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SOME PROPERTIES OF NORMALIZED REMAINDERS
OF THE MACLAURIN EXPANSION FOR A FUNCTION
ORIGINATING FROM AN INTEGRAL REPRESENTATION
OF THE RECIPROCAL OF THE GAMMA FUNCTION

JUAN ZHANG AND FENG Q1*

(Communicated by S. Varosanec)

Abstract. Tt is well known that the classical Euler gamma function I'(z) has had very extensive

applications in mathematical sciences, including physics and engineering, in the past centuries.

In this study, the authors introduce the normalized remainder 75,.1[®(6)] of the Maclaurin
0

expansion of the function ®(0)=1— % +1In g for 0 € (=, 7), which is contained in an

integral representation of the reciprocal ﬁ . Inlight of the increasing property of two sequences

involving the ratio of two non-zero Bernoulli numbers and with the aid of the monotonicity rule
for the ratio of two Maclaurin series, they present the logarithmic convexity of the normalized
remainder 75,41 [®(0)] for n € Ng={0,1,2,...} in 0 € (—m,7) and discuss the monotonicity

iy Dus3[®(0)] ;
of the ratio m for ne Ny in 0 € (—m,0)U (0, 7).

1. A short survey on normalized remainders and motivations

We start out by recalling the following definition of normalized remainders of the
Maclaurin expansions of functions, which has been created since April 2023 and can
be found in [2, Section 5], [16, Section 1], [18, Sections 1.9 and 1.10], [25, Remarks 2
and 4], and [31, Section 1].

DEFINITION 1. Let G be a real infinitely differentiable function on an interval
I C R such that the origin O is an interior point of /. If G("“)(O) # 0 for some
neNy={0}UN={0,1,2,...}, then we call the function

L Dt S o],
Tn[G(M)}: G(n+1)(0) untl G() ZGJ(O)]_! ) #0

Jj=0
1, u=20

ey

for u € I the nth normalized remainder or the nth normalized tail of the Maclaurin
expansion of the function G.
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The notion of normalized remainders 7,[G(u)] is an intrinsic modification of
the Lagrange remainders, the Cauchy remainders, the Schlomilch remainders, and the
Rouché remainders stated in [4, p. 19]. For G(u) = sinu in (1), the normalized remain-
der Thp[sinu] was considered in [6, Remark 7] and [10, 12, 26, 33]. For G(u) = cosu,
the normalized remainder 75, [cosu] was studied in [6, Remark 7] and [7, 12, 24, 33].
For

In 2(1 —cosu)
G(u) =InTi[cosu] = u? ’
0, u=20

0<|ul<2m

in (1), the normalized remainder T5,_[InT}[cosu]] was explored in [13]. For the
case G(u) =e" in (1), the normalized remainder 7,[e"] was investigated in [2, 8, 16,
30]. For G(u) = tanu, G(u) = tan’u, and G(u) = sec®u, three normalized remain-
ders Ty,[tanu], Tp,—[tan?u], and T, [sec’u] were explored in [9, 19, 31]. For
G(u) = s, the normalized remainder 75, [ﬁ] =T [ﬁ] was examined
in [32]. For G(u) = Insecu, equivalently G(u) = Incosu, the normalized remainder
Ts,—1[Insecu] was studied in [29]. In [16, Section 1], [18, Section 1], and [31, Sec-
tion 1], from several different angles, the second author and his coworkers reviewed,
surveyed, described, depicted, and retrospected their motivations, ideas, and thoughts
to introduce and invent the notion of normalized remainders 7,,[G(u)] in details.

In the above-mentioned papers, the second author and his coworkers mainly ex-

plored the following properties of the normalized remainder 7,,[G(u)]:

1. Positivity of the normalized remainder 7,[G(u)]; see [6, Remark 7], [18, Sec-
tion 1], and [12, 16, 32, 33].

2. Monotonicity of the normalized remainder 7,[G(u)]; see [2, 12, 24, 32, 33], [6,
Remark 7], and [18, Section 1].

3. Convexity of the normalized remainder T;,[G(«)]; see [6, Remark 7], [18, Sec-
tion 1], [32, Remark 5], and [33].

4. Logarithmic convexity of the normalized remainder 7,,[G(«)]; see [2, 24, 31], [6,
Remark 7], and [18, Sections 1 and 5].

5. Absolute monotonicity of the normalized remainder 7,,[G(u)]; see [16], [18, Sec-
tion 1], and [25, Remarks 2 and 4].

6. Maclaurin series of the logarithm In7,[G(u)]; see [2, 7, 9, 10, 24, 26, 31], [6,
Remark 7], and [18, Sections 1 and 7].

7. Monotonicity of the ratio %; see [11, 12,16, 32] and [18, Section 1].

8. Monotonicity of the ratio %; see [2, 7, 10, 24, 26], [6, Remark 7],
and [18, Section 1].

9. Connections between the normalized remainder T7,,[G(u)] with hypergeometric
functions; see [6, Remark 7], [18, Section 1], and [12, 26, 33].
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10. Inequalities for the function G(u) and related ones; see [2, 11, 12, 16, 25,32, 33]
and [18, Sections 1 and 5].

11. General properties of the normalized remainder 7,[G(u)]; see [18, Section 1.10].

In [8, Section 1] and [25, Remark 2], the normalized remainder 7,[e"] considered in [2,
8, 16, 30, 32] was applied to unify the generating functions of the Bernoulli numbers
and polynomials, the Stirling numbers of the second kind, and the Carlitz—Howard
numbers and polynomials.

The classical Euler gamma function I'(z) can be defined [23, Chapter 3] by

2
I'(z) = lim % z€ C\{0,-1,-2,...}.
It is general knowledge for scientists that the gamma function I'(z) has had very exten-

sive applications in mathematical sciences, including physics and engineering, in the
past centuries. In [23, p. 71, Eq. (3.38)], we find the integral representation

1 ezzl Z rm —20(0)
—_— = do, R(z) =0, 2
e L @ @
where A A
dO)=1——+1
(6) tan6+ nsm6
& 27+ 1 (260)%
= — |Byj| 3
2755 Bl @
1 1 1 1
—e gty Lgop Lgs L go,

36 405 4200 42525
for |6| < m and B,; stands for the classical Bernoulli numbers which are generated
in [23, p. 3] by

1 0 -
= —_— = B
Tole9] ef—1 Z

+232, A 16| <27.

As stated in [23, p. 71], the integral representation (2) is very useful when one wants to
evaluate the gamma function I'(z) by means of a simple quadrature rule.
In this paper, we concentrate our attention on the normalized remainder

2n+2 1 (2n+42)! Lo2j41 (20)%
®(0) - |B2j| , 0#0

Tour1[®(0)] = { 20+ 3 [Bayio| (20)%F2 Z‘l 2j @)
1, 0=0

for n € Ny and 0 € (—m,7), which is obviously an even function of 6 € (—7, 7).
It is clear that

2n+2(2n4+2)! & 2j+2n+3 |BQJ'+2,,+2|

20)% 4
2n+3 |Bani2] j:02j+2n+2(2j+2n+2)!( ) @

T [®(0)] =
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for n € Ny and |0] < m. Hence, it is easy to see that the normalized remainder
Top+1[®(0)] for n € Ny is positive in 6 € (—m,7), decreasing in 6 € (—x,0), and
increasing in 6 € (0, 7).

Differentiating twice gains

n+1 (2n—|—2)' <« 2j+2n+5 |B2j+2n+4|

22j+3 1) (27 1921
2n+3 |Buga| & j+n+2 (2j+2n+4)! (G+DEj+1)

Ty [@(0)] =

Therefore, the normalized remainder T, [®(0)] for n € Ny is convexin 0 € (—m, 7).
From the series representation (4), it is not difficult to see that the normalized re-
mainder T5,,41[®(0)] for n € Ny is an absolutely monotonic function in 0 € (0,7) and
a completely monotonic function in 6 € (—m,0). For information on absolutely (com-
pletely) monotonic functions, please refer to the paper [16] and the monograph [21].
In this work, we aim to present the logarithmic convexity of the normalized re-
mainder Ta,41[®(0)] for n € Ny in 0 € (—m, ) and aim to discuss the monotonicity

of the ratio % for ne Ny in 0 € (—m,0)U(0,7).

2. Lemmas

For smoothly proceeding, we recall and establish the following lemmas.

LEMMA 1. ([13, Lemma 2]) The sequence

Byjio
B

J
(J+1)2(2j+1)

is increasing in j = 0.

LEMMA 2. ([3,27]) Let A; and u; for j € Ng be real sequences and the Maclau-
rin power series

2/1 0 and Q9 Z,u,ﬂ’

converge on (—p,p) for some scalar p > 0. If p; > 0 and the sequence i—j increases

in j >0, then the function ¥ — % increases on (0,p).

LEMMA 3. The sequence

Jj2j+3)
(J+1)2(2j+1)?

Bajio
By

is increasing in j € Ny.
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Proof. In the proof of [22, Theorem 1.1], the relation

€(2j+2)
(2j)

for j € N was derived, where the Riemann zeta function {(z) can be defined by the
series {(z) = ¥, L under the condition R(z) > 1 and by analytic continuation else-

where. Utilizing the relation (5) yields

1

— 5w @D+

Byjio
By

(&)

Jj(2j+3)
(J+1)2(2j+1)?

b j@2i+3) ¢(2j+2)
22 (j+1)(2j+1) £(2))

Byjio
B

for j € N. Basing on the proof of [ 13, Lemma 2] (that is, Lemma 1 above-mentioned),
we see that the positive sequence 422(124;)2 L s increasing in j € N. Meanwhile, the
positive sequence %
is thus proved. [ '

is increasing in j € Ngo. The required result in Lemma 3

3. Logarithmic convexity of normalized remainder 75, [®(0)]

In this section, we present a nontrivial fundamental property of the normalized
remainder 75,+1[®(0)]: the logarithmic convexity of 7,.1[®(0)] for given n € Ny in
0e(—m,m.

THEOREM 1. For n € Ny, the normalized remainder Try1[®(0)] is logarithmi-
cally convexin 0 € (—m,).

Proof. Directly computing yields

dInTy 1 [(6)] _ T3y, [(0)]
do Ty 1[@(6))

o 2j+2n+3 |Bajtonial 52jm 21
Yo 3T Bt 2)1 2 (2/)6

o 2j+2n+3 |Bajronsal 22j92J
J=0 272n+2 (2j+2n+2)]

oo 2j+2n+5 |Bajrontal ~2j¢ - 2j
250 e B2 (+1)6
o 2j4+2n+3 |Bajrant2l 42ip2i
o 2 P2jani2] 52jg2j
2/=0 Jn+1 (2j+2n+2)!2 6

=80

where we used the series representation (4). Furthermore, the ratio between the corre-
sponding coefficients of the factors 8%/ of two series in the last fraction is

2j+2n45 |Bajrontal A2+
J L) I(j+1)

Tnt2 (2 +2ntd) B (j+1)(j—|—n+l)(2j+2n+5)‘32j+2n+4
2j4+2n+3 |B2jioni2l A2 T2 022742 3)2 | By;
§'+n11 mz% (j+n+2)%(2j+2n+3) 2j+2n+2
i+ 1)(2j+2 5 j 1 Byiii,
:(]+ )( Jj+2n+5) . ]+2n—|— 2(j+n+2) _ jneNo. (6)
22j+2n+3)  (j+n+2)22j+2n+3)|Byijtns1)
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Making use of Lemma 1, we see that the sequence

j+n+1
(j+n+2)%2j+2n+3)

By(jtn+2)

By(jtn+1)

for given n € Ny is increasing in j € Ny. It is not difficult to verify that the positive
sequence % for given n € Ny is increasing in j € Ny too. Therefore, the
sequence in (6) is increasing in j € Ny for given n € Ny. Consequently, by virtue of

Lemma 2, we derive that the derivative

dinTo41[D(0)] _ Tyt [(0)]
do Tont1[@(0)]

for given n € Ny is increasing in 6 € (0,7). This means that the second derivative

EInD, i [@(6)]  d (M)
de? O\ Tay 1 [@(0)]

for given n € Ny is positive in 6 € (0,7). As a result, the normalized remainder
Ty 11[®(0)] for given n € Ny is logarithmically convex in 0 € (0,7). Considering the
evenness of 75,.1[®(0)] for n € Ny in 6 € (—m, ), we conclude that the normalized
remainder T3,+1[®(0)] for given n € Ny is logarithmically convex in 6 € (—, ) too.
Theorem 1 is thus proved. [

COROLLARY 1. For n € Ny and 6 € (—r, 1), the inequality

T2/n+l [(I)(e)}
T2n+1[q)(6)}

is sound. The equality in (7) is valid if and only if 6 = 0.

(n+1)(2n+5)
(n+2)2(2n+3)2

Bonta

> 40
Byyo

(7

Proof. From the proof of Theorem 1, we deduce that the even function

o  2j+2n+5 |Bajrontal ~2j/ - 2j
LTz’nH[db(G)] _2j=0 §+n12 (2j-{-;n-:-r4)!2 '(j+1)6Y
860 Tapt1[P(0)] yoo  2tnid Bajionial 5272

j=0 T a1l (2j+2n+2)!

is increasing in 0 € (0,7) for given n € Ny. Hence, we acquire the inequality

o 2j+2n+5 |Bajtontal H2j¢ - 2j
1 15,1 [®(0)] < lim 2o §+n12 M2 T(j+1)6
@T,, d(O 0—0 o 2j4+2n+3 |Baji2ns2| A2ipnoi
2n1[P(0)] S 222 Parnial 02g2)
(n+1)(2n+5) |Bonia
 2(n+2)%(2n+3)? | By

for n € Ny and 0 € (—m,0)U (0, 7). The proof of Corollary 1 is complete. [
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s i Dpi3[@(0)]
4. Monotonicity of the ratio Tor s [B(0)]
In this section, we discuss another nontrivial fundamental property of the normal-

ized remainder T3, 1[®(0)]: the monotonicity of the ratio % for given n € N

in 0 € (—n,0)U(0,7).

THEOREM 2. For n € Ny, the ratio % is decreasing in 6 € (—m,0) and

increasing in 6 € (0,7). Consequently, the normalized remainders Tay+1[®(0)] for
n € Ny satisfy the inequality

o3 [®(0)] > Tons1 [@(0)], 6 € (—7,0)U (0, 7). )

Proof. In view of the series representation (4), we obtain

4 (2n44)! 2j4+2n+5 |Bajion+4l 2j
Dy 3[@(0)] 2035 |Bz,1+4\ 270 3 2n74 Rt 1(20) ©)
T d(O - 2n+2 (2n+2)! 2j+2n+3 |Baj+an+2] 2
2 [PO)] - g2 Gy o Bt (20)7

The ratio between the corresponding coefficients of the terms (260)%/ of two series in
the last fraction is

2j+42n+5 |Bajiontal

2onta Rt (j+n+1)(2j+2n45) |Bajionia
2j42n4+3 Bajonial — 2(j4+n—+2)2(2j+2n+3)2| By iton
S 7(21.12”2)! (J )*(2] )21 Bajian+2 (10)

_12j+2n+5 j+n+1 Byjionta
22j+2n+3(j+n+2)2(2j+2n+3)

Bajtont2
for j,n € Ny. Replacing j+n+ 1 by k in the last sequence gives

k(2k+3)

1 Boji2
2 (k+1)2(2k+1)2

By

, keNp.

In light of Lemma 3, we are sure that the sequence in (10) for given n € Ny is increasing
in j € Ny. By virtue of Lemma 2, we derive that the ratio in (9) for given n € Ny is
increasing in 6 € (0,7). Due to that the ratio in (9) for given n € Ny is even in 6 €
(—m,m), we deduce that the ratio in (9) for given n € Ny is decreasing in 6 € (—,0).

The inequality (8) follows from the monotonicity of the ratio w and the

1[@(60)]
value of the ratio % at 0 =0 is equal to 1. The proof of Theorem 2 is com-

plete. 0
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5. Remarks

In this section, we list several remarks as follows.

REMARK 1. In [4, p. 55, Entry 1.518], we find the Maclaurin expansion

1221 1 62j
InsinO = 1n9+2 By; AT 0<6<m. (11)
(2))!
The power series expansion (11) is equivalent to
6 < 21 62
1 =Y (—1)/! ; , 0<10| <. 12

n[1, p. 75, Entry 4.3.70], we find the Laurent series expansion

2j-1

°° . .0
cotf = —— 3 (—1)7"12%By; 0<|0| <. (13)
0 = :

The series expansion (13) can also be derived from differentiating on both sides of (11).
Conversely, the series expansion (11) can also be derived from integrating on both sides
of (13). Therefore, we obtain

1 & . . gl o . 02j-1 92J
©0)=1-0|=— Y (-1)"2YBy;—— | + ¥ (-1)/ ' =—By;—
> TR a2 ey
=N (—1)/712%B,; —+ - Byj——
2N X DT B
S 2j+1 (2 6)2~f
= —|B>; — |8l <m.

This gives an alternative proof of the Maclaurin expansion (3).
In the paper [17, Remark 13] and [20], the Maclaurin expansion (12) was discussed
and generalized.

REMARK 2. ([5, p. 1] and [17, Theorem 15]) If o > 0, the Maclaurin expan-
sion

e En[E S S ()5 () (3] o

converges for z € C; if a <0, the series expansion (14) converges for |z| < 7. See
also the answer at the website https://math.stackexchange.com/a/4976672 (ac-
cessed on 26 September 2024).
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REMARK 3. Since

J(2j+3) Byjia| _ 2j+3 J Byjia jeN
(J+1)*2j+1)?] By 2j+1(+1)*@2j+1)| By | ’
and the sequence %j’—ﬁ is decreasing in j € Ny, Lemma 3 is stronger than Lemma 1.

REMARK 4. Taking n=0,1,2 in (7) gives the inequalities

9( 0 )2—(62+18)ln

0
— +60>— >9+6°
sin O

sin tan 0

6 ? 2 0 2 0 2 4
45<Sin9) —4(20° +45) In — +2(467 +45) > 1353767 — 46",

and

0\’ 5 0 5 0
5040(@) ~108(96% +280) In - +36(276% + 560) ——

> 25200 — 91086% — 7660* —276°

for 6 € (—m,0)U(0,7).

Tnys3 [(D(e)]

REMARK 5. We guess that the ratio Tor s 1 [®(0)]

logarithmically convex, in 6 € (—7, 7).

for n € Ny should be convex, even

For example, when n = 0, we have

2 1
2 62 94 96 68 910

0 7+§+m+m+m+...
18 (1 1 )
o2\ 02 | 204 | 66 208

0 1+ 95+ %05 + 2100 T 33555 + - -

02 N 10164 N 1096° N 1597968 N
30 ' 56700 ' 1020600 2357586000

for 6 € (—m,m), where we used the Maclaurin expansion in (3). This implies that the

ratio % EEZH is possibly convex in 6 € (—7, 7).
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6. Conclusions

In this work, we mainly established two conclusions:

1. For n € Ny, the normalized remainder 75,.1[®(0)] is a logarithmically convex
function in 6 € (—m,7); see Theorem 1.

2. For n € Ny, the ratio % is a decreasing function in 6 € (—,0) and an

increasing function in 0 € (0, 7); see Theorem 2.

The inequality (7) was deduced as a by-product of Theorem 1.

The increasing property of two sequences in Lemmas | and 3 are interesting, be-
cause these two sequences contain the ratios between two nonzero Bernoulli numbers.
For more information and generalizations of the ratios between two nonzero Bernoulli
numbers and polynomials, please refer to the papers [14, 15, 22], [32, Proposition 1],
and the arXiv preprint [28].

To consider and solve the guess in Remark 5 is much interesting.
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