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SOME ASPECTS OF NEW SKEW GEOMETRIC
CONSTANTS IN BANACH SPACES
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(Communicated by S. Varosanec)

Abstract. In this paper, two new skew geometric constants are introduced. These constants are
used to characterize Hilbert spaces. Some basic properties of these constants in Banach spaces
are derived, and the values of the constants in specific spaces are calculated. On this basis,
the relationships between the new geometric constants and other famous constants are studied.
Finally, based on these identities, the relationship between the new geometric constants and the
geometric properties in Banach spaces is discussed, such as uniform non-square and normal
structure.

1. Introduction

It is well known to all that the geometric theory of Banach spaces plays an im-
portant role in functional analysis. This theory has been fully developed, and many
scholars have defined some special constants to study some abstract properties of Ba-
nach spaces. For example, Clarkson introduced the concept of convexity modules to
describe uniformly convex spaces [13], and the von Neumann constant to describe inner
product spaces and uniform non-square spaces [4]. We also mention the von Neumann-
Jordan constant Cy;(X), and the James constant J(X) defined by Gao and Lau [8].
After the appearance of these constants, many others were introduced. For more pa-
pers on geometric constants, refer to [1,7, 14, 15,17, 18,20]. These constants become a
simple and intuitive tool to quantify the properties of a given Banach space.

In inner product spaces, there are various concepts of orthogonality that result to be
equivalent to the traditional orthogonality relation. For example, James [10] introduced
isosceles orthogonality stating that x |; y if and only if ||x+y|| =[x —y||. Roberts
[16] introduced his concept of orthogonality: x L gy if and only if V¢ € R, ||x+ty|| =
[lx =2yl

In recent years, the orthogonal geometric constants have been extended by sev-
eral scholars. Inspired by the above two orthogonality relationships, we propose new
geometric constants A,_g(X) and A/ _ B(X ) by incorporating a special skew orthog-
onality relationship. They are an important tool for studying Banach spaces. These
new constants aim to more accurately characterize the spatial structure from various
perspectives.
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In Section 2, as a preparation, lists some classical studies and their conclusions.

In Section 3, we introduce the constant Aa,B(X ). Simultaneously, we discuss
some basic properties it possesses, such as its range, how to characterize Hilbert spaces,
and comparisons with other classic constants. Furthermore, we presented some exam-
ples in specific spaces and provided results related to uniform non-square and normal
structure.

In Section 4, we introduce the constant A7, B(X ) by examining the influence of
isosceles orthogonality on the previously defined constant A,,_g(X). We also discuss
its range, how to characterize Hilbert spaces, and compare it with the James constant.
Finally, we demonstrate through a counterexample that the constants A/a, B(X ) and

Ay—p(X) are generally different.

2. Preliminaries

Throughout the article, X will denote a real Banach space and X* will denote the
dual of X; By ={xe€ X :|jx]| <1} and Sx = {x € X : ||x|| = 1} will denote the unit
ball and the unit sphere of X, respectively. We will assume that the dimension of X is
at least 2. Now, we recall the notion of some well-known constants in Banach spaces.

The James non-square constant of a Banach space X was introduced by Gao can
be used to characterize uniformly non-square spaces.

DEFINITION 1. [8] Let X be a Banach space, the James constant is defined as
J(X) = sup{min{|lx+y||, [|x = y[|} : x,y € Sx}.

We have collected some common conclusions as follows that

(1) V2 <J(X) <2.If X is a Hilbert space, then J(X) = /2.

(2) J(X) = sup {min{|lx+ y]|, Jlx— y||} : x, € Bx}.

(3) X is uniformly non-square if and only if J(X) < 2.

(4) J(X) =sup{J(Y) : Y is a subspace of X, dimY =2}.

We need to point out that a Banach space satisfies J(X) = /2 if and only if X is
a Hilbert space, only holds in the Banach space of dimX > 3 [12].

The von Neumann-Jordan constant Cy;(X) was defined in 1937 by Clarkson as

DEFINITION 2. [4] Let X be a Banach space, the von-Neumann constant and
the modified von-Neumann constant are defined as

Ix+ )12+ [lx — yl|?
1x,y €X,(x,y) #(0,0) ¢,
2([|xI12+ Iy l1*)

Cvy(X) = SUP{

and

2 2
C}VJ(X):sup{x+y|| :Hx i :x,yGSx}.
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It has the following well-known conclusions that

(1) 1 < Cyy(X) < 2 for all Banach spaces X, X is a Hilbert space if and only if
Cny(X)=1.

(2) X is uniformly non-square if and only if Cyy(X) < 2.

QIfFX< 1+2—‘/§ , then X has normal structure.

The modulus of convexity introduced by Clarkson as

DEFINITION 3. [5] Let X be a Banach space, the modulus of convexity is defined

N

Sx (&) :inf{l—H)% £<2.

1x,y € Sy, ||x =V 28}7 0

In addition, M. Baronti, E. Casini and P.L. Papini [2] introduced the constant
Ay(X).

DEFINITION 4. Let X be a Banach space, A»(X) is defined as

Ay (X) :sup{—||x+y;”x_y :x,yeSx}.

The geometric constant A, (X) in Banach spaces satisfies:

(1) 1 <A (X) <2.

(2) If X is a Hilbert space, then A5(X) = /2.

(3) X is uniformly non-square if and only if A, (X) < 2.

The above famous constants help to understand some of the geometric properties
of Banach spaces such as uniformly non-square and uniform normal structure. We
recall now some important properties of Banach spaces.

DEFINITION 5. [11] A Banach space X is called uniformly non-square if there
exists 0 € (0, 1) such that for any x,y € Sx, then

[[x+ | flx—yll
M ey —sor X g s,
2 o

DEFINITION 6. [3] A Banach space X is said to have a (weak) normal structure,
if for every (weakly compact) closed bounded convex subset K of X containing more
than one point, there exists a point xo € K such that

sup{[lxo — [l :y € K} <sup{[lx—y|[:x,y € K}.

Moreover, a Banach space X is said to have uniform normal structure, if there
exists 0 < ¢ < 1 such that for any closed bounded convex subset K of X containing
more than one point, there exists a point xy € K such that

sup{|lxo — [ :y € K} <esup{[x—y[:x,y € K}.

For a reflexive Banach spaces X, normal structure and weak normal structure
coincide.
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3. The constant A, g(X)

In this section, inspired by Roberts orthogonality, we consider the following con-
stant: let o, 8 > 0,

ox + +|px—
Au_p(X) = sup { lox + By . 1Bx— oyl :x’yGSX}.

To better understand the geometric picture, see Figure 1.
—ay

Bx—ay,

P By

§ax+ By
Figure 1: x,y vector diagram of fixed parameters o and 3.

Next, we compute the value of the constant A,,_g(X) in a Hilbert space, and based
on this, we give the upper and lower bounds of the constant A,,_g(X).

PROPOSITION 1. If X is a Hilbert space, then for all o, >0, we have A,_g(X)

=oa?+p2.
Proof. Since X is a Hilbert space, then for any x,y € Sx and o, 8 > 0, we have

o+ Byl + [ Bx— o]

2
Vot By + VBx— ol
2
VPP + B+ 20B () + VIR T o2 b7 — 2B ()

2

where the supremum is attained for x 1 y. Therefore, by taking x¢,yo € Sx such that
XOJ—YO,WegetAa_ﬁ(X): a2+ﬁ2' O

PROPOSITION 2. Let X be an infinite dimensional Banach space. Then

\Y% a2+BZ<Aafﬁ(X) <a+p.



SOME ASPECTS OF NEW SKEW GEOMETRIC CONSTANTS IN BANACH SPACES 331

Proof. First, according to Dvoretzki’s theorem [9] (see Theorem 10.43 of the ref-
erence), given € > 0, if the dimension of X is large enough (in particular, if dim(X) =
oo ), then there exists a subspace Y of X, with dim(Y) = 2, such that

Aq p(V)— Vo2 + P <,

which implies that

Ag p(Y) = a?+ B2

[[ox + Byl + [[Bx— oy
2

On the other hand,

<a+p,

as desired. [

Now, we will compute the values of the constant A,_g(X) for some specific
spaces.

EXAMPLE 1. Let X = (R?,||-[|-), then Ay p(X) = o+ .
Let x=(1,1), y=(—1,1) satisfying x,y € Sy . We have

[ ox+ Bylleo = [|Bx — 0ty = 0t + B.

Thus,
[+ Bylleo + || Bx — 0y

5 =a+p.

EXAMPLE 2. Let X =R?, o > B, and assign the following l.. — [; norm

[[x]l1, x1%2 <O,
x|l = X1,X -
[ H H( L 2)H {ono, x1x2 2 0.

Thanks to Krein-Milman theorem, we only need to consider extremal points. We
may assume without loss of generality that x = (a,b), y = (c,d) € ext(By). We
consider a,c > 0, b,d < 0. (In the other cases, the discussion is similar). Since
x,y € Sx,wehave a—b=1and c—d = 1. Then |jox+ By|| = a+f, ||fx—ay| =
|(Ba— ac,Ba—ac—B+a).

Case 1: Ba— ac>0. We have

IIaX+ﬁyII;L\\ﬁx—ay\\ <oadt

)

B
2

Case2: Ba—oc— B+ o <0. We have

Jocv+ Byl + |Bx — ayl] _ +B-+ e~ pa
2 2
p

<O¢—|—§.
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Case 3: Ba—ac<0, fa—oc— P+ a >0, we have

locx+ Byl + [1Bx— eyl _

3 o.
To sum up, for any x,y € ext(By), we have
lox+ Byl +11Bx—ayll B
2 2
On the other hand, for x = (1,1), y = (—1,0), we have
locx + Byll + 1Bx— oyl _ . B
2 2
Thus,
o B
O‘*B(X) =o+ E

REMARK 1. In Example 2, we chose the /.. —I; norm to demonstrate that the
constants A,_g(X) and A7 ﬁ(X ) (see Section 4) are generally not equal.

After having obtained upper and lower bounds for A,,_g(X) and having computed
the constant A,_g(X) in some specific space, we further analyse the relation between
the constant A,_g(X) and other famous constants such as J(X), Cys(X), Cy;(X),
AQ(X) s 5)((8) .

THEOREM 1. Let X be a Banach space. Then

max{or, B}J(X) — ot — Bl < Ag_p(X) < 5J(X) +1+[1— | + |1 BI.

1
2
Proof. For x,y € Sx and o, > 0, we have

omin{{|x+y[[, [|x = y|[} = min{[[ex + ay], [ ox — ey ||}
< min{ || ox + Byl + |oc— B, || Bx — ay|| + [ — B}
= min{|[ox+ By, [ Bx— ey} +[a—B|

_ llox+ Byl +[1Bx— |
= 2

+‘Oﬂ—ﬁ|7
and

B min{|[x+yl, [lx = y[|} = min{|| Bx+ Byl [|Bx— Byll}
< min{[|ax+ Byl +[o— B, [|Bx— ay|| +[a— B[}
= min{|[ox + By [|Bx — ay|[} + o — B]

< [|oex + Byl + [|Bx — oy |
= 2

+la—Bl.
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This shows that max{o, B}J(X) — |a— B <Aq_p(X).
On the other hand, we have

o+ Byl + [1Bx— ol _ ||x+yH+||x—yHJr
2 = 2
J(X
=%+1+|1—a|+|1—ﬁ|,

[1—o|+[1-B

as desired. [

In the following Remark 2, we only consider Banach spaces X with dimX > 3.

REMARK 2. In Proposition 1, we stated that for Hilbert spaces, it holds A,_g(X)

= /o2 + 2. Let us assume now that A,_pg(X) = \/o® 4+ B2. According to Theo-

rem 1, we have
2 2 _
sy < VE B +la—p)
max{o, B}
We know that when J(X) = V2, the space X is a Hilbert space [12]. Thus, if

Va2 + B2+ |a—p <2

max{a, B} =

we have J(X) = /2. In this way, we might deduce that X is a Hilbert space by means
of some lower bound for the constant A,_g(X) and some constraints on & and 3. In
fact, set

o2 + B2+ o —pj
max{c, B} —V2

Assuming o > [ without losing generality, we will simply obtain

v 2ap+|a—B|
.

Z(a,B) =
VPPl

max{a,[} =

The function Z(o, B) attains its minimum value of 0 only when ot = f3.

O
R
i
R
TR

\\\\%\\m
[
e

Figure 2: Plots of Y% HoBl -

max{c,B} \/z

\
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Figure 2 provides a more intuitive geometric image, we plot Z as a function of o
and 3.

According to the figure, it is also not difficult to see that when the parameters o, 3
are equal, we have that Z(a, ) =0, then J(X) = /2, and we infer that X is a Hilbert
space; if oo # B, then Z(a, ) > 0, we cannot infer that X is a Hilbert space.

Now, from Theorem 1 and the fact that X is uniformly non-square if and only if
J(X) <2, we get a simple corollary.

COROLLARY 1. Let X be a Banach space. Then the following three conditions
are equivalent:

(1) X is uniformly non-square.

(2) Forall o, > 1, we have A, _g(X) < oc+f3.

(3) There exist o, > 1 such that A,_g(X) < ot +f.

S. Dhompongsa, A. Kaewkhao and S. Tasena [6] introduced the following lemma.
We will use this lemma to discuss the relationship between A, _g(X) and the uniform
normal structure.

LEMMA 1. Let X be a Banach space. If J(X) < HT‘[S, then X has uniform
normal structure.

COROLLARY 2. For any non-trivial Banach space X and for any o, 3 >0, if

(1+f>

Ag-p(X) < max{o, B} —|o— B,

then X has uniform normal structure.

Proof. The proof is obtained combining Theorem | and Lemma 1. [J

Now, we will compare the constant A,_g(X) with other well-known constants
suchas Cyy(X),Cy;(X),A2(X),0x (€) in turn. First, we introduce the following lemma
to compare the constant A,,_g(X) and Cy;(X).

LEMMA 2. [19] Let X be a Banach space. Then

J(X)?
Cny(X) <1+ (4) .

PROPOSITION 3. Let X be a Banach space. Then

B 2
Cvy(X) <1+ (Aa_zﬁn(é:{—;%} ﬁ|> )

Proof. Apply Lemma 2 and Theorem 1, it’s easy to get this result. [
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THEOREM 2. Let X be a Banach space. Then

max{a, B}Cy;(X) — o — B|
ngc—B(X)

< \/zmax{aaﬁz}cgw(x) +2v2max{c, B} — Bly/Clyy (X) + ot — BI2.

Proof. For any x,y € Sy, we have

(ax+By + IIBx—ay||)2

2
 llox+ Byl +[|Bx — oyl?

= 2

 (alx 4yl +la—BllIyl)* + (aflx =y + o — Bl [1x]])?
= 2

< 202Ch;(X) +2V2ao— Bly/Chyy (X) + o — BI*.

Similarly, the following inequality holds:

(IIax+[3y|| - ﬁx—ay>2
2

<2B7Chy(X) +2v2BJot— Bl /Chy (X) + o — B,
On the other hand, since Cj;(X) <J(X) and combining Theorem 1, we can obtain that

Aa,B(X)-f— |OC—B‘
max{c,B}

Cry(X) <

as desired. [

Next, we will compare the constant A,,_g(X) with the constant A>(X). We first
prove the following lemma.

LEMMA 3. (1) The function f(t) = ||x+ty| + |[tx —y|| is a convex function of t
on R.

(2) The function g(t) = |[tx+y|| + ||x —ty|| is a convex function of t on R.

Proof. (1) Let 11,5 € R, A € (0,1), we have

[+ (An+ (1= A)n)yl + [[(An + (1= A)i2) x—y|
<A (e+ayl+ llnx=yl) + (1= A4) (x +o2y[l + [[2x = yll)

which implies that
SAn+1=A)) <Af(n)+(1—2A)f(n).
(2) Obviously. U
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PROPOSITION 4. Let X be a Banach space. Then

Aafﬁ(X) Aocfﬁ(X)
minfa B}~ )2 faxa By

Proof. Consider the function f: R — R defined as
J@) =llx+oyll + llex =yl
Then for any x,y € Sy, we have
JO) =lx[[+ Iyl =2

and

JO) =f=0) =[x 4yl +lx =yl =2.
Combined with Lemma 3, f(¢) is a convex function, then f (g) > f(1) for g > 1 and
f(ﬁ) < f(1) for g < 1. Using the same technique, we also have g(%) > g(1) for

o

%Zlandg(%)gg(l) for%gl.

Hence, for any x,y € Sy and 8 > o, we obtain that

o+ Gyl + 1 52—  x+ll+ =]
20 - 2 '

In addition, we can also obtain that

Bl gx+yll+1x—FyI) < eyl b=yl
2B h 2 ’
Thus A ¥ A ¥
a—p( )>A2(x)> a—p( ).
o B

Similarly, for any x,y € Sy and 8 < o, we have

Aa—ﬁ(X) > Ay S Ag- (X)

In summary, we have

Aa*ﬁ(x)

Ag-p(X)
m >A2(X) >

~ max{a,B}’ =

Finally, we compare the constant A,,_g(X) with the modulus of convexity.

PROPOSITION 5. Let X be a Banach space. Then

max{a, B} (e —20x(¢€))
2

AaB(X)gmax{ocﬁ}—i—sup{ ;86[0,2]}+a—ﬁ|.
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Proof. Taking x € Sy, if y € Sx and [x—y| = ¢, then 2L < 1- 8y (e). Sowe
obtain, for any y € Sy,
locx + Byl + [|Bx — ay|
2
o (ol +yll o= BIlIyID) + (erllx = yll + o = BI[Ix]])
- 2
< Allx i+ lx =yl
= 2
. o(e+2(1—0x(¢)))
= 2
By taking the supremum for x,y € Sy, we have

Ag—p(X) < sup{a(€+2(12_ X)), [072}}+ oo — B

o(e—20x(¢g))
2

+lo— Bl

+lo—Bl.

:oc—i—sup{ ;86[0,2]}+0¢—B.

Similarly, the following inequality holds:

B(e—26x(e))

Aa—ﬁ(x)<ﬁ+sup{ 5

;€€ [0,2]}+a—B.

Hence we have the thesis. [
Now, we shall give an estimate concerning the difference in the values of the con-
stant A;,_g(X) on X and A,_g(X*) on X*.

THEOREM 3. Let X be a Banach space. Then
2 p(X) = (a+B) < Ag_p (X*) <244 p(x)—|a—Bl.
Proof. First, according to the definition of A,_g(X), for any € > 0, there exist
x,y € Sy such that

[[ox+ Byl + [|Bx — ey ||
2
In addition, according to Hahn-Banach theorem, there exist f,g € Sx+ such that

flax+By) = [lox+Byll, g(Bx—ay)=|Bx—oayl.

+e> A, pg(X).

Then, we have
Agp (X*) = min{||laf + Bgl,|Bf — agl}

= |lof + Bgl| + ||Bf — agl| — max{||af + Bgll, |Bf — agl}
> |laf +Bgll+I1Bf—oagl| — (a+B)
> (af +Bg)(x)+ (Bf — ag)(y) — (+B)
= flax+By)+g(Bx—ay) — (a+pB)
= |lax+ Byl +||Bx— oyl — (a+B)
>2A,_pg(X)—2e—(a+P).
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Let € — 0, we get
Ao (X7) 2 245 5(X)— (c+B).
On the other hand, let u,v € Sy« , then for any € > 0, there exist x,y € Sy such that
(qu+PBv)(x) > |lou+Bv|| —&, (Bu—ov)(y) > ||[Bu—oav| —e.
Thus,

o+ By][ + || Bu — av|
2

< max{|| o+ B[], [|Bu—av][}

= [Jau+ By + [|Bu— ov|| — min{|| o + Bv]|, || Bu — av]|}
< |lau+ Bl + || Bu—ov| —|o— B

< (ou+pv)(x)+ (Bu—av)(y) +2e—|o— ]
=u(ox+ By) +v(Bx—oy) +2e—|o — B

[[ox+ Byl + [|Bx — || +2& — | — B

<
<244 p(X)+2e—|o—Bl.
Let € — 0, we get

Ay (X*) <2Aa—ﬁ(x)_ |Ol—ﬁ|. O

4. The constant A|,_;(X)

Taking into account the impact of orthogonality on the constant A,_g(X), we
impose a condition where x and y adhere to the principle of isosceles orthogonality.
This leads us to introduce the following new constant: let ¢, § >0, dimX > 3,

(04 —
Aix_ﬁ(X):sup{ x—i—ByH;—HBX il :x,yESx,xJ_Iy}.

REMARK 3. Since

J(X) = sup{min{|lx+y||, [|x = y[|} :x,y € Sx,x Ly}
= sup{Hx—i—yH X,y € Svaj-Iy}7
= sup{min{|lx+y|[, [lx = y[[} : x,y € Sx}.

If A} (X) = /2, we can infer that

sup{min{|lx+y[l, [lx—y[|}: x,y € Sx,x L y}

< sup {21 et

> :x,yESx,xJ_Iy}

<V2,

which implies J(X) = v/2. Hence X is a Hilbert space (see page 328).
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REMARK 4. It is easy to get that
Ay-p(X) =Ap_4(X).

Below, we compute the value of the constant A ﬁ(X ) in a Hilbert space, and
based on this, we give the upper and lower bounds of the constant A/a, B (X).

PROPOSITION 6. If X is a Hilbert space, then for all o, 3 > 0, we have Aix—ﬁ (X)

=oa?+p2.
Proof. The proof is obtained with the same technique as in Proposition 1. [J

PROPOSITION 7. Let X be an infinite dimensional Banach space. Then
Vo?+ B2 <A;_B(x) <a+B.

Proof. The proof is obtained with the same technique as in Proposition 2. [J

Next, we compute the relationship between the constant A’ B (X) and the James
constant J(X).

THEOREM 4. Let X be a Banach space. Then

JX)+1+|1—a|+|1-B].

max{ o, B} (X) — o~ B < A],_y(X) < 3

Proof. The proof is obtained with the same technique as in Theorem 1. [

Finally, we show with a counterexample that the constants A p(X) and Ay_p(X)
are generally different. Isosceles orthogonality condition plays an important role in the
constant structure.

EXAMPLE 3. Let X =R?, o > B, and assign the following l. — [} norm

_ _ [ X[, xix2 <0,
Il =l = { e 22 S0

Then
3 3
4 4 O < gz I
Al g(X) = 4‘”143 <Bsoa<2p
a+zB8 2B<a.

Ifx=(1,1+y1), y=(2,1+y2), where =1 <y1 <y2 <03 x=(y1,y1 - 1), y=
(y2,y2— 1), where 0 < y; <y, < 1. For both cases, by x L;y, we can get |y; —y2| =2,
which is contradictory. In order to estimate the constant value, only the following two
cases need to be considered.
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Case 1: Assuming that x = (xj,1), y=(L,y2), 0<x; <y» < 1. Since x Ly,
we have
I+yy=(1—x1)+(1—-y2),

and hence x; +2y, =1, y2 € [§,3].
Assuming that % < g, we have

[[ox+ Byl + [IBx—ayl] _ 20+ (38 — &)y
2 2
3

3
<o+ =B.
4a+4B

Taking the maximum at x = (0,1), y = (1,1) satisfies |x-+y|| =[x —y| = 3.
Assuming that % < g < %
o When § <3 < . [[Bx— o] = a+26y—ay

o+ Byll + 1B — a| _ 200+ (36— )y
2 2
3 3
< ZOC‘F ZB

o When & <y, <1, ||Bx—ay|| = a— B,

lox + Byl +[[Bx — ayll 200+ B3y, — 1)
2 2

1
< —b.
a+4B

Taking the maximum at x = (0,1), y = (1,1) satisfies |lx+y|| =[x —y| = 3.

Assuming that % > g, we have

locx+ Byl +11Bx —ayl| _ 2+ BBy, — 1)
2 2

1
< —D.
\a+4B

Case 2: Assuming that x = (x;,1), y= (y1, 1 +y;) satisfies —1 <y; <0< x; < L.
Since x L7y, we have ||(x; +y1,2+y1)|| = || (x1 = y1, —y1)|l-

If —x; <yp,then 2+y; =x; —y; is true, hence x; —2y; =2, y; € [—%,—%].

Assuming that f < o < 28, we have

lox+ By|| + [1Bx—owl| _ ¢+3B+ (BB —a)yi
2 = 2
3
<o+ ZB.
< a+4B

1w

Taking the maximum at x = (1,1), y = (—1,%) satisfies [x+y[| = [x—y| = 3.
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Assuming that 28 < o < 3f.
e When —% <Y1 < % [Bx — oyl = Bx1 — ay:

o+ By| + [1Bx— oyl _ «+3B+ (BB — o)y
2 = 2
303
< ZOC-FzB

o When £2¢ <y <1, ||Bx—ay| = a—B+px

o
lox + B[+ [[Bx—ol| _ 2042 + 3By

2 = 2

<o+ IB

X ar

Assuming that o > 3, we have

[[oex + Byl + [IBx — oyl < 200+ 2B+ 3By
2 = 2
<o+ lB
X P

Similarly, if y; < —x1, as discussed in Case 2, the proof is omitted.

Combining the above two cases, we have

a+3B 0<B<a<2p,

Al (X)) =
a-plX) a+31f  a>2p.

Combining Example 2, we get that for X in the space above, A,_g(X) >A! s (X)

forany o > 8 > 0. Therefore, the introduction of the constant A’ 8 (X) in this section
is valuable.
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