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A LOGARITHMIC WEIGHTED ADAMS-TYPE INEQUALITY
IN THE WHOLE OF RY WITH AN APPLICATION

SAMI BARAKET* AND RACHED JAIDANE

(Communicated by S. Varosanec)

Abstract. In this paper, we will establish a logarithmic weighted Adams inequality in a loga-
rithmic weighted second order Sobolev space in the whole set of RY . Using this result, we
delve into the analysis of a weighted fourth-order equation in RY. We assume that the non-
linearity of the equation exhibits either critical or subcritical exponential growth, consistent with
the Adams-type inequalities previously established. By applying the Mountain Pass Theorem,
we demonstrate the existence of a weak solution to this problem. The primary challenge lies in
the lack of compactness in the energy caused by the critical exponential growth of the non-linear
term f.

1. Introduction

We start by providing an overview of Trudinger-Moser inequalities within classical
first-order Sobolev spaces. Additionally, we’ll explore Adams’ inequalities in second-
order Sobolev spaces. Subsequently, we’ll extend these concepts to weighted Sobolev
spaces. Moreover, we’ll reference relevant works associated with these concepts.

In dimension N > 2 and for bounded domain Q C R¥, the critical exponential
growth is given by the well known Trudinger-Moser inequality [45,47]

N

N1
sup el

Ja VulN<179

dx < oo if and only if o < oy, (H

1

where ay = Noy | with @y_; is the area of the unit sphere S¥~! in RV. Later, the

Trudinger-Moser inequality was improved to weighted inequalities [10, 12].

Equation (1) has been utilized to address elliptic problems that encompass nonlin-
earities exhibiting exponential growth. For instance, we refer to the following problems
in dimensions where N > 2

— Ayu = —div(|Vu|""2Vu) = f(x,u) in Q CR",
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which have been studied considerably by Adimurthi [3, 4], Figueiredo et al. [31], Lam
and Lu [36-39], Miyagaki and Souto [44] and Zhang and Chen [52].

Considerable focus has been directed toward weighted inequalities in weighted
Sobolev spaces, notably known in mathematical literature as the weighted Trudinger-
Moser inequality [10, 12]. The majority of studies have centered on radial functions
owing to the radial nature of the weights involved. This quality enhances the maximum
growth of integrability. When the weight is of logarithmic type, Calanchi and Ruf [11]
extend the Trudinger-Moser inequality and proved the following results in the weighted
Sobolev space, W(){fid(B,p) = closure{u € C7,,4(B) | Jp |VuNp (x)dx < e}, where
B denote the unit ball of RV

THEOREM 1. [11]
(i) Let B€0,1) andlet p given by p(x) = (log ﬁ)ﬁ, then
/ My < oo, ¥ ue WY (B.p),
B :

if and only if

and

7 1 1
sup / MM gy < oo a<ayg =N (1— )T
f ,

LN
M€W0‘rad(B7p)

L IVu[Nw(x)dx<1

where wy_1 is the area of the unit sphere SN=' in RN and N' is the Holder
conjugate of N.

(ii) Let p given by p(x) = (log ﬁ)N_l, then

N
/exp{e‘“w*l tdx < 4eo, YV ue Wol’rlzd(B,p)
5 :

and
1 N
N |u| N-T
sup exp{Be®n-1 tdx <4 & BN,
uEWy 1y (B.p)
f[ullp<1

where wy_1 is the area of the unit sphere SN=' in RN and N' is the Holder
conjugate of N.

The theorem | has enabled the exploration of second-order weighted elliptic prob-
lems in dimensions where N > 2. As a result, Calanchi et al. [13] established the
existence of a non-trivial radial solution for an elliptic problem defined on the unit ball
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in R?, where the nonlinearities exhibit double exponential growth at infinity. Following
this, Deng et al. investigated the subsequent problem

{ —div(o (x)|Vu(x)|N2Vu(x)) = f(x,u)in B

u=20 on 0B, 2

where B is the unit ball in RY, N > 2 and the nonlinearity f(x,u) is continuous in
B x R and has critical growth in the sense of Theorem 1. The authors have proved that
there is a non-trivial solution to this problem, using the mountain pass Theorem. Similar
results are proven by Chetouane and Jaidane [24], Dridi [28] and Zhang [51]. Further-
more, problem (2), involving a potential, has been studied by Baraket and Jaidane [8].
Moreover, we mention that Abid et al. [1] have proved the existence of a positive ground
state solution for a weighted second-order elliptic problem of Kirchhoff type, with non-
linearities having a double exponential growth at infinity, using minimax techniques
combined with Trudinger-Moser inequality.

We should notice the work of J. Li et al. [40] in the n-dimensional Heisenberg
group H" = C" x R where they extend the well-known concentration-compactness
principle on finite domains in the Euclidean spaces of Lions [43] to the setting of the
Heisenberg group. Their results improve the sharp Trudinger-Moser inequality on do-
mains of finite measure in H" by Cohn and Lu. As an application of the concentration-
compactness principle, the authors establish the existence of ground state solutions for
a class of Q- Laplacian subelliptic equations on H":

—div(’VHu’Q_szu) +V(O)|u|®u= pf((g))ﬁ , 0=2n+2

with nonlinear terms f of maximal exponential growth exp (t%) as t — oo, Also,
the same authors in [41], established the concentration-compactness principle of Tru-
dinger-Moser type on any compact Riemannian manifolds as well as on the entire com-
plete noncompact Riemannian manifolds with Ricci curvature lower bound.

Let’s also note that several recent works [34,49, 52, 54] have studied the existence
of solutions for elliptic operators involving nonlinearities with exponential growth with
respect to Trudinguer or Adams-type inequalities.

In recent years, Aouaoui and Jlel [7] have extended the work of Calanchi and Ruf
to the whole R? space, by considering the following weight

o3() = <log<ﬁ>>ﬂ if x| < 1, )
x(Jx]) if x| > 1,

where, 0 <8 <1 and y :[1,+oe0[—]0, 4o is a continuous function such that y (1) =1
and infyc(; o[ x(t) > 0. The authors consider the space Eg as the space of all radial
functions of the completion of C7 (Rz) with respect to the norm

lul, = [, IVuPpg(ods-+ [ uldr=Vuls g, 3+ )

The authors proved the following result:
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THEOREM 2. Let 3 € (0,1) and pg be defined by (3). For all u € Eg, we have

2
/Rz (e“ o 1) dx < oo,

Moreover, if o < 15, then

2
sup / (e‘” - 1) dx < 4o 4)
ey e, <1 /B2

where 5 =2[2m(1 —ﬁ)]ﬁ

If o > 73, then
%
sup / P ) g = 4o
u€kp,|lullpg <1 R2

The concept of critical exponential growth was further expanded to higher order
Sobolev spaces by Adams [2]. Specifically, Adams demonstrated the following out-
come: for m € N and Q as an open bounded set in RN where m < N, there exists a
positive constant C,, y such that

N
sup / ePoll M gy < Cun|Q|, 5)

nT‘E
ueW, " (Q),|VMu| y <1
m

N
where Wom " (Q) denotes the m'"-order Sobolev space, V"u denotes the m'"-order
gradient of u, namely

A7 u, if m is even
Vi = -
VA T u, if m odd
and
m22"0(F)7 5 L
{ o } , if m is even
N r(%*)
ﬁO = ﬁo(m,N) =
WN—1 2 zml—*(m-z&-l ) % )
T iftmodd
r(*==)

In the particular case where N =4 and m = 2, the inequality (5) takes the form

2,2
sup S dx < C|Q). (6)
uEW2(Q) |Aup <17

Also, for bounded domains © C R*, in [2] the authors proved the following in-
equality

sup (e"“‘2 —Ddx <4 &  a<327?
ues JQ
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where :
S= {ueWO”(Q) | (/Q|Au|2dx)z < 1}.

When Q is replaced by the whole space R*, Ruff and Sani [38] established the corre-
sponding Adams type inequality as follows:

sup / (eo”‘2 —Ddx <+ &  a<327’ (7)
Q

llully2,2<1

where [[ul]2 22z :/ﬂ§4\Au|2dx+/R4\vu\2dx+/R4 W2dx.

In [15] Chen et al. provided a sharp critical and subcritical trace Trudinger-Moser
and Adams inequalities on the half-spaces and prove the existence of their extremals
through the method based on the Fourier rearrangement, harmonic extension and scal-
ing invariance. Also, in [14], Chen et al. established a sharp concentration-compactness
principle associated with a singular Adams inequality on the second-order Sobolev
spaces in R*. As applications, they proved the existence of ground state solutions
to the following bi-Laplacian equation with critical nonlinearity:

fxu)
P

Au+V(x)u=

where V (x) has a positive lower bound and f(x,¢) behaves like exp(o|t|?) as t — oo.
In [16-20, 22] Chen et al. studied the existence and nonexistence of extremals for
critical Adams inequalities in R*. Also, they’ve worked on ground state of bi-harmonic
equations with critical exponential growth.

Recently, Adams’ type inequalities on the logarithmic weighted Sobolev space
W,2,(B1) of radial function in the unit ball B of R* has been established. More
precisely, in [48] the authors proved the following result

2,2

THEOREM 3. [48] Let € (0,1) and let w = (log({%))P, then

2
-B 1
sup /e"“”‘lﬁdx<+oo = agaﬁ:4[8n2(l—ﬁ)]'*ﬁ.
By

22
UEW) ua (By,w)

fBl w(x)|Aul2dx<1
This last result allowed the authors in [29] to study the following weighted problem

A(w(x)Au) —Au+V(x)u = f(x,u) in B
{ u= % =0 on 0dB.

The weight w(x) is given by

w(x) = (logg)ﬁ, Be),
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By is the unitary disk in R*, f(x,¢) is continuousin B; x R and behaves like exp{ o ﬁ}
as |¢t| — oo, for some o > 0 uniformly with respect to x € By . The potential V : B] —
R is a positive continuous function and bounded away from zero in B;. The authors
establish the existence of radial solution by variational techniques and using Adams’
inequality [48].

It should be noted that several works concerning weighted elliptic equations of
Kirchhoff type with critical nonlinearities in the sense of Theorem 1 or Theorem 3 have
been studied (see [1,32,33]).

The result of Theorem 3 has been generalised by H. Zhao and M. Zhu to the unit
ball of RY . More precisely they proved the following result:

BY-1)
THEOREM 4. [55] Let N >4, B € (0,1) and wy = <log<ﬁ>> 2 Then

N
N-2)(1—
sup /eo““‘( WP dy < 4o
B

N
MGWO rad( )

Jpw(x)|Aul 2 dx<1

& o< op = [(N Z)NVN} (N— 2 T-p) (1 _ﬂ) ) 8)
where Vy is the volume of the unit ball B in RN and the subspace of radial functions
N
Woz,;;d (B,wp) is defined as

N

2.5 o - e \\B(z-1) N
W07rad(B,w/3)—closure{uECOMd(B) | /B(log(|x|>> |Au|2dx < ooy,
)

endowed with the norm [|u|,,; = </ (10g(‘ ‘>> (%—1)‘Au\%dx>%

Denote by E as the space of all radial functions of the completion of Cy (RM) with
respect to the norm

Hu\\%z/ \Auﬁwﬁ(x)dﬁ/ \vu\%dH/ | ¥ dx,
RN RN RN

where the weight wg(x) is given by

e B(5-1) _
wg (x) = <log <7>) if |x| < 1, (10)

2 (lxl) if x| > 1

where, NN( 4N+2 <P <1,N>=4and y:[l,+eo[— [I,+0o[ is a continuous function
such that y(1 ) =1 and inf,c[; 4 X (#) > 1. Also, we suppose that there exists a posi-

tive constant M > 0 such that

1 r N_1 rtN—l %71
?</1t x(t)dt) (/1 mdl‘) <M, Vr}l, (11)

r2
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l r
— (/ tle(t)dt> <M, Vr>1, (12)
rz !
and
M<M7 Vr> 1. (13)
min,<;<4, X (t)

Inspired by the examples given in [7], we can take the following examples of functions
X+ [1,4o0[— [1,+oo[ satisfying the conditions (11), (12) and (13):
e Any continuous function ) such that y(1) =1 and

1< igf)((t) <sup (1) < oo
12>

t>1

o x(1)=1%,0<5 <X —N.

o y(1)=1+1og, o > 1.

Following S. Aouaoui’s proof [7], we prove that wg belongs to the Muckenhoupt’s
class Ay and therefore Cf’ (RN) is dense in the space E (see Lemma 1). It follows

that the space E can be seen as

N N N
E= {uEerad(RN) 7/]RN (|Aul2wg(x) + |Vu|?)dx < +z>o}7
endowed with the norm
ull? :/ \Auﬁwﬁ(x)dﬁ/ \vu\%dH/ | ¥ dx.
RN RN RN

In this paper, we prove a weighted Adams’ inequality analogous to (7) in the whole
of RV that is:

. N N?—4N+2 .

THEOREM 5. Let y:= N0 =p) Be (T;S 1) and wg given by (10),

then

(i)
/ (" —1)dx < +oo, Vu€E (14)

RN

(ii)

sup ("~ Ndx <+ & a<og (15)
uck JRN

flull<1

with ag = N[(N —2)NVy] ¥~ B (I1-p)T B and Vy is the volume of the unit sphere.

As an application of this last result, we study the following weighted problem

L(u) := Aw(x)|Au| ¥ 2 Au) — div(|Vu|* 2Va) + [u > 2u = f(u) in RY,  (16)
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where the weight is given by (10), N > 4. The non linearity f(¢) is continuous in R

N
and behaves like exp{ ot W=20-P) } as |t| — +oo, for some o > 0.
In view of inequality (15), we say that f has critical growth at +oo if there exists
some o > 0,

‘f(z‘ =0, Va suchthat oo >0 and lim ‘f(sz‘ =+oo, Vo <.
|s \H+oo e*s |s] oo €S
17
In view of inequality (14), we say that f has subcritical growth at +oo if
1 (s)]
=0, YVo>0.
Is \H+oo e®s?

Let us now state our results. In this paper, we always assume that the nonlinearities
f(t) has critical growth with o > 0 or f(z) has subcritical growth and satisfies these
conditions:

(H,) The non-linearity f : R — R is continuous.

(H) There exists 6 > N, such that 0 < OF (¢ G/f f@), vr e R\ {0}.
S
(H3) th—{%t%—l =0.

(Hy) There exist tg, My > 0 such that

0<F(t) < Mplf(r)| forall || =1

(Hs) The asymptotic condition

og L
TFAGLERIY ()
A g = W0 W 0 > 5 N Toge)

We say that u is a solution to the problem (16), if u is a weak solution in the
following sense.

DEFINITION 1. A function u is called a solution to (16) if u € E and
/ (wp (x) |Aul 2 =2 Au A@ -+ |Vul ¥ =2Vu.V o+ [u) ¥ 2ugp) dx = / Flw) 9 dx, (18)
RV

forall p € E.

It is easy to see that seeking weak solutions of the problem (16) is equivalent to
find nonzero critical points of the following functional on E:

7 ()= 1£v</R~ wp ()| Au ¥ +|Va ¥+ uﬂdx) —/RNF(x,u)dx, (19)
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u

where F(u) = /0 Fl)dr.

In the critical case, we prove the following Theorem.

THEOREM 6. Assume that the function f has a critical growth at +e and sat-
isfies the conditions (Hy), (Hp), (H3), (Ha) and (Hs). Then the problem (16) has a
nontrivial solution.

In the subcritical case, we prove the following Theorem.

THEOREM 7. Assume that the function f has subcritical growth at 4o~ and satis-
fies the conditions (Hy), (Ha), (Hs), and (Hy). Then the problem (16) has a nontrivial
solution.

In general the study of fourth order partial differential equations is considered
an interesting topic. The interest in studying such equations was stimulated by their
applications in micro-electro-mechanical systems, phase field models of multi-phase
systems, thin film theory, surface diffusion on solids, interface dynamics, flow in Hele-
Shaw cells, see [25,30]. However many applications are generated by elliptic problems,
such as the study of traveling waves in suspension bridges, radar imaging (see, for
example [6,37]).

This paper is structured as follows:

Section 2 presents essential background information on functional spaces. Section
3 establishes preliminary results crucial for our proofs. Section 4 focuses on proving
Theorem 5. Section 5 demonstrates a concentration compactness result akin to Lions’
Theorem. Section 6 verifies that the energy ¢ adheres to two specific geometric
properties and a compactness condition, albeit under a specified level. Section 7 offers
the proof of Theorem 5. Finally, in Section 8, we conclude by proving Theorem 6 and
Theorem 7.

Through this paper, the constants C or ¢ may change from line to another and we
sometimes index the constants in order to show how they change.

2. Weighted Lebesgue and Sobolev spaces setting

Let Q C RV, N > 2, bounded or unbounded, possibly even equal to the whole RY
and let w € L'(Q) be a nonnegative function. In order to work with a weighted opera-
tor, it becomes necessary to introduce specific functional spaces denoted as L”(Q,w),
W™P(Q,w), and Wy""(Q,w). Later on, these spaces and some of their properties will
be utilized. Let S(Q) be the set of all measurable real-valued functions defined on
Q and two measurable functions are considered as the same element if they are equal
almost everywhere. Following Drabek et al. [27] and Kufner in [35], the weighted
Lebesgue space LP(Q,w) is defined as follows:

LP(Q,w) = {u : Q — R measurable; / w(x)|ul? dx < oo}
Q

for any real number 1 < p < eo.
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This is a normed vector space equipped with the norm

o= [ wul? dz)”

For m =2, let w be a given family of weight functions wr, |7| <m, w= {w:(x), x €
Q. [t/ <m).
In [27], the corresponding weighted Sobolev space was defined as

WP (Quw) ={u€ LP(Q),D'ucl’(Qw) V 1<|t|<m—1,
Duel?(Qw) V |t|=m}

endowed with the following norm:
1
dwnran=( T [0urass 3 [ weprurar)”
[7]<m—1 |t]=

where wy =1 forall |t| <k, wy=w forall |7|=k
If we suppose also that w(x) € L], (Q), then C(€) is a subset of W™P(Q,w)
and we can introduce the space
Wy (Q,w)

as the closure of Cj(€2) in W7 (Q,w). Moroever, the injection
WP (Q,w) — W™ LP(Q) is compact.
Also, (LP(€,w), |- llpw) and (W™P(Q,w), |- [lwmrq,)) are separable, reflexive Ba-
—1
nach spaces provided that w(x)?-T € L} (). Then the space

E=ductI ®) | [ (ws)laul¥ +|Vu/¥)dx < +oo
- rad RN B

is a Banach and reflexive space.
We have the following result.

LEMMA 1. Cy (RN) is dense in the space

{uELg’ (RN),/RN (\Auﬁwﬁ(x)—i- \Vu\%)dx< —|—°°}.

Proof. 1t suffice to see that wg belongs to the Muckenhoupt’s class A% (we also
say that g is an A N -weight), that is

sup<;/ (x)dx) (%/B(w,;(x))_ldx)%_l < oo,

where the supremum is taken over all balls B C RV
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Let r >0 and xo € RY. Denote by B(xo,r) (resp. B(0,r)) the open ball of RV
of center xo and radius r (resp. of center O and radius r).

First case. Suppose that B (xo,r) NB(0,r) # @. Thus, B(xo,r) C B(0,3r) which

implies that
1 dx \ 77!
—_— (/ wp (x)dx) (/ )
B (x0,7)|% \/Bxor) Blxo.r) wp (%)

[ Vol 3r (N-1 )'ﬁ'—l
< 7 (/O wg ()t dt) (/o w—ﬁ(t)dt . (20)

c 3r N ld 3r thl J %_1
— HeY T dt t
A2 </0 s o) ) </0 wp () )
3r 3r N—1
=< (/ M —logt)ﬁ(%_l)dt> / S S—
A \Jo 0 (1_10gt)l3(7—1)

But, a simple computation gives

=
|

¥
3r 3r AN-1 2
hmsupL (/ N —logt)ﬁ@_l)dt) / ———dt < oo,
r—0t % \Jo 0 (1—Ilogt)P(2-1)
(21)
If 3r > 1, then
c 3r 3r ¢fN—1 %_1
— (/ a)ﬁ(t)tN_ldt> (/ —dt)
rNT 0 0 wp (t)
_ ¢ bt B(Y-1) 3
=2\ (1 —logt) di+ | ty(t)dt
rz
1 3r N l %71
X / +/ . (22)
0 (1 —logt
Since inf,>; x () > 1, then
1 3r Z‘N 1
limsup —- / ——dt =0 < oo, (23)
r—r—+too r 2 1 X( )
On the other hand, by (12), we infer
1 3r No1
limsup —- /1 7 x(2)dt < oo (24)

r——o0 r 2
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Hence, in view of (23), (24) and (22), it remains to show that
¥y

) 1 3r N_1 3r thl 2
hmsup? (/1 t X(l)dt) (/1 Wdl) < oo,

r— o0 VT
But this fact can immediately be deduced from (12). Combining (21) and (22), we
deduce from (20) that there exists a constant Dy > 0 independent of xy and r such that

dx \ 2!
x) < Dy. (25)

—— </B() o (x)dx> (/B<x0,r> op(x)

|B (x0,r)]
Second case. Suppose that B (xo,r) NB(0,r) = 0. In this case, we have

ol
~

20 x| < 2|x0|,Vx € B(xo,7).

Hence,

([0 (i)

|B (xo,r
SUPQSIXI<2IXO| wp () < sup (M) . (26)
lnf@ <|x|<2)x) Wﬁ (t) >0 1nf‘r<t§41 Wﬁ (l)
If 47 < 1, then
supo,carwp(t) (1 —logT)B(3-1)
infrcicarwp(t) (1 log(4r))P3 -1

Taking into account that

I—-logrt ﬁ(%71)<+
1\ 1—log(41) ’

sup | -
0<t<3 infrcicarwp (1)

it follows that
su wg(t
( Pr<i<an 13( )) < -oo. 27)

If 1 <7<1,then

SUPr<i<ar W (t) < Sup%<t<4 wp (t)

. - < oo
1nf1<t<41w,3(t) = mf%gt@wﬁ(t) ’

sup ) < oo, (28)

and consequently,
<Suprgt<4r wp (t)
i<r<t

infT@@T wg (l)
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If T > 1, then it follows

SUPy<r<do OB (t) _ Suprgz@tr%(t) <M
infre;<ar wp (1) infre;car x(2) h

)

and consequently,

su wg
r>1 \ infrei<ar @p (1)

Combining (27) and (28), we deduce from that there exists a constant D; > 0
independent of xy and r such that

-1
! dx 2
I (e 0995) (s v 5) <pe @

This finish the proof. [

3. Some useful preliminary results

In this section, we will derive several technical lemmas for our use later. First we
begin by the radial lemma due to Lions [42]. Let W!?(RY) be the first order Sobolev

space and consider the subspace of radial function namely W,/ Lp (RN ). We have
LEMMA 2. [42] Let N>2, 1 < p<+oo, u€ W1 J(RYN), then there exists a
positive constant C = C(N, p) such that
1 p=1 1
lu(x)] < C—5=lulp” [Vulp for ae xe RV,

[l

In particular, for p = %, we get the followin inequality:

2

1 N2
u(x)| < C—z—lu |%N \Vu\"’ for ae. xecR". (31)
N

x|

It follows that, for N > 4, using Young inequality and the fact that wg(x) > 1, we
get

N-—-2 1
|M(X)|<C—2 W(‘M%—’_‘VM‘%) for a.e.xERN
N-—-2 1
SC—— —w Ty |lull - for ae. xRV
x|V
! N
<SC—gz llull for ae xeRY. (32)
X N

Now, we give the following Strauss compactness lemma [46].
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LEMMA 3. Let (P,), and (Qn), be two sequences of continuous functions: R" —
R. For ¢ >0, let y(c) = sup{|t| : 1 = P,(s) for some n and s such that |Q,(s)| < c|Py(s)|}.
Assume the following conditions:

Py .
i) y(c) <o forall ¢ > 0. (In other words, 0, — 0 uniformly as P, — .)

n

ii) (un)n is a sequence of measurable functions: RY — R such that

sup/ |0y (un(x))|dx < oo for all bounded sets €.
n JQ
iii) Py(un(x)) — v(x) for almost every x € RV
Then:
a) / |P, (1) — v|dx — 0.
Q
b) Assume in addition that

iv) Py(s) =0(0u(s)) as s — O uniformly in n.

v) up(x) — 0 as |x| — oo uniformly in x and n.
Then / |P, () — v|dx — 0.
RN

We denote by B the unit ball of RV and consider the subspace

2,4 5

N B(z-1)
WQ;Zd(B,w):closure{uecgjmd(B) | /Blog<‘)%> 2 Au|lzvdx<oo}.

We have the following results.

LEMMA 4. Let u be a radially symmetric function in C;,,,(B). Then, we have

(i) [55]

N
*2

(if) / MOV gy < oo, ¥ ue WL (B).
B :
(iii) The following embedding is continuous

E < LP(R") forall p>

SE
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. . . N
(vi) E is compactly embedded in LY(RN) for all q > 3

Proof. (i) see [48].
(ii) From (i) and using the identity log(ﬁ) —|log(|x|)] =1 Vx € B, we get

N
I < o tog (1) Il < o (1 [togCl )
[l][ ¥ (1+[togr|)
Hence, using the fact that the function r+— rN=le is increasing, we get

NulY

v 1 Nljue][ Y (1+]logr]|
/II le‘”‘ deNVN/O Nl “p dr < NVye B < oo,
x| <

Then (ii) follows by density.
(iii) Since wg(x) > 1, then by Sobolev theorem, the following embedding are
continuous

Ef—>Wmd (RN wg) — W (RN)%Lq(RN) Vg >

S

We assert that the embedding E — L9(RY) is compact. To do this, set Q(s) = || and
P(s) = |s|97€ + |s|97 where 0 < &y < g — 5.
Clearly o) — 0 as |s| — 4o, and Q0) — 0 as |s]| — 0. Let (u,), € E be
" P(s) T P(s)
such that u, < 0 weakly in E and u,(x) — 0 a.e. x € RV. By the continuity of the
embedding E < LI€(RV) and E — LI~%(R"), we obtain that

sup/ ()| < H-oo.

On the other hand, by (32), u,(x) — 0 as |x| — 4o, uniformly in n € N. Therefore, we
can apply the compactness Strauss Lemma 3 to deduce that Q(u,,) — 0 strongly in L' (RV).
This concludes the lemma. [J

REMARK 1. By Lemma 4 (ii) and (32), we have
/ )[Pdx = / () [Pl + / x)[Pdx
1 > ® N_1_p2N-1)
ngN||u||P/ m (1+\logr|)7dr+CNVN||u||p/ N2y,
0 1

bt p(N—1)
< VNHuH”—i—CNVNHuHP/ 1220
1

The last integral is finite provided p > ( ) > ¥ The result of the previous
lemma is thus partially found.
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LEMMA 5. [31] Ler Q C RN be a bounded domain and f: QxR acontinuous

function. Let (u,), be a sequence in L'(Q) converging to u in L'(Q). Assume that
fx,u,) and f(x,u) are also in L'(Q). If

/ |f (x, )| dx < C,
Q
where C is a positive constant, then
f(x,un) — f(x,u) in LY(Q).

4. Proof of Theorem 6

We begin by proving the first statement of Theorem 5. We have for all u € E,

/ (e‘”‘y—l)dx:/ @~ Dax+ [ ("~ 1)ax. (33)
RN [x|>1 [x|<1
On the one hand,
&
Wl )y = _/ v
e 1)dx = u|™dx. 34
/|x|>1< ix= 35 [, (34)
From Lemma 2, we get
k K [T 1 k 1
[l <Nl [ e = N
[x[>1 1 plNR2% T =N +2vk~5~
1
<Ny lu|*————, (35
N? —4N+2
forall k>1;, ———— 1.
orall k NV =2) <B<
Combining (34) and (35), we have
k
/ (" — 1)dx < 2 ”””y W7 ¢ e (36)
=1 N+2y— N—l—ZyNN1
Now we are going to estimate the second integral in (33). Set
~ Ju(x)—uler), 0< x| < 1,
where e; = (1,0,0,0,...,0) € RN, Clearly v € WO md(B,w/;).
For all € > 0, we have
1 v
ul” = v+ u(e)” < (1+€)v["+ (1 71> u(er)|”.
(I4+¢e)7 T
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Then, from Lemma 4 (ii), we have

)H\u@l)v

(1,%1
/ el dx g/ T e T dx
[x|<1
1=y
<l—ﬁ> luer)”
-y

< e (1+e) 1~

(33)
/ IHEM gy < oo,
[x|<1
Combining (33), (36), (38), (32) and Theorem 4, we conclude that
/ (" —1)dx < +oo, forall ucE.
RN

This ends the proof of the first item.
By (36) we have

NVN H”Hy NVN
e

su / o’ _ax< sup —— <—N o 39
ueE [|ul| <1/ =1 wek Jull<t —N + 2y —N+2yNt

On the other hand, by (38), (32) and using the radial lemma 4 (i), we get

() ugen

Y — Y
sup / (" —Ddx<e” 10 sup / e 1HEMT g
uekE [|ul|<1/xI<1 ueE [|ul|<1/x<1

(-— )kuuw

e’ (o7 sup / DI
ueE, ||ul|<1/]x<1

1=y
(“ﬁ) ©y
e’ (e)T7 sup / L+ g
[x]<1

ek, |lull<1

(40)

Let o < o . Clearly, there exists € > 0 such that a(1+¢€) < op.
Do not forgot that

. (¥
Hv| 2, /|Av|2 <log<| |)> dx @41)

N
= [ 1w Frop e < ) ¥ <

Then,

Y
sup / L+l g
ueE,||ul|<1/]x<1

N
Ssup{/“qea(ﬂrs)lvlydx, veWg L nB), Il Ly <1}
X

0,rad
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So by (40), there exists C(f8) > 0 such that

1y
() e
sup / My <ot o)
ueE, |Jul| <1/ k<1

Combining (40) and (41), we get

sup / (e —1)dx < oo
[x]<1

u€k,||lul|<1

Furthermore

/ (e —1)dx = Jri’ a—k/ |u| ™ dx.
lx|>1 k! Jix=1

k=1
Combining (35) and (43), we infer

sup / (eM” — 1)dx < 4oo.
=1

WeE Jul <1

It follows from (40) and (44) that

sup (" —1)dx < 4o0, forall o< op.
uek Jul|<1/RY

(42)

(43)

(44)

Let’s look at the case of o = og. It is clear that (39) is valid for or = og. So, we get

sup / (""" — 1)dx < +oo.
[x[>1

u€k,||lul|<1

We are going to show that

sup / (""" — 1)dx < +oo.
[x|<1

u€k,||lul|<1
For this, we consider u € E, u # 0 such that ||u|| < 1 and € > 0 such that

N 1

(1+e)¥

Moreover, we have a similar inequality to (38) that is

1-y
1
ap (1) el
/ eo‘ﬁ‘“‘ydxg/ o1+, (1+e) 71 dx
[x|<1 [x|<1 "y
0‘[3(1_ L ) Ju(en)[”

<e (1+e) 7T

N N N )
(f|x|<1 |Au| 2 wpg (x)dx—i— f|x|<1 |Vu| 2dx+ f|x|<1 |V| 2 dx)

/ +eoshl g
[x|<1

(45)

(46)

(47)
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where v is given by (37). On the other hand, we have from radial Lemma 2,

)dx>

2y
N

=z

<C4</RN (Wﬁ\Auﬁ +|Vu|%+\u|%)dx
2y

N N N N
_/I 1(Wﬁ‘AM|2 +|VI/L|2 +u—u(61)+u(el)|2)dx) +C3
x| <

2y
N
<C4<l—/ l(wﬁ|Au|% —i—\Vu\% +|u—u(el)|g+|u(61)|g’)dx>
x| <
2y
N N N N
<C4<1—C5—/ (wﬁ|Au|7+Vu7+u—u(el)|7)dx)
x|<1
2y
N
<C4<l—/ (wﬁ|Au|%+Vu%+|u—u(e1)|%)dx)
x|<1
2y
1 N
<G (1_7N> . (48)
(I+e)z
Also,
N N N
/ \(l—l-S)YAv\Zwﬁ(x)dx—l—/ |(1+€)"Vv|Zdx+ |(1+¢&)"v|2dx=1.
[x|<1 [x|<1 [x|<1
Then, by Theorem 4, there exists C > 0 such that
/ 1+ gy o (49)
[x|<1

Using (48), we get,

1 =y 1
[ oo con (ap(1-—L ) (1)
<1 (1+€)7T (1+¢)%

I=y
But the function & : ¢ — (1 - +) (1 -
[ﬁ 1Y
and verifies tlir+n &(r) = 1. Hence, & is bounded and therefore we get

o~

2y
s
) defined on (1,+o0) is decreasing

)

/ e dx < 4o (50)
[x|<1

So, (46) holds.
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In the next step, we show that if o > og, then the supremum is infinite. Now.
we will use particular functions [48], namely the Adams’ functions. We consider the

sequence defined for all n > 3 by

A |-

(10gn>; Nn
o 1 2+(N-2)B
7 2(ap)? (togn)
N
+ if0< x| < 5=
1 2+(N=2)B n
wy(x) = ( ﬁ)y(logn) N Vi S
Nl—ﬁ 1-B
: <log(| |)) if = <l <}
o (log(n m)
G if \x\ %
where §, € C77,,4(B) is such that
1 N'=P B
G (5) -1 20-B (IOgZe) )
ﬁy(logn) v
G (1 —2(1—B)N'~
r 2 7 1 )
o (logn
&,
Gi(1) =2 (1) =0
&, I
and &,, V&,, A, are all o - | . Here, == denotes the first derivative of {,
llogn]? o

in the radial Variable r=|x|.
Let vy (x) = H H We have, v, € E, an||% =1
n

We compute Awy,(x), we get

_N(1=B)(4—2B)(n¥/n) 7 x| 28 | B
1 N-2)B+2 if 0 < |x| o
o (logn)) 7
-B
B P <1°g(%|>> (<N—2>+ﬁ(logx)l>
[x[? L 2(1-B) if NL\/; < x| <€
aﬁy(log(n)) N
A if x| > 4
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So,

1Awnll

==
=
I
3
=
o
S
|
™
S
B)
=
—
=)
('S}
|
~——
e
|
o
~

o)

N1-B
Il :NVN(\/E) N

_e_ -
x/%,N(l—B)—l(log§>ﬁ(2 ) o
r

0
1
= (ioay)
Also,
L =NVy (IN_ﬁﬁNN“{ =
(ag) 7 (log(e Ym))' "
: /—’ _<10g5>ﬁzN <(N_2> +ﬂ<log‘>i )N (10g§>ﬁ(%71)dr
N . _N(1-B) | i ) )
=NVy (;;)%ﬁ()lojgv(n))l_ﬁ (N_2>7/7§ﬁ%<10g_> <1—|—0(]0g_> 1> "
—NV; (l_ﬂm%NN(l{m (N-2)%
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(1 )2 N 5
NVN(a;)%(lojgv(n) V-2 {1—1ﬁ<log )1 L

N N(1-B) 1 _ eN —
—NVN((E;);ZIO;"M))W (N_2>2</NLW %(log;> ﬁ”(log?> ldr>

1 N
and 13:()(7) Then 4w, | _1+o<%>.
(loge /)7 (owe V7

In the sequel we prove the following key lemma.
LEMMA 6. The Adams’ function given by (51) verifies liT HWn”% =1.
Hn—> o0

Proof. We have
HwnH% :/ wﬁ(x)|Awn\%dx+/ |an\%dx+/ |wn\%dx

RN RNV

1
:1+o<72)+/ w2 dx+/ | ¥ dx
(loge Yn)v OSrI< = 77 <hi<z
[ leldax
x> 3

+/ |an|2dx+/ \Vw,,\de—i— \VC,,\de
<hl< = NS >3
1 I L
We have,
N .
N2(1-j)2 Nr N(3—

/ n/n 1

Il = NVy—¢ T /0 Ne=P)-1gy

My NT(O-B)? [ PNG=B) ]’\’f
—YYNTE 2+ (N-2)p) 3_
o (1ogm) T ING=P),
NT(1-B)%
=W—x 3 NO-1)
azyn(NJrl)(j—ﬁ)(%_ﬁ)log(n)) 2y

_N
Also, using the fact that the function r rr-l (log <) LN increasing on [0, 1], we
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get
y 1 _N
Ié—NVNN(lfﬁ)% (ﬂl—ﬁ)z -y /? r%71(10g5> dr
(o) (o) P S N
1-B)2 1\ 51
ST S LT
(o) (log(n))
1
0<uog<n>11—ﬁ)
and Iézo( ! 2)
(loge ¥/n)7
e
For \x\gN—\/ﬁ,wehave
N
log(n)\ ? N :
N og
[wn| 2 g( o ) 1 2 (N-2)B
g 2(ap) 7 (logn) ™
Then,
/ |wn| 2 dx
0<lvl< -
N
log(n)\ ¥ N '
og n
< ( o ) + 1 2+ (N—2)B NV, Oer tdr = 04(1)
! 2() 7 (logn) ¥
Also,
(1-B)% 5 NOZB)
/ lwn|2dx = N‘;NN . /2 rN_1<10g<—>> Y odr
i (ap) " (log()) " 77
N(1-B)

Using the fact that the function r — V=1 (log§> * is increasing on [0,1], we
obtain

V=

NVyN(1I=B) 1 2(1-B)
~ sx1 (log(2¢) 7 =0(1).

/ |w\%dx<
T (o) ¥ (1og(m) "

Finaly,
N N
/ l\wn|2d)c:/ Gl Zdx = 0a(1).
[x[>3 [x[>3

Then, || w,||* =1 +0<%) . The Lemma is proved. [
(loge Y/n)7
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From the definition of w,,, it is easy to see that

Now, let v, (x) =

| nH

2(1-B)
Nn~w 1-B) N 1

>0 forall 0< |x| < .

1 — 1 —
2(0513) ¥ (logn) e 2(05,3) 7 (logn) e n /n

| B

Y

Then, for all 0 < |x| < | ,,\* ( og(n)) . Let o = 2, we have
OClg B
sup /N(eo"”'y —1)dx > lim (e®Mnl” —1)dx
R

weE Jul <1 e gy

> lim NVN/ \/E(’,.N—leﬁlog(n)_r}\l_l)dr
0

n—-—+oo

> lim MWy (") = too if T> 1.

n—-oo

Then,
sup / (™M —1)dx =400 V 00 > og-
RN

weE Jul<1

5. A Lions-type compactness concentration Lemma

In the sequel, we prove a concentration compactness result of Lions type.

LEMMA 7. Let (u;) — u weakly
in E, ur(x) — u(x) ae. x €RY, Vug(x) — Vu(x) a.e. x €RY, Aug(x) — Au(x) a.e.
x€RN and u#0. Then

sup [ (e BT — 1)dx < oo, where o5 = N[(N = 2)NVy] ™ TR (1 - B) T,
kK JR

Sforall 1 < p <U(u), where U(u) is given by:
1

U =4 (- uH¥
ool = 1.

i lull <1

Moreover; the last inequality is sharp in the sense that there exist a sequence (uy) C E
and a function u € E \ {0} such that |luy|| = 1, up — u weakly in E and

sup/N(ep Wl _ 1)dx = oo forall p>U(u).
k JR

Proof. Fora, beR, g>1.1f ¢ its conjugate i.e. é—i—% =1 we have, by Young

inequality, that

1 1,
(1P —1) < (e — 1)+?(eqb— 1).

S
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Also, we have

I—q
1
(l+a)q<(1+£)aq+<l—7l> , YVa=0, Ve>0 Vg> 1. (52)
(1+g)aT
So, we get
|ug|" = |ug —u+ul"
< (fug — | + u])7
1 e
< (14&)|ug—ul"+ (1—71> |u|”
(1+¢)7T

which implies that

/N (ep oglug|” l)dx < l/N (epq o (1+€)ug—u|? _ l)dx
R q JR

1-y
1 pq o (1 '1> Ju]
+— <e (1+e) 7! - l)dx,

q JrN

forany p > 1. From Theorem 5 (i), the last integral is finite.
To finish the proof, we need to prove that for all p such that 1 < p < U(u),

sup (e”qo‘ﬁ(1+£)“k_”|y—l)dx<+<x>7 (53)
k JRN

for some € >0 and g > 1.
In what follows, we assume that |ju|| < 1 and in the case that |ju|| = 1, the proof
is similar.
When
[Jul| <1

and
1
2y

N\ Y
(1= [Jul2)¥

there exists v > 0 such that
N_ 2
p(1=[u ¥ (14v) < 1.
On the other hand, by Brezis-Lieb’s Lemma [9] we have
N N N
llug — ul|2 = Jugl|Z — ||u]|Z +0(1) where o(1) =0 as k — +-oo.
Then,

N N
[l —u]|Z = 1= [[ul|* +o(1),
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and so v 2
li —ull"=(1- 2%
k_lg_leuk ul "= (1 —[ul|Z)

Therefore, for every € > 0, there exists k¢ > 1 such that
2
i —l]” < (1+€)(1—[|u| )V, V k> ke.
If we take g = 1 + & with € = /1 + v — 1, then Vk > k., we have
pa(1+e)|ju—ul" < 1.

Consequently,

g —ul
/ (epq aﬁ(l"‘g)‘uk_uly N l)dx < / <6(1+£)Pq aﬁ("‘u:ﬂ‘—u)VHMI;—MHY B 1)dx
RV RN

1, —u|
< / (e % (Ty=ar)” _ l)dx
RN

< sup <e aplul” _ 1>dx < oo,

<1 /RY

Now, (53) follows from (15). This complete the proof of the first statement.

Now, let the sequence w, given by (51). Letalso u € Cy (R be a radial function
such that u(x) =0, forall |x| <3 or [x[>2 and |ju] < 1. Set u, = w, +u. Since
Aw,, and Au have disjoint supports and Vw, and V have also disjoint support then we
get

N N N N
||un||2:/ W5|Awn|2—|—/ Wp\Au|2—|—/ e
RN RN RN
N N N
o AZEE L L
RN RN RN

From Lemma 6 we know that liI}rl [lwal| % = 1. Then
Hn—> o0

N N
| 7 — 1+ [|uf|2

and 2
N, %Y
[Jual|” = (L4 JJul|2) ™.

It’s obvious that w, < 0 weakly in E. Let @ > ogU (u). we have
M \”n\y
/ (Tl — 1)dx>/ (el — 1)dx
RN O§|x|<NLﬁ
1 _e
> (exp <a<7og(n) )) — 1) NVN/ Vi N1y
A 0
1 1
> V- (exp (a(ﬂ» —1). (54)
n O‘ﬁ””nHY
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Also,

o o

ogllin]7 0y
pllanll” o (14 Jull ) ¥
and

1
N 2y
(L= [Juf|Z) ¥
Having in mind that o > ogU (u), we get

2
> (14 [luH)F.

o
—— > 1L (55)
o (1+ [lul[2) ™

Therefore, passing to the limit in (54) and using (55), we get,

VNl (exp <Q<M>) - l) _ elog"(orﬁHunHy_l) W
n o |l

— 40 aS n — oo,
n

This closes the proof of the lemma.

6. The variational formulation for the problem (16)

Note that, by the hypothesis (H3 ), for any € > 0, there exists d > 0 such that

@) <27 VO <[] < 8. (56)

Moreover, since f is critical at infinity, for every € > 0, there exists C¢ > 0 such that

Vi > Ce |f(t)] < eexp(alt]’—1) with a > o.

(57)
In particular, we obtain for g > 2,
7O < gl explalel’ ~ 1) with a > ao. (58)
t

Hence, using (56), (57), (58) and the continuity of f, for every € > 0, for every ¢ > N,
there exists a positive constant C such that

£ <ele| 2 Cle (e 1), VieR, Va> op.

(59)
It follows from (59) and (H,), that for all € > 0, there exists C > 0 such that

F(t) <elt) +Clef?(e* ' —1),  forall £,V a> op. (60)

So, by (15) and (60) the functional _# given by (19), is well defined. Moreover,
by standard arguments, ¢ € C'(E,R). O



446 S. BARAKET AND R. JAIDANE

6.1. The mountain pass geometry of the energy

In the sequel, we prove that the functional _# has a mountain pass geometry.

PROPOSITION 1. Assume that the hypothesis (Hy),(H,) and (H3) hold. Then,
(i) there exist p, By >0 such that ¢ (u) > By forall u € E with ||lul| =p.
(ii) Let ¢; € E\{O}. Then, # (t¢1) — —oo, as t — +oo.
Proof. From (59), for all € > 0, there exists C > 0 such that
F(t) <elr|® +Cle9(e* 1), forall 1 €R.

Then, using the last inequality, we get

2
H(u) = N”u”% —S/RN \uﬁdx—C/RN |ul? (e ' 1) dx.
From the Holder inequality and using the following inequality
(¢ —1)"<e™—1, Y520 Vv>1,

we obtain

2 y N a |ul? %
)z ol —e [ fa¥av-c( [ (@7 - nax) g, o
From the Theorem 1, if we choose u € E such that
2allul]” < o, (62)

we get

ul
/ (eza ful” 1)dx = / (eza Il H"H)y) — 1)dx < oo
RN RN
On the other hand from Sobolev embedding Lemma 4, there exist constants C; > 0 and
N
Cy > 0 such that ||ul2y < Calul| and |[u]|2 < C || . So,
7

2 N N N2 _N
)= <l =il ¥ =l = ) (5 — ¢ = CallufF),

1
for all u € E satisfying (62). Since g > N, we can choose p = ||u|| < (3—5)7 and for

2 2
€ such that Ne € there exists fy = p% <ﬁ —&eC —Cgpq_%> >0 with 7 (u) >

1
Po>0.
(ii) Let ¢; € E\{0}, ||¢1|| = 1. We define the function

o) = 7 1o = wi¥loul = [ Flugnax
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By (H,) and (H3) there exist two positive constants C; and C, such that

N
2

Ft)>Ct% —Cu2, VieR.

Hence, since 6 > N,

2

0(0) = 7 (161) < 3t

N N 0 N 5
7| g1l 2 = Cilt|” |91 llo + Calt]2 H¢1||% — —oo, as f — +oo.

We take ¢ = 1 ¢, for some 7 > 0 large enough. [

7. Proof of Theorem 6 and Theorem 7

7.1. Palais-Smale sequence

We begin by the Palais-Smale sequence that is

LEMMA 8. Assume that (Hy), (Ha), (H3) and (Hs). If (u,) C E is a (PS) se-
quence and u € E is a weak limit, then

(i) (un) is boundedin E.

(ii)
/ F(un)dx—>/ F(u)dx.
RN RV

Proof. For the first item, we can see the proof in the proposition 2 below.
Now, we claim that

f(up) — f(u) in L'(Bg), forany R > 0. (63)

Since u, — u in L%(RN), then u, — u in L%(BR). Furthermore, [p f(un)undx <C.
It follows from Lemma 5 that (63) holds.
Now from (63), we deduce that, for any R > 0

F(up)dx — | F(u)dx. (64)
Bgr Bgr

Indeed by (H4) we have
0 < F(up) < Mo|f(un)| ae. {x RN ||u,| >10}

and from (H,)
t() N
0<F(un)<§|f(un)\ ae. {xeR™ | |up| <to}.

Hence, applying the generalized Lebesgue dominated convergence theorem, we can
conclude that (64) holds for any R > 0.
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Now we claim that for any € > 0, there exists R > 1 such that

<eVnzl. (65)

Lo, (Flw) = Flu)ax
\Br

In order to prove our claim, it’s sufficient to see that for any 0 < € < 1, there exists
R > 1 such that

/ F(un)dx < Ce and F(u)dx < Ck. (66)
RN\BR IRN\BR

Let R > 1 arbitrarily fixed. By (60), and for g = % there exists a positive constant C3
such that

N
/ (F(un)dxgs/ \un|%dx+c3/ ulZ (e~ Vdx, Yn>1, a> o.
RN\Bg RN\Bg RN\Bp

Using the power series expansion of the exponential function and estimating the single
terms with the radial lemma 2, the fact that (u,) is bounded in E, we get for any n > 1

1

too k
/ ‘un‘% (ea |un\7_1)dx: Ea_/ ‘un|)/k+%dx
RN\Bp k=1 k! JrV\Bg

o S
< halll Yk Ytz
<G 2 (@ 20

N =51
lunl| T 3 a 1

a
< hll vk~
SGTR ,glk!(C”“”H) wog ;O
= N
G wl? S (Calu]?

~ R WDy & k!

N
_G mllT ey,

T R2-D)
N

< CS(CI,S) )

N (68)

On the other hand, using Sobolev embedding and the fact that (u,) is bounded in E,
there exists C; such that

s/ | ¥ dx < eCllun| ¥ < e
RV\Bp

It follows that,

C5(a,£)

F dx < eCy+——.
/. g, (Pln)dx < €€ =0
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We can assume without loss of generality that ( 1. Taking

CS (a’S)
€

R =

> 1,
we get
/ Flu)dx <e(C1+1), ¥V n> 1.
RN\Bg
In the same way,
/ F(u)dx < £(Cy +1).
RN\Bg

Then,

/RN\BR(F(un) —F(u))dx| < /RN\BRF(un) +/RN\BRF(u)dx <2e(Cr+1)

and (65) holds. [

7.2. Estimate of the mountain pass level

LEMMA 9. Assume that f verifies the conditions (H,), (Ha), (Hs) and (Hs).
Then, for the sequence (vy,) given by (51), there exists n > 1 such that

le

2 OCﬁ

Proof. By contradiction, suppose that forall n > 1,

2 [0
max _# (tv,) >N< ﬁ)

120 (o))

By contradiction, suppose that forall n > 1,

N
2 op 2y
tvy) 2 — | —

I}%{f(vn) N(ao)

Therefore, for any n > 1, there exists #, > 0 such that

max 7 (tv,) = 7 (tavn) = ]%

>0

and so,

ZLN
Sz
|
T
=
!
=
B
=
&
WV
2|
VRS
&I
N———
J=
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OC}} év)
2 (—) .

d ¥y
Ef(tv"”t:tn =t7 - /RNf(x,tnv,,)v,,dx =0,

Then, by using (H;)

On the other hand,

then,
b :/ SO tqvn)tyvpdx.
RN

(70)

(71)

Now, we claim that the sequence (#,) is bounded in (0,+e). Indeed, it follows

from (Hy) that for all € > 0, there exists 7z > 0 such that
FOr = (1 —)e™” Vt| > te.

Using (71), we get

(72)

N
te = / S, tqvn)tpvedx > / S, tqvn)tyvpdx.
RN 0<|x|< =
Vn
¢ log(n)
We have forall 0 < |x| < %=, w! > ) From (70) and the result of Lemma 6,
" B
ty /1 !
s (ng>y—w0%ire+w
[wall \ o

Hence, it follows from (72) that for all € > 0, there exists ng such that for all n > ng

¥ ool V!
= (w—¢) A et Mn gy
< gi
[x] N/n
and . ( et )
N Vi oot (1, 50
12 >NVN(y0—s)/ VNl T el 7 gy
0
Hence,

v ( _log(n) N
oty ( HWnWOf/} ) —logNn—75 logt,

1> NVN(’]/()—S) e

Therefore (z,) is bounded. Also, we have from the formula (71) that

N

N (04 2y

lim 12 > <—5> .
n—-+oo (XO

N

N Q 2y

lim 1,7 > (—ﬁ) ,
Nn— oo (XO

Now, suppose that

(73)
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then for n large enough, there exists some 8 > 0 such that 7} > aﬁ + 8. Consequently

the right hand side of (73) tends to infinity and this contradicts the boudness of (z,).
Since (1,) is bounded, we get

N
N o 2y
lim 7,7 = (—ﬁ> : (74)
n— oo (XO
Let consider the unit ball B of RN and the sets

oy ={xE€B |ty 21t} and 6, =B\ .

‘We have,

Sz

t

z/ f(tnvn)tnvndx>/f(tnvn)tnvndxz/ f(tnvn)tnvndx+/ S (tvn)tyvn
RY B A %,
> (YO_S) /@/ eaﬂtzvzdx'i_[g f(thn)thndX
= (Yo—s)/eaot’zv’zdx—(Yo—f)/ ewzvldﬁ/ F(tnvn)tvadsx.
B %

Since v, — 0 a.e. in B, y¢, — 1 a.e. in B, therefore using the dominated convergence
theorem, we get

/ Fx,tyvn)tyvpdx — 0 and %OV g s NVy.
n

Cn
Then,
N
nl_l}r};ﬂ = (%) 7 > (10— S)ngl}rlm Be%tZVde — (Y — €)NVy.
On the other hand,

v 7.y
eV gy / %0tV gx.
Gn

1
2

vy
/ %0tV gx > / :
—— <|x[<
5 Frhis

Then, using (70)

. N . Y)Y
lim 47 > lim (y—¢) / %0V gl
n—-oo n—-oo B

N
(log )N-2
1 N, 22
> lim (YO—S)NVN/ N1 g (togle M) N=2 lhunllY .,
n—s oo 1\\/[

Therefore, making the change of variable

e log € 1
’) _ploed) i pe

(lo S S
(log(e ¥m)) 72wyl [wall” (log(e /n)) 72

S =
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we get

.5 . 7Y
lim ¢ > lim (y—¢€) / eV x
B

n—-+oo n—r+o0
N LA
. lw, N2 N
7 RV 1o gl Lend T2
> lim NVy(yp— &)l [ ] N2 g
Z am NVN (% P [Puose) §
[wn 17
|| H y Plog(e N/n)
. Wn N [wall” — Nl 7s
>nLITMNVN(YO_8) ¢ frmen ¢ Plwall’s gg
[wnll7

N
. € —Nlog(e ¥/n —Nlog(2e
ngTw(yo—e)va—N(—e ogle V) 4 o~Nlog(2¢))

(7/0 _ S)VNeN(l—long)).

()

It follows that

4 > (YO _ s)VNeN(lflog(k))

forall € > 0. So,
()"
o
IS ViyeN(1—log(2¢))’

which is in contradiction with the condition (Hs). O

7.3. The compactness level of the energy

The primary challenge within the variational approach to the critical growth prob-
lem arises due to the absence of compactness. Specifically, the global Palais-Smale
condition doesn’t hold. However, a partial Palais-Smale condition is retained under a
specific threshold. In the subsequent proposition, we pinpoint the initial level at which
the energy exhibits non-compactness.

PROPOSITION 2. Let _Z be the energy associated to the problem (16) defined by
(19), and suppose that the conditions (H,), (H2) and (Hy) are satisfied.

(i) If the function f(t) satisfies the condition (17) for some o > 0, then the func-
tional 7 satisfies the Palais-Smale condition (PS). for any

2 /0o %
2 (%7
(@)

(ii) If f is subcritical at +oo, then the functional ¢ satisfies the Palais-Smale con-
dition (PS). for any ¢ € R.
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Proof. (i) Consider a (PS). sequence (u,) in E, for some ¢ € R, that is

2
S () = =l - /RNF(x,un)dx—> ¢, n— too (75)
and
I () :’ / (v ()| Attn| 2 2 A, AQ + Vit| 2 2V10, V9 4V (x) 10| 2 210,0) dix
R
—/ f(xu,) @ dx
RN
< &lloll, (76)

forall ¢ € E, where &, — 0, as n — +oo.
For n large enough, there exists a constant C > 0 such that

N
2

2
Sl ¥ <C+ [Pl

F u d < = Up)u d.x
RN ( n) X X 9 ‘/]RN f( ) n .

Using (76) with @ = u,, we obtain

N
[t < ]+ ]

Therefore,
2

N
Since, 6 > %, we get

2 1 N £
0< (2= 5) Il <C+ 5l

N g 1 N
[un]|2 < Cr+ g"HunH + g llunll =

We deduce that the sequence (u,) is bounded in E. As consequence, there exists
u € E such that, up to subsequence, u, — u weakly in E, u, — u strongly in LY(B),
forall ¢ > % and u,(x) — u(x) ae. in RV. Also, we can follow [24] to prove that
Vi, (x) — Vu(x) ae. x € RV and Au,(x) — Au(x) a.e. x € RV,

Furthermore, we have, from (75) and (76), that

0< /RNf(x,u,,)un <C, (77)

and
0</ F(x,u,) <C. (78)
RN
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By Lemma 8, we have
F(x,u,) — F(x,u) in L'(RY) as n— oo, (79)

Then, from (75), we get

lim /RN SO up ) updx = %/(c—l—/RNF(x,u)dx) (80)

n——+oo

and from (76), we have

N
lim /RNf(x,un)undx: E(C—F/RNF(x,u)dx). (81)

n——+oo

It follows from (H,) and (76), that

lim ]X/ F(x,uy)dx < lim/ f(x,un)undx:]i/(c—i-/ F(x,u)dx). (82)
RN RN 2 RN

n——+oo

Then, passing to the limit in (76) and using (81),we obtain that u is a weak solution of
the problem (16) that is

/ (wp (x) |Au|%’2 Au A(p+|Vu|%’2Vu.V(p+V(x)|u|%7214(;)) dxz/ f(x,u) @ dx,
RN RN

forall p € E.
Taking ¢ = u as a test function, we get

HuH% :/ wﬁ(x)|Au|%dx+/ |Vu|%dx+/ \u|%dx
RN RN RN
N
= /RNf(xm)udx) E/RNF(x,u)dx.

Hence # (u) > 0. We also have by the Fatou’s lemma and (79)

2
og;mogﬁ@ggwm%—éwn&@w:a

So, we will finish the proof by considering three cases for the level c.

Case 1. ¢ =0. In this case

0< #(u) <liminf 7 (u,) =0.

n— oo

So,
H(u)=0
and then by (79)

2 2
mpﬂmﬁzfpwwmquﬁ
n—oo N RN N

By Brezis-Lieb’s Lemma [9], it follows that u, — u in E.
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Case 2. ¢ >0 and u = 0. We will prove that this is not possible.
We will show in the following that

I = /RN S(up)updx — 0 as n— oo (83)
In fact, if (83) holds, then taking ¢ = u,, in (76) we get
[unl| T < c&nt Fn—0 as n—0

which gives lil}rl ||ets ||% = 0. This contradicts the fact that ¢ # 0 because from (75)
N— oo
and (76), we have

li ¥_N
i = e

It therefore remains to prove that (83) is valid. Let a > op and ¢ > 1. By (59) and
again the boundedness of (u,) in E, we obtain for all € > 0,

a lup|?
In SC@—i—C(a,q,s)/RN |9 (e 11" —1)dx ¥ n > 1.
Applying Holder’s inequality with p,p’ > 1 and %—F 1% =1, we get
1
<Clullly, ([, (e =nyax)”
jn(u)\ Up 'q -~ e X .
Since (%c)zﬁy < (Z—ﬁ),there exists 17 € (0, 3) such that (%c)%v_y =(1-2n) (Z—ﬁ) .

On the other hand, ||u,||” — (%c)zﬁy, so there exists ny > 0 such that for all n > ny,
we get [Ju,||” < (1— n);—ﬁ Therefore, if we choose a = (14 )y, p=(1+ 1) we

get
|“n|)y n B ‘”n| v ‘”n| v
pa lua]? < 00 (145 (1-m<op(—) .
(W ( 2> I N

Therefore, the integral is bounded in view of (17). On the other hand, choosing
g > 2,50 p'q>2 and therefore u, — 0 LI (RN). Then #, — 0 as n — +oo.

Case 3. ¢ >0 and u # 0. In this case, we claim that _# (1) = ¢ and therefore, we
get

N
2

tim g(c—l—/RNF(xm)dx) — (j(u)—l—/RNF(xm)dx) — w3

n

Do not forgot that

2 .. N
J () < S liminf | —/RNF(x,u)dx:c.
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We argue by contradiction and suppose that _# (1) < c. Then,

N 2
¥ < (5 (c+ [, Flxwax)) . (84)
Set
Un
V= ——
24|
and
u
V=

%(C—F/RNF(X,M)LIIX))%.

We have ||v,|| =1, v, = v in E, Vv, (x) — Vy(x) ae. x € RN, Av,(x) — Av(x) a.e.
x€RN, v£0 and ||v|| < 1. So, by Lemma 7, we get

-2
sup/N(el’“ﬁ‘V"V—l)dx<oo, for L<p<UW)=(1—|v5)7. (@85
n JR

Since u, — u in E, it suffice to prove that
I () (up —u) — 0 as n— oo,

and that’s the case when
/ fun) (up —u)dx — 0. (86)

Arguing as in Case 1, we can thus reduce the proof of (86) to showing the existence
of a> o and g > 1 such that

Iy = /N |un\q_1|un—u|(e“ funl” 1)dx — 0 as n — H-oo.
R

1_
7

We apply Holder’s inequality twice with p, p’,z,¢' > 1 and L >t , = %4— ;

=1, we get

1

I < Cla. &)l 1 u||,,/,( / (eP“'"”—wdx)”
RN

, 5
< / (eF @ 1ml” —1)ax
RN

forany 7> p.
From (85), it follows that

Talug|t — T a |val"un||” _
su e 1)dx =su e 1)dx < oo
np RN( ) np RN( )

2

provided a > o, p > 1 and 7 > p can be chosen so that a T||u,||” < (1— ||VHg)TyO‘/3
—2

and 1 <p<Uv)=(1- HV“%)T},
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‘We have

(1_v||%>#:< (St fy Pl >J
(3t fy Flx o) [l F)

(i) &

On the other hand,

R
HETN\\un\\ = <E<c+/RNF(x,u)dx>> ,

then, for all € such that 0 < € < 1 and for n large enough

o (1 +€)|unl|” < o (14 2¢) (%l (c—i—/ﬂ{NF(x,u)dx)) Wy.

Taking a = (1 +€)ayp, T= (14 €)p and using (87), we get

2y
N v -2
allu,||"t < o (1+ 7€) (E (c—!—/HQNF(x,u)dx)) (1— ||VH%)TY

2y

< pao(1+7€)2% (c— 7 () V.

N
But ¢ (u) >0 and ¢ < % (Z—ﬁ) 7 then there exists 1] € (0,1) such that o = (1—
2y o
U)ICOR S
If we choose € = 1, we get,

N, =2y
allun|['z < (1+m)(1=n)pag < pag <p (1—|v[|>)~

So, with this choice of 7> p > 1 and a > o, we have

-1
In < Ca, OCO)”“n”Z/t/(q_l) (|t — u”p’t
where C(a, o) is a positive constant depending only on a and ¢g. Now, since (¢ —
1)p't" >g—1 and p't >, choosing g >3 and ¢ > 2 we have that (u,) is bounded in
LUa=DPT" (RNY 50 .7, — 0 as n— +oo.
Hence,
N
2

N N
= E(C—'_/RNF(X’M)‘Z)C) = ||ul|2

and this contradicts (84). So, ¢ (1) = ¢ and consequently, u, — u.

lim_{[u
Nn— oo
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Proof of (ii) follows from (7). Indeed, since (u,) is bounded in E, there exists a
positive constant M > 0 such that ||u,|| < M. As f is subcritical at infinity, then if we

choose a > 0 such that a < %, the integral

palu’ _
/RN (e 1)dx
is finite for all p > 1. So, arguing as in (i) we get that
Iy — 0 as n — oo,

Now according to the Proposition 2, the functional _# satisfies the (PS). condi-

N
tion at a level ¢ < % <%> 27, in the critical case and at all level ¢, in the subcritical

case. Moreover, Proposition 1 confirms that the functional ¢ exhibits a mountain pass
structure. Consequently, by the Ambrosetti and Rabinowitz Theorem [5], # possesses
a non-zero critical point u within the space E. This leads to the proof of Theorem 6
and Theorem 7. [l
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