. If 2 is a Banach space with €¥ (A, u, 2") < pRTyer

Sfor some A, >0, then Z has the fixed point property.

As every uniformly non-square Banach space is super-reflexive (see [18]), we have
the following result.

COROLLARY 9. If €F(A,u, 2) < %, then 2 is a super-reflexive

Banach space.

Taking A = u in the Theorem 9, we obtain the following result.

THEOREM 10. A Banach space X with €7 (2°) < 2 is uniformly non-square.

Now, we discuss normal structure of Banach spaces in terms of 67 (2").
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2(2p+2)

37 has normal structure.

THEOREM 11. A Banach space X" with ¢7(2) <

w2) L. .
Proof. Assume that €7 (27) < % is in a Banach space 2. Since 67 (2") <

2p+2 . . . .
21( +’3+2p) < 2, using Theorem 10, 2" is uniformly non-square and so reflexive. In a

reflexive Banach space, normal structure and weak normal structure are equivalent. To
prove that 2" has normal structure, we assume on contrary.

If possible, suppose that 2" has not normal structure. Using the Lemma 2 with
a =1, substitute u = 1(w+y) and v=x+ 1(y —w) = 3x in the definition of €7, we

have
i+ vl — v
CP(X) >
()2 2 uPr o)
o7l —
222 [ 35]P7)
(2—2¢)%
202 (1+ 3))

Letting € — 0T we obtain

2%

)> 2p—2 3\2
22072 (14 (3)%P)
2(2p+2)

S 143

(X

Z

which is a contradiction. [

THEOREM 12. A Banach space 2" with

2u—2)" (A +mu)"
22p—2()t2p+ “217) ’

GPAu,2) <

Z

for some A,y >0, has weak normal structure.

Proof. Let 2" be a Banach space without weak normal structure. So, using the
Lemma 2, we have

[Ax+ uyl| = [|A (x+y) = (A — )yl
Z Allx+yl = (A =wllyll
—A@2-26)~ (A-p)
=A+u-—2Ar¢,
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and

[[ux — Ayl = [[Ay — px]|
= [[Ay+uy — uy — ux|
= [[Ay+ulax+w)—puy— px||
= [[u(w—x)+ (A — u)y+ pax||
2 n(2—2¢e)— (A —p+pa)
=u(2-2)-A—(a—1u
>(2u—A)—2e—8u.

So, [|[Ax+ uy||P|lux—Ay||P = (A +u—2Ae)” (2u—A)—2e—¢eu)’. Since ¢ is ar-
bitrarily small, ||Ax-+ uyl||?||ux —Ay[|P = (A +u)” (2u — A)”. Therefore,

[ Ax+ py|| | e — Ayl|”
22p—2(12p+‘u'2p)

2u—2)" (A +mu)"

22p—2()t2p+‘u2p) ’

PAu2) >

which is a contradiction to the given assumption. Hence the result. [

4. Conclusion

In conclusion, the paper presents the generalized p-Zbdganu constant 67 (A, u, 2")
in Banach space 2°. We obtain its bound in Banach and Hilbert spaces. Also, we
explore the relationship of the generalized p-Zbdganu constant with other renowned
geometric constants.

We have the following open question from our observation:

Is it possible to determine the characterisation of the inner product utilising the
constant 67 (A, u, Z°)

Which other geometric constants are more closely related to 67 (A,u, 2) than
those mentioned in the study?
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