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ON SOME INEQUALITIES FOR THE /#-FOURIER COSINE-LAPLACE
DISCRETE GENERALIZED CONVOLUTION AND APPLICATIONS

HOANG TUNG* AND NGUYEN XUAN THAO

(Communicated by I. Peric)

Abstract. In this article, we study some inequalities for the /-Fourier cosine-Laplace discrete
generalized convolution on the time scale T2 and establish some norm estimations for this dis-
crete generalized convolution on some function spaces. We present some sufficient conditions
for the existence of the h-Fourier cosine-Laplace discrete generalized convolution. A Young-
type inequality, a Saitoh-type inequality and a reverse Saitoh-type inequality for this discrete
generalized convolution are obtained. As applications, we apply some of these inequalities to es-
timate the solutions of a class of equations of the /-Fourier cosine-Laplace discrete generalized
convolution type.

1. Introduction

The subject of time scales was first introduced by Stefan Hilger in 1988. From
time scales analysis, we can do away the discrepancy between continuous and discrete
analysis. Let /1 be a fixed positive real number. In this article, we are interested in the
discrete time scale T = ANy, where No = NU {0}. Here,

N={1,2,3,4,...} is the set of all positive integers.

For the time scale 11’2, the concept of the h-Laplace transform was established by
M. Bohner and G. Sh. Guseinov in [2, p. 78] as follows: For a function x : ’]I‘2 —C, its
h-Laplace transform is given by

h x(nh)

- —1
L{x}(u) = 1+hun§:“0(l+hu)”’ ueC and u# W

for those values of u such that this series converges.

For a function x: T — C in which ¥ |x(nh)| is finite, its #-Fourier cosine trans-
n=0
form is defined by (see [6, p. 914], [7, p. 267] and [13, p. 208])

Fe{x}(u) = hx(0) +2h i x(nh)cos(unh), ucR. (1)

n=1
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When we consider the Fourier integral transform on the time scale R, we have
some fundamental results about the Fourier convolution inequalities such as the Young’s
inequality (we refer to the books [11] and [1]), the Saitoh’s inequality in [8] and the re-
verse Saitoh inequality in [9].

For the Fourier cosine integral transform and the Laplace integral transform, a
Young’s type theorem, a Saitoh’s type inequality and a reverse Saitoh-type inequality
for the Fourier cosine-Laplace generalized convolution with a weight function y were
investigated in [12], where the weight function y can be rewritten in the following form:
y(u) = e~ " (here, v > 0).

For the time scale Tg, some inequalities were established in [15] for the & -Fourier
cosine-Laplace discrete generalized convolution with a weight function (we will denote
this weight function in here by 7; ), which include a Young’s type inequality, a Saitoh’s
type inequality and a reverse Saitoh’s type inequality, where the weight function is given
by 71(u) = (1+hu)*, ue [0,mh~"] (here, u € N). However, as far as we know, prior
to this article, for p > 1, there is no research published on the ¢,-norm estimate for
the & -Fourier cosine-Laplace discrete generalized convolution. The estimate (3.25) for
the h-Fourier cosine- Laplace generalized convolution of two functions x : ’]I‘O — R and

y: T — R in which Z lx(nh)| < oo and E ly(nh)| < oo was givenin [14, p. 26]. The

£1 -norm estimate (3. 8) for the h-Fourier sme Laplace discrete generalized convolution
was givenin [17, p. 448].

In this article, we derive some inequalities for the A-Fourier cosine-Laplace dis-
crete generalized convolution on some function spaces. The article is structured as
follows. In Section 2, we give some sufficient conditions for the existence of the h-
Fourier cosine-Laplace discrete generalized convolution. In Section 3, we investigate
a Young-type inequality for the /-Fourier cosine-Laplace discrete generalized convo-
Iution. In Section 4, we establish a Saitoh-type inequality and a reverse Saitoh-type
inequality for this discrete generalized convolution. In the final section, we apply some
of these inequalities to estimate the solutions of a class of equations of the A-Fourier
cosine-Laplace discrete generalized convolution type.

2. Some sufficient conditions for the existence of the /1 -Fourier
cosine-Laplace discrete generalized convolution

For m,n € Ny, we put ([14, p. 22])

I(n,m) = /0 %du. )

We define the function 6 : Ny x Ng x Ng — R as follows ([ 14, p. 22]):

0(k,n,m) :=I(n+k,m)~+1I(ln—k|,m), k,n,meNy. 3)
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DEFINITION 1. [14] The h-Fourier cosine-Laplace discrete generalized convolu-
tion of two functions ¥,y : TY — R in which ¥, (|X(nh)|+ |y(nh)|) < e on the time
n=0

scale 11’2 is defined as:

(T45) (kh) == X(0) [Gi {7} (k)] + mh)0(k,n,m), keNy, (4)

:llt‘

I3

||M8

where the function 0 is given by (3), and the function G {3} : Ng — R is given by

=

GI{S;} 2 Jaoam)a ]ENO

Assume that X,y 11’0 — C are two functions in which at least one of the following
three statements is false: X: T — R, y: TY — R, and 2 (|x(nh)|+ [y(nh)]) <ee. Ina

way similar to Definition 3.1 in [14], the A -Fourier cosme Laplace discrete generalized
convolution of X and y on the time scale 11’0 is defined as follows: For k € Ny,

(xxy) (kh) :== <Zymh kO,m) Zanh 0(k,n,m), (5)

where the function 0 is given by (3), provided that the right hand side of (5) converges
for all k € Nj.

For the time scale ’]I‘27 the h-Laplace discrete convolution was defined in [2, p.

80] the &-Fourier cosine discrete convolution of two functions x, y : ’]I‘2 — R in which

(|x(nh)| + |y(nh)|) < e was studied in [13] and the h-Fourier cosine-Laplace dis-

crete generalized convolution with the weight function ¥; was introduced in [15], where
the weight function 7, is given by 7y (u) = (14hu)™*, u € [0,mh~ '] (here, u € N).

Suppose that p is a real number satisfying 1 < p < oo. The following function
spaces and norms are used in this article:

0(1) = {x: )~ C | io|x<nh>|f’ <,

loo(TY) := {y T - C

sup |y(nh)| < o=},

neNy
oo 1
Il == (X ") xe (1), ©)
od 1
Ielly” = h(x(0)17 +2° 3 (b)), x€ £,(T7), and )
n=1
I¥lle = hsup [y(nh)|, v € £u(TH): ®)

neNy
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Assume that 9 is a function from T to (0,e°), where (0,00) = {v € R|v >0} is the
set of all positive real numbers.
We set the following weighted function space and norms:

0,(T9, ) == {x LT - C ‘ ix(nh)”ﬂ(nh) < oo},

o 1
Ixllg, (r0,6) = h( Y |x(nh)|p19(nh)> ", x€L,(T),9), and 9)
n=0

1
0)|/P(0 — i
4% ) :=h(w+zx(nh>wnh>) L xely(9).  (10)

n=1

For each function x from T to C, we determine a function H;{x} from T to C
by ([15, p. 323])

(H {x})(0) := )@ and  (H{x})(nh) :=x(nh) for n€N. (11)

From [15, p. 3231, (6) and (7), if x € £,(T9), then H;{x} € £,(T}),

(et = H” and Z}H{x}nh} (”xyf). (12)

For two functions 71,7, : T) — C, the product function 717, : T) — C is taken
to be the pointwise product function as (7)%2)(nh) = 7 (nh)t2(nh), n € Ny. For a
function 7 from 11’2 to C, we write T =0 if and only if 7(nk) =0 for all n € Ny. For
a function « : ’JI‘2 — C, we write kK £ 0 if and only if there exists v € Ny such that
K(vh) #0.

In this article, let o be a fixed real number satisfying oo > 0 and let w be a
function from T9 to (0,0) given by

w(nh)=(14+n)*, neNy. (13)

We define two functions Cy and C from (1,e0) to (0,c°) as follows:

Co(q) ::1n(1—|—7r)—|—§: ! )qal (1—( ! )m), g€ (1,00), and (14)

m=1m(m+1)aT I+m
1 1-1 1
Cla) = —[Co(@)] " [m+In(1+m)]7, g€ (1), (15)
where (1,00 {UER|U>1}
For j 6 N and m € Ny, using (2), we recall the following identity ([14, p. 22])
1 oo tm+le_t .
1 = - - _(_1\],— Tt
1(]7m)_m!/0 pw [1 (—1)e ]dt. (16)
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From the results in [14, pp. 22, 26], for j,m € Ny and k € N, we have

0<I(j,m) <I(0,0)=In(1+m), I(j,k)<I0k) = %(1 - ﬁ) (17)

and
0(j,m,0) < 2In(1 +m). (18)

By doing the same arguments or similar arguments to the proof of Theorem 3.1 in
[14], we can prove the following lemma.

LEMMA 1. Suppose that x,y € ¢, (']I‘g) and at least one of the following two state-
ments is false: (a) x : ']I‘2 — R and (b) y: ']I‘2 — R. Then the generalized convolution
xxy is well defined and belongs to the space {; (']I‘g). Additionally,

In(l1+7m
||x*y§”<(z+ n( ’)n I

Furthermore, we have the following factorization identity:
T
Felxxyt(u) = Fo{xHu) L {y}Hu), Yue [07 E] .

LEMMA 2. Iftwo functions x and y belong to the space {,(T), then

In(1
x*y1<(1+ ““’)n 1. (19)

The equality in (19) is attained if and only if x =0 or y =0.

Proof. From [15, p. 325], [17, p. 448], (3) and (17), we have
0(k,n,m) >0, Vk,n,méeN.

We set x; := H{x}, where H;{x} is given by (11).
Using (4), (5), (11) and x; = H{{x}, we then get

oo ho= oo oo
2 Cesy) (k)| < — 3 fei(nh)| 3, [y(mh)| Y, 0k n,m). (20)
k=0 n=0 m=0 k=0

For m € Ny, the following inequality holds ([14, p. 26])

> 1(j,m) <. @1
j=1

From [15, p. 325] and (3), we find that

Y 0(k,n,m) =I(n,m)+1(0,m)+2 1(j,m), Vm,n e Ny. (22)

k=0 j=1
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According to [15, p. 325], (22), (21) and (17), for n,m € Ny, we obtain

oo

Y 6(k,n,m) <2[m+In(1+4m)]. (23)
k=0

By virtue of (20), (23), x; = H;{x}, (12) and (6), we see that

= =

3 Cesn) k) < 2 [+ n(1 )] 3, b ()] Y [y(on)

k=0 n=0 m=0
in(1+7) [*\" [y
=2h|1 . 24
<+ n ) 2h  h 24)

Multiplying both sides of (24) by & and using (6), we derive the inequality (19). The
equality holds if and only if x =0 or y = 0. This completes the proof. [l

THEOREM 1. Let p,q € (0,) be suchthat p>1,q>1and p~'+q ' > 1. Let
@ be the weight function defined by (13). Then for x € Ep(']I‘g) and y € Eq(’]I‘27 ), the
generalized convolution xxy is well defined and belongs to €°°(T2). Moreover, we get
the following estimate:

1
vyl < CLa) 131151, 79 )

where the constant C(q) is given by (15).

Proof. Weput r:=q(qg—1)"! and B:=a(q—1)""'. Wehave r > 1, B >0 and
g '+r'=1<qg '"+p ! Hence, r > p.

Since x € £,(T?) and r > p, it follows that x € £,(T}) and EISESEIS

We denote x| := H;{x}, where H;{x} is determined by (11). We define

A=Y Y (k) 0(kn,m)(m+1)"F, keNy, and (25)
n=0m=0
Bei=Y, Y [y(mh)|10(k,n,m)(m + 1PV, ke N, (26)

H]
Il
=
3
Il
=}

Using (4), (5), (11), x; = Hi{x}, (25), (26), the equality r ! + ¢! = 1 and Holder’s
inequality, we deduce that

@) ()] < 2303 b (o) Ly )6k m,m)

n=0m=0
=~ 233 [t iotmm)? on 1P 6] [l 0nm m+1) "5
n=0m=0
<2 (A7 (BT, ke @7)
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It follows from (3) and (17) that

2 1

a
Because 3 = Py for k,n € Ny, combining (18), (28) and (14), we recognize that
q—

i Q(kl’l ) o 2 1 B
mZOW <2l +n)+,,§1m(m+ 1) (1 - (1+n)m) =2Co(q). (29)

From (25), (29), x; = H{x} and (12), we obtain

o ()N r
X||r
O<Ak<2C0(q)zxl(nh)|’:2C0(q)<” H ) , Vke N. (30)
n=0

By virtue of [15, p. 329] and (3), we get
0(k,n,m) = 0(n,k,m), VYk,n,méec Ny.

Therefore, according to [15, p. 329] and (23), we attain

oo

2 (k,n,m) =Y 0(n,k,m) <2[n+In(1+m)], Vk,meN,. (31)
n=0 n=0

Since B = a(q—1)~!, from (26), (31), the definition of the function @ in (13) and the
definition of the weighted norm (9), we have

By & o
0< m < mE::O y(mh)|?(m+1)

¥l 10 o) \?
:(W . VkeN,. 32)

For k € Ny, due to (27), (30), (32) and the equality r—' + ¢! = 1, we find that
1 1 1 1
o) (k)| < 52— [2Co(@)]” {2 [+ 01+ 2)] b el .

1 1 .
= 5~ [2Go(q ) {2[7T+ln(l+7t)]}qHx||£1)||yHeq(T27w)<o<>. (33)

From (33), we then get that x+y is well defined and belongs to /w(T9). Moreover,
thanks to (8), (33), (15) and the inequality [|x||!") < Hx||,(¢1)7 we observe that

1 - e
\\X*yllwéﬁ[ZCo(q)] 2w+ m(t+m)] } I, .0
1
= C@I 4,20 ) < C@ X153, 70,0

where the constant C(q) is given by (15). The theorem is proved. [
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3. A Young-type inequality

THEOREM 2. (A Young-type theorem). Let p, q and r be three positive real
numbers such that

p>1,g>1,r>1 and p ' +q ' +r =2 (34)

Let o be the weight function defined by the formula (13). If x € £,(TY), y € £4(T9, »)
and z € (,(TY), then xxy is well defined and belongs to L.(T"). Furthermore,

| Conn n)etin)| < S )l 0 o el G3)
k=0

where the constant C(q) is given by (15). The equality holds if and only if x=0 or
y=0o0rz=0.

1 1 1
Proof. From r > 1 and — + — + — =2, we obtain p71+q’1 S 1.
p q r

Since x € £,(TY), y € £,(TY,w), p>1, g>1and p~' +4! > 1, applying
Theorem 1, we get that x*y is well defined and belongs to £e(T9).

If x=0or y=0 or z=0, then we can easily see that (35) becomes an equality.

Assume that x # 0, y % 0 and z # 0, we will prove (35) with strict inequality.

Let p1, q1 and r; respectively be the conjugate exponents of p, g and r, i.e.

1 1 1 1 1 1
—4+—=1, —+—=1and —+—=1. (36)
P D q 41 ron
From (34) and (36), we deduce that
p P q q r r 1 1 1
—+-—=1, —+—=1, —+—=1and —+—+—=1. (37)
q n Pt n P 41 P q1 n

o
We set 3 := = and x| := H,{x}, where H;{x} is given by (11).
Using (4), (5), (11) and x; = H{x}, we have

| i(x*y)(kh)z(kh)’ _ ‘% Y Ty () ()0 k2 m)z(kD)|
k=0

k=0n=0m=0

S %) i i i |x1(nh)‘|y(mh)|‘2(kh)|6(k,n,m)‘. (38)

k=0n=0m=0
We define the following three functions U, V and W from Ny x Ny x Ny to [0,) :

9 Blg=1) o 1
U (k,nym) == |y(mh) |77 (14 m) 7 [z(kh)| 7 [0(k,n,m)| 71, k,n,meNy, (39)

Gwmm»ﬁ

k,n,me Ny, (40
(£ m)P n,m € Ny, (40)

V(k,n,m) = |1 (nh) | |2(kh) |70 (



ON SOME INEQUALITIES FOR THE h-FOURIER COSINE-LAPLACE 389

and

g—1

W(k,n,m) := |x| (nh)|’1 \y(mh)|’l (1 —|—m)ﬁ(’l ) [0(k,n m)] k,n,me Ny, (41)

where [0,00) = (0,°0) U{0}.
For k,n,m € Ny, by virtue of (39), (40), (41) and (37), it follows that

U(k,n,m)V (k,n,m)W (k,n,m) = |x| (nh)||[y(mh)||z(kh)|6 (k,n,m). (42)

Since B = a(qg—1)""', according to (39), Z 6 (k,n,m) < 2[m+1In(1+m)| for all
k,m e Ny in (31), y#£0, z#0, (13), (9) and(6) we get

si=Y Y 2 UGk nm)[" =333, [omh)| (1 +m)PaD2(kh) 6 (k,n,m)

k=0n=0m= k=0n=0m=0
<2[m+In(1+m)] 2 ly(mh)|?(1+m) az |z(kh)|
m=0 fe=
ey 29,00\ ( Dlzll- "
=2[n+In(1+7)] — \ and S; >0. (43)

Combining (40), (29), x; = H{x}, (12), (6), x 0 and z # 0, we thus deduce that
0(k,n,m)

S2—222’Vk,n,m|ql Z|x1nh|p2| kh'rzm

k=0n=0m= m=0
<26)(q) 3, b ()7 3, (k) = 2Co(61)<”xz—£) (Bl) wa 20
n=0 k=0
(44)
Because 8 = a(q—1)"!, from (41), (23), x; = Hi{x}, x #0, y Z0, (12), (13) and

(9), we arrive at

oo oo

$:= 33 S Wiknm)|" = 3 b (ah))? 2 )|+ )P0 S O (k,n,m)

k=0n=0m=0 n=0 m=0 k=0

<2[m+In(1+7)] 2 |x1 (nh)|? 2 ly(mh)|9(1+m)*
n=0 m=0

9l 7, (70 )\ 4
:2[7r—|—1n(1—|—7r)]<”x2}f ) ( e"”‘”“”) and Sy > 0. (45)

h
Using (38), (42), (37), (43), (44), (45) and Holder’s inequality, we have
(S1)71

Mz

PIIN

‘Zx*y kh)z kh’ 2 (k,n,m)V (k,n,m)W (k,n,m)

:Hw
= 3

(S2)7 (85)7r. (46)
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Due to (46), (43), (44), (45), (37) and (36), we obtain the inequality

- Ca),
| 3 Coxy) km)z()| < = 115 9, g 21
k=0

where the constant C(q) is given by (15). So we complete the proof. [

COROLLARY 1. (A Young-type inequality). Let p, g and r be three positive real
numbers satisfying p>1, g>1, r>1and p~' +q ' =14r"'. Let ® be the weight
function defined by (13). If x € £,(TY) and y € £y(T, ®), then xxy € (,(T)) and

1
eyl < @Il ¥l 70,0 @7)

where the constant C(q) is given by (15). The equality in (47) is attained if and only if
x=0o0ry=0.

Proof. According to x € £,(T9), y € £,(T, w), p>1, g>1and p~'+4 ' =
1+ r~! > 1, applying Theorem 1, we deduce that xxy is well defined and belongs to
the space £o(T9).

If x=0 or y =0, then we can easily see that (47) becomes an equality.

Suppose that x Z 0 and y # 0, we will prove (47) with strict inequality.

Let p1, ¢q1 and r; be the conjugate exponents of p, g and r, respectively, i.e.

1 1 11 1
—4+—=1, —-+—=1and —-+—=1.
I q9 q ro.n
-1 -1 —1 -1 —1 . 1 1 1
From p=' +q " =1+r"" and r " +r; " =1, it follows that — + — 4+ — =2.
P g n

We set Ay := [(xxy)(kh)]", k € No. Let N be an arbitrary positive integer.
For v € C, we denote its complex conjugate by v. We define a function z: ’]I‘2 —C
by

r—1 A .
1 [(exy) (ki) 1@, if 0< k<N and (xxy)(kh) %0,

0, if 0<k<N and (x+y)(kh) =0,
0, if k>N,

for k € Ny. It is straightforward that z € £, (T?). Using the inequality (35), where we
use r; instead of 7, we then get

N
r r C
Sy =1 1) )" < L Dl g o 2l 48)
k=0

1 1 ..
Because —+ — =1, we have rr; = r+r|. Hence, it is easy to see that Sy > 0 and
r ry

1 N N
() = 3wy @ =i 3 o) @nr =unsy.
=0 =0
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1
This shows that ||z||,, = h*(Sy)™ . Plugging this equality into (48) and using the equal-

1
ity —+ — =1, we deduce that
r ry

1
()7 < C@)Ixllp 1], 70 ) < > (49)

Since N is an arbitrary positive integer, letting N — oo in (49), we attain that the func-
tion xxy belongs to the space £,(T?) and the inequality (47) holds.
Assume that there exists xo € £,(T9) and yo € {,(T%, ) such that

1
x0#0, yo#0 and [|xoxyoll = C(@)llolly 3oll ro - (50)
We put By := [(xoxy0)(kh)]", k € No. We define a function zo : T) — C by

h’[(xo*yo><kh>]"1%, if (xo%y0) (k) 0,

O, if (XO*yo)(kh) = 0,

20 (kh) =

. 1 .
for k € Ny. By virtue of ||xp*yol, = C(q)||x0H§7 )Hy0||/jq(T27w> # 0, we obtain zo # 0.
Using some similar arguments or the same arguments as in the first part of this proof
with xg, yo and zo instead of x, y and z, respectively, we get

1
Ioyoll- < C@)olly 3ol (70 -

which is a contradiction with (50). The proof is completed. [

4. A Saitoh-type inequality and a reverse Saitoh-type inequality

In this section, let p and g be two positive real numbers satisfying
p>1,g>1 and pl4g =1
We suppose that pi, p : Ty — R are two given functions in ¢;(T9) such that

pi1(nh) >0 and py(nh) >0, Vne N,.

THEOREM 3. (A Saitoh-type inequality). Let Fy be a function in the space
(T, p1) and let F; be a function in the space £,(T9,0,). Then we have
1
Fip1, Fop2 € ((TY) and  ((Fip1)*(Fapa)) (p1%p2) P~ € £,(TH).

Moreover, the following inequality for the h-Fourier cosine-Laplace discrete general-
ized convolution holds

1_ 2
| (@Ep0=(Eap) (o102~ | < CIFE g 12l 5D

ho

1
1-p 2In(l1+m)\?
where C=h"7 2+ %) . The inequality in (51) becomes an equality if and

onlyif F1 =0 or F, =0.
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Proof. For j=1,2, since p;: T9 — (0,c0), Fj € £,(TY, p;) and p; € ¢1(TY), we

1 1
derive that Fj(p;)” € £,(TY) and (p;)* € £4(T}). Hence, using p~'+¢7 ' =1, p>1
and g > 1, we observe that

1 1
Fjpj:Fj(pj)p(pj)” EEI(’]I‘Q) for j=1,2.

Because pi, p2, F1p; and F>p, belong to the space ¢1(T ), applying Theorem
3.1in [14, p. 26] and Lemma 1, we deduce that (F;p;)x* (szz) and py*p, are well
defined.

If F1 =0 or F, =0, then we can easily see that (51) becomes an equality.

Assume that F; £ 0 and F> # 0, we will prove (51) with strict inequality.

We denote py := H{p;}, where the function H;{p;} : ’JI‘2 — C is given by ([15,
p- 323))

0
(Hi{p:1})(0) = ,015 ) and  (Hi{p:})(nh) = pi(nh) for ne€N.
Let N be an arbitrary positive integer. We define
N -
S1(N) == 1P Y, | (Fip1)*(Fapa)) (k) |7 | (prp2) (kk)| " and (52)
k=0
T
2 Z p1(nh)pa(mh)0 (k,n,m) = E(pl*m)(kh)7 keNg.  (53)
n=0m=|

By virtue of (52) and (53), we find that

N
S1V) = == 3 [((Fvpr)(Fspa) (k)| [52(00)] . (54)

Using (4), (5), 1 = Hi{p1}, the equality p~! +¢~! =1, (53) and Holder’s inequality,
we obtain

()22 60 < 5, 3 o) o) o) )0 e )

n=0m=

= 2) i |1 (nh)||F2 (mh)| [ (nh) 2 (mh) 0 (k,n,m)] z (D1 (nh)pz(mh)e(k,n,m)]é

=0m=0
< {Z i ‘Fl("h)|p§1("h)|F2(mh)|p02(mh)9(k,n,m)} "[S2(K)]7, VkeN,. (55)
n=0m=0

=

Due to (55), for k € Ny, we attain
|(F1p1)*(F2p2) (kh)|”

< (ﬁ)p[s2<k>]5 3 3 IR )|y () s ) )0 k). (56)
T n=0m=0
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According to (54), (56) and the equality P +1— p =0, we have the following estimate
q

=

h [(h\" L & .
S0 < 215 (2) XS S IR0H) B nh) panb) 0 k). (57

< n
17
TP\ 0 n=0m=0

From (57), taking the limit of (57) as N — o and using (23), p; = H1{p1}, (10) and
(9), it follows that

o =

) h h\" & ~
lim §1(N) < —— (—) N |Fi(nh)|Pp1(nh)| Y, Fx(mh)|’p2(mh) Y. 0 (k,n,m)
N=ee LN LY/ m=0 k=0

2h P[4+ In(1+7)] & & R
< [ ( ) N > [Fi(nh)|Ppi(nh)|Fy(mh)|P py(mh)
n=0m=0
(2)
B 2h1+P I:ﬂ'+ln(1 +7T)] <||Flep(']r27pl)>p ( ||F2||/fp(]r27p2)>p
B n h h

T

(58)

Combining (58), (52) and (6), we deduce that ((Flpl)*(szQ))(pl*pz)%_l € £,(T?)
and the following inequality holds

51 (2)
| (B o) 02027 < ClIFI g, 1Pl 19

ho

1
1=p 2In(1 P
where C=h 7 (2 + W) p. The theorem is proved. [

For the remaining part of this section, we will investigate a reverse Saitoh-type
inequality for the A-Fourier cosine-Laplace discrete generalized convolution.

DEFINITION 2. [5, 10, 16] The Specht’s ratio is determined by

1
=1

t

en (i)

Here, the function In : (0,00) — R is the natural logarithm function and the number e

S(t) = teR, t>0 and r# 1. (59)

1 n
is the constant ¢ = lim (l + —) .
n

n—soo
The value of the Specht’s ratio S(.) at the point 1 is ([16])
S(1) = 1. (60)

LEMMA 3. [16] The function S(t) is strictly decreasing for 0 <t < 1 and strictly
increasing for t > 1. Furthermore, the following equations hold

lim In [S(u)] =0 and S(t)zS(%) forall t > 0.

u—1
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The following corollary is a consequence of [4, Corollary 3.17] and Lemma 3.

COROLLARY 2. Let a and b be two functions from Ny x Ny to (0,°0) satisfying

3~ a(n,m)
B= b oo d 0<M; <
;::O"Z‘O (n,m) < an <M, b(nm)

<My < oo, Vn,me Ny.

o o = 1 1
Then A=Y ¥ a(n,m)<eoand ¥ ¥ [a(n,m)|? [b(n,m)|4 < eo. In addition,
n=0m=0 n=0m=0

5(52) 2 T latem)

n=0m

[ n,m)]é ZA%Bé.

==

The following inequality was given in [15, p. 332] without proof, we will give a
proof of this inequality.

LEMMA 4. [15] For m € N and n € Ny, it holds an inequality

= 1
S O(k,n,m) > =

fart 2 m(l+nm)m 61

Proof. We call A the left hand side of (61). Using the identity (16), it is easily
proven that

=

1
12j+1 ARV W — 62
2 1)+ 1m) > m/ Z 2]+1 2j+1)2+22 (62)

Jj=0

For ¢t > 0, we have

i 1 >£i Lo w/m dx /
ST T 25 PAR T 28 PR —|—t2
L/1 N\|T 1(=m 1 1L (n 1
= 5| zarctan— )| = | ~—arctan— | > —( 5 —— ). 63
2<tarcant>l 2t<2 arcant> 2t<2 t) ( )

From (62) and (63), using the gamma function, we deduce that

i Tl [~ 11 /= T 1
12j+1 gy U "dt———/ M leTldr =5 — —. 64
Zg,(” ’m)>4m!/o Tl SR 2

1 1
Due to (22), (64), I(0,m) = - (1 - m) and (17), it follows that

1 1 T 1 T 1
As>—(1-——V42(Z-—)=2 -
m( (1+n)m)+ (4 2m> 2 m(l )

The proof is completed. []



ON SOME INEQUALITIES FOR THE h-FOURIER COSINE-LAPLACE 395

For n € Ny, it is easy to see that

- T 1
I =1n(1 -
I;)G(k,n,0)>9(n,n,0)> (0,0) =In(1+m) > > " 1% (65)

Combining (4.14) in [15, p. 332] and (65), we arrive at

=

s 1
0(k - V Np. 66
k;() ( 7n7m)> 2 1+7T, m,n € Ny ( )

THEOREM 4. (A reverse Saitoh-type inequality). If F| and F> are two functions
from TY to (0,) satisfying

1 1 L 1
0 <M <Fi(nh) <My <o and 0<M; <F(nh)<M] <o, VneNy, (67)
then for j=1,2, we have Fip; € {1(T9) and F; € £,(TY,p;). Additionally,

((Fip1)+(Fap2)) (or1#p2) 7~ € £,(TY).

Moreover, the following inequality holds

1_ 2
| (FpsEo) oo™ | > CURILay ) el g (6

o (Trr=2 %S MM\
27T(1—|—7T) M>oMy

Here, the Specht’s ratio S(.) is determined by (59) and (60).

where

Proof. From (67) and py, p, € £1(TY), for j = 1,2, we have
Fjpj S El(Tg) and Fj € @(’]I‘%p,)
Since Fy € £,(TY,p1) and F> € £,(T),p>), applying Theorem 3, we get
1
((Fip1)*(F2p2)) (prp2) 7" € £,(T).

We set py := H{p1}, where Hi{p;}: ’JI‘2 — C is defined by ([15, p. 323])

(Hi{p:1})(0) = p1§O) and  (Hi{p:})(nh) = pi(nh) for n€N.
We denote
S1 1= || ((Fip1)«(F2p2) (pr#02) 7 || and (69)

p
(k) := 26 Zoﬁl(nh)m(mh)ﬂ(hmm) - %(

pr#2)(kh), keNo.  (70)
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Combining (69), (6) and (70) we obtain

i |((Fip1)*(F2p2) ) (k)| " [S2 ()] 7. (71)

For each k € Ny, we define two functions a; and by from Ny x Ny to (0,e0) as follows:

ag(n,m) := [Fy (nh)F(mh)]" 1 (nh)pa(mh)6 (k,n,m), n,me Ny, and  (72)

bi(n,m) := p1(nh)p2(mh)0(k,n,m), n,m e N. (73)
From (67), (72) and (73), for n,m, k € Ny, we deduce that
0< MM < E ap My < oo (74)
bk(n7m)

According to (4), (5), p1 = Hi1{p1}, (72), (73) and the equality p~!+¢~! = 1, we find
that

==
_—=

%|((F1p1 (Fyp2)) (kh)| = 2 Z [ax(n,m)] ? [be(n,m)] 9, VkeN,. (75

n=0m=0

For each k € Ny, due to (75), (73) and (74), applying Corollary 2 for the two functions
ax and by from Ny x Ny to (0,0), we attain

n MM\ 1 1
T (Rorp) | > [s(SR )] ) w)h s
where
2 2 ax(n,m) and a7
n=0m=
2 2 by(n,m) 2 2 p1(nh)pa(mh)0 (k,n,m) = S>(k). (78)
n=0m= n=0m=
Using (71), (76) and (78), it follows that
p h 3 ﬁ : MM -’ §+17p
Sz 2 (2) [s(iaz)| “awisawni. (79)
Since p~! +¢7! =1, we have §+ 1—p=0.

By virtue of (79), (77), (72), p 41— p =0 and (66), we observe that
q

T M2M4

s> e [S<M1M3)] ! i [F(nh)]" B (nh) i [Fy(mh)]" ps(mh) f} 0(k,n,m)

n=0 m=0 k=0
(5t )] S i
(S ()] S 3 oo

(80)
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From (80), (69), p1 = H1{p1}, (10) and (9), we obtain the inequality (68).
The proof of Theorem 4 is completed. [

5. Applications

Let M be a given number in N and let p, M (k=0,1,...,M) be given complex
numbers satisfying p € R, p > 1 and 2 |A¢|> > 0. Assume that p and y are two
-1

given functions in ¢;(T9) such that p : TO — R and p(nh) >0, Vn € Ny.
We define a function f : [ ,%} — C by

fw):=F{y}w), ue [0, %] 1)

DEFINITION 3. [13] The h-Fourier cosine convolution on the time scale 11’2 of

two functions ¥, Z € £;(T%) in which X, Z: T — R is defined as

(F+2)(1) = h{éz(f,zz) +3z(o)'5(z)}7 ey,

1

where

Gy(X.Z,1) = i;z(nh) Z(|t —nh|) +Z(t +nh)], teT).
n=1

Suppose that ¥ and Z are two functions in ¢;(T%) such that at least one of the
following two conditions is false: (a) X: 11’2 — R and (b) Z: ’JI‘2 — R. In a manner
analogous to Definition 1 in [13], the h-Fourier cosine convolution on the time scale
TY of X and Z is given by

(F%7 {<2xnh[ |t—nh|)+A(t+nh)]> (0)2@)}7 teTo.

1

By performing the same arguments or some analogous arguments as in the proof
of Theorem 4 in [13], we have )?T?E él(Tg) and

FATHEN ) = ZARH W FAD W), Ve [0,7]. (82)

We define an operator P : £;(T9) — ¢,(T9) by P(z) := zxy forze 0(TY).

We consider the following equation

M
Jox+ (3 P (x) = o, (83)
k=1
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where y is a given function in ¢,(T?,p) and x € £;(T}) is an unknown function. Here,
for z € £,(TY), P'(z) :=P(z) and

P/(z):=P"'(P(z)), jeNand j>2.
For u € [0, %] and z € £,(T9), from [13, p. 210], (82) and (81), we get
FAP(2) }(u) = y\c{zf w(u) = FA} () F AW} (u) = f(u).Fe{z}(u) and
FAPI () u) = [f(W)] Fe{z} (), VjeN. (84)

THEOREM 5. Let n: T) — R be a given function in ,(T) such that n(nh) > 0,
Vn € Ny. Assume that there exists a function Q in the space ¢ p(']I‘27 n) satisfying

1
Z{on}u) = _ -, Vue {0,%]. (85)
u

Then the equation (83) has a unique solution in ¢ 1(T2) and the solution is given by
x=(yp)*(On). Furthermore, the following estimate holds

1-p
P

1
1 1-p 2In(1+m)\ 7, (2
Jstoemt ] <7 (24 22 i 2 g 80
The equality in (86) is attained if and only if y = 0.

Proof. Since p,n:T)— (0,00), p,n €1(TY), y€£,(TY,p) and Q € £,(T, 1),
using Theorem 3 with p, 1,y and Q instead of p;, po, F1 and F;, respectively, we have
yp,0n € £1(TY). Applying the h-Fourier cosine transform to both sides of (83) and
using (84), we see that

(Zo+ 3, Alf]) Zelxh) = Zelyphw), vue [0.7]. (87)
k=1
By virtue of (87) and (85), we arrive at

Fo{e}w) = ZLp} w2 {on}w), vue [0.7].

Therefore, x = (yp)*(Qn). According to Theorem 3, we obtain the estimate (86). The
equality is attained if and only if y = 0. This completes the proof. [

REMARK 1. In Theorem 5, if the function y satisfies the condition

1 1
0 <M/ <y(nh) <My <oo, Vne Ny,
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and the function Q satisfies the condition

1 1

0 <M <Q(nh) <M} <o, YneN,

then by using Theorem 4, we have the following estimate

5 1 —1
1 mr+m—2\7 M M3 Le, ()
H"(p*”)' Hp ~ <2n(l+n)> [S<M2M4)] W71 o) 1€y, m)-

REMARK 2. Let yg be the function defined on the time scale ’JI‘2 by

2 2(_1)n+1

W and l[/()(nh) = W for n e N.

Vo (0) ==

1
Since Z — < oo, we derive that the function yg belongs to the space ¢ 1(’JI‘0)
n=11
From the definition of the % -Fourier cosine transform (1), we have

oo n+l
Felwo(u) h2 2 cos(unh), Vué€R. (88)
Using the following Fourier cosine series of the function g(r) = ¢> on the interval
[—m, 7] ([3, p- 99D
2 S
y T acos(nt)
"=—=+4) (-1 , Vtel|-mm|,
2 ® h
we then get (uh)? = T +4y (—1)”M, Yu e [0, E].
3 n=1 n2 h
Combining the above identity with (88) yields
FAwow) = —u?, Vue [O,%}. (89)

Let us define the operator Py : £1(T9) — ¢, (TY) by Poy(z) := 2y for z€ 0(TY).

It is easily proven that the operator Py in here is the same as the operator K in [15,
p. 338]. The formula (5.18) was given in [15, p. 338] without proof, we will prove this
formula. From [13, p. 210], (82) and (89), for u € [0, %} and z € 61(11’2), we deduce
that

Fe{Po(@)} () = Fe{z 1 w0} (1) = Fe{e () ZelWo ) =~ Fo{2} )

Hence, the formula (5.18) in [15, p. 338] is proved.

Let My be a given number in N and let u, po, wy (k =0,1,...,Mp) be given
complex numbers satisfying u € N, po € R, pg > 1 and wo = 1. Suppose that pg, no :
T? — R are two given functions in ¢;(T%) such that po(nh) > 0 and 1o(nh) > 0 for
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all n € Ny. In Lemma 5.1 in [15, p. 338], the authors studied the equation that can be
rewritten in the form

Mg

wo® + <1;1(_1)ka1)]6> (@) = yopo,

where yg € £,,(T9,po) is a given function and ¢ is an unknown function in ¢;(T9),
assuming that the following condition is satisfied: There exists a function Qp in the
weighted function space £,,,(T%, 1) such that

2{0omo ) =~ e [o.7).

wo+ Y wiuk
k=1
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