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ON A PROPERTY OF BOX–CONVEX FUNCTIONS

RALUCA PAŞCA ∗ , MIRCEA IVAN AND BOGDAN GAVREA

(Communicated by S. Varošanec)

Abstract. In this paper, we use α -Bernstein operators to solve an open problem related to
box-convex functions. Future targeted applications reside in the area of stochastic optimization
in problems such as AUC maximization and stochastic programs with chance constraints.

1. Introduction

Many years ago, Raşa proposed in [13] a conjecture related to the preservation of
convexity by the Bernstein-Schnabl operators. It was proved for the first time in [11],
by J. Mrowiec, T. Rajba, S. W

‘
asowicz. Other generalizations connected to it were

provided in the last years (see [1], [2], [3], [9], [7], [8]). From [12] it is known that
Bernstein polynomials preserve q -monotonicity for all orders q � 1. In [2], Abel and
Leviatan proved an important inequality for q -monotone functions which was extended
in [10]. Our main goal is to solve the open problem proposed in [10].

In [4], the following generalization of the Bernstein operators depending on a non-
negative real parameter was derived. Given a function f : [0,1] → R , for each positive
integer n and for any fixed non-negative real number α , the α -Bernstein operator
associated with f is the function Tn,α( f ) : [0,1] → R defined by

Tn,α( f )(x) := Tn,α( f ;x) =
n

∑
i=0

p(α)
n,i (x) f

(
i
n

)
,

where p(α)
1,0 (x) = 1− x , p(α)

1,1 (x) = x , and

p(α)
n,i (x) =

((
n−2

i

)
(1−α)x+

(
n−2
i−2

)
(1−α)(1− x)+

(
n
i

)
αx(1− x)

)
×xi−1(1− x)n−i−1,

for n � 2, x ∈ [0,1] . We convene on the binomial coefficients
(k

l

)
to have the form:

(
k
l

)
=

⎧⎨
⎩

k!
l!(k− l)!

, if 0 � l � k,

0, otherwise.
(1)
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When α = 1, the α -Bernstein operator Tn,α( f ) reduces to the classical Bernstein op-
erator of degree n , i.e.,

Tn,1( f )(x) = Bn( f )(x) =
n

∑
i=0

pn,i(x) f

(
i
n

)
,

where pn,i(x) =
(n

i

)
xi(1− x)n−i are the Bernstein basis polynomials of degree n . With

the convention (1) and i,n∈N , the Bernstein basis polynomial pn,i(x) is not identically
zero if and only if 0 � i � n .

The rate of convergence and a Voronovskaja type theorem for Tn,α are given in [4].
The operators Tn,α inherit monotonicity and convexity properties from the classical
Bernstein operators. More precisely, the operators Tn,α preserve monotonicity and
convexity ([4], Theorem 3.3 and Theorem 4.1.).

We observe that p(α)
n,i (x) can be written in terms of the Bernstein basis as

p(α)
n,i (x) = (1−α)(1− x)pn−2,i(x)+ (1−α)xpn−2,i−2(x)+ α pn,i(x), i,n ∈ N. (2)

Let Bk( f (at +b);x) denote the Bernstein operator of degree k applied to the func-
tion g(t) = at +b , i.e.,

Bk( f (at +b);x) = Bk(g)(x), with g(t) = at +b.

It follows from (2) that the α -Bernstein operator Tn,α can be written in the form

Tn,α( f ;x) = (1−α)(1− x)Bn−2

(
f

(
n−2

n
t

)
;x

)
(3)

+(1−α)xBn−2

(
f

(
(n−2)t +2

n

)
;x

)
+ αBn ( f (t) ;x) .

In this paper we will consider only α ∈ [0,1] . Under this assumption, it follows
that Tn,α are linear positive operators for n ∈ N .

Given g defined on a suitable interval of the real axis and h > 0, the classical finite
difference operator Δh is defined by

Δ1
hg(x) := Δhg(x) =

{
g(x+h)−g(x), x,x+h ∈ [0,1],
0, otherwise.

We recall now the definition of box-convexity [6]. A function f ∈C ([0,1]× [0,1])
is called box-convex of order (q,s) , if for any distinct points x0,x1, . . . ,xq ∈ [0,1] and
any distinct points y0,y1, . . . ,ys ∈ [0,1][

x0,x1, . . . , xq

y0,y1, . . . , ys
; f

]
� 0,

where[
x0, . . . , xq

y0, . . . , ys
; f

]
=
[
x0, . . .xq; [y0, . . . ,ys; f (x,y)]y

]
x
=
[
y0, . . . ,ys; [x0, . . . ,xq; f (x,y)]x

]
y .

In [10], the following open problem is proposed:
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PROBLEM 1. ([10]) Let q,s be two natural numbers, q,s � 2 and let xk,tk ∈
[0,1] , k = 1, . . . ,q, such that xk �= tk and yi,zi ∈ [0,1] , i = 1, . . . ,s, be such that yi �= zi .
If g ∈C ([0,1]× [0,1]) is a (q,s)–box convex function, prove that

sgn

((
q

∏
k=1

(xk − tk)

)(
s

∏
r=1

(yr − zr)

))
(4)

×
n

∑
i1,...,iq=0

m

∑
j1,..., js=0

(
q

∏
k=1

(
p(α)

n,ik
(xk)− p(α)

n,ik
(tk)
))( s

∏
r=1

(
p(β )

m, jr
(yr)− p(β )

m,sr(zr)
))

×g

(
i1 + . . .+ iq

nq
,
j1 + . . .+ js

ms

)
� 0.

REMARK 1. For α = β = 1 the assertion is true, [9]. For α = β = 1, s = 0,

m = n, and g(x,y) =
∫ 1
0 f
(

nx+αt
qn+α

)
dt , (4) is equivalent to the inequality from [2, The-

orem A].

Our main goal is to generalize inequality (4) for a class T of positive linear oper-
ators Tn,α .

2. Main results

Let f : [0,1] → R , and ek denote the k–th order monomial, i.e., ek(x) = xk , x ∈
[0,1] . Consider the family of discrete operators T = {Un}n∈N

, such that

Un( f )(x) =
n

∑
i=0

un,i(x) f

(
i
n

)
, un,i ∈C1([0,1]), Un(e0) is constant,

and

(Un f )′(x) =
n−1

∑
i=0

cn,i(x)Δ 1
n
f

(
i
n

)
, cn,i � 0, cn,i ∈C([0,1]), (5)

where un,i and cn,i are independent of f .
The following theorem is the main result of the paper:

THEOREM 1. Let Un ∈ T , and q,s be two natural numbers, q,s � 2 , and let
xk,tk ∈ [0,1] , k = 1, . . . ,q such that xk �= tk and yr,zr ∈ [0,1] , r = 1, . . . ,s be such that
yr �= zr . If g : R×R→ R is a (q,s)–box convex function, then the following inequality
is satisfied:

sgn

((
q

∏
k=1

(xk − tk)

)(
s

∏
r=1

(yr − zr)

))
(6)

×
n

∑
i1,...,iq=0

m

∑
j1,..., js=0

(
q

∏
k=1

(
un,ik(xk)−un,ik(tk)

))( s

∏
r=1

(um, jr(yr)−um,sr(zr))

)

×g

(
i1 + . . .+ iq

nq
,

j1 + . . .+ js
ms

)
� 0.
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Proof. In proving this result, we will use the following construction:

Let Δ : a = x0 < x1 < .. . < xn = b be a partition of the interval [a,b] . Define the
piecewise linear continuous nondecreasing functions uk : [a,b] → R ,

uk(x) :=
|x− xk−1|− |x− xk|+ xk− xk−1

2
, k = 1,2, . . . ,n.

Let f : [a,b] → R. One can check that the piecewise linear continuous function
SΔ f ≡ SΔ( f ) : [a,b] → R ,

SΔ( f )(x) := f (x0)+
n

∑
ν=1

uν(x) [xν−1,xν ; f ] ,

interpolates f at xk , k = 0,1, . . . ,n .

In general, if L : C[a,b]→C1[a,b] is a discretely defined linear operator, i.e.,

L( f ) :=
n

∑
ν=1

αν f (xν ),

then

L( f ) = L(SΔ f ) = L(e0) f (x0)+
n

∑
ν=1

L(uν) [xν−1,xν ; f ] .

If L preserves monotonicity, and L(e0) is a constant, it follows that (L(uk))′ � 0,
k = 1,2, . . . ,n , and (L(e0))′ = 0.

We obtain

(L( f ))′ =
n

∑
ν=1

(L(uν))′ [xν−1,xν ; f ] .

We prove the equality

n

∑
i1,...,iq=0

(
q

∏
k=1

u′n,ik(xk)

)
g1

(
i1 + . . .+ iq

nq

)
(7)

=
q!

nqqq

n

∑
i1,...,iq=0

(
q

∏
k=1

cn,ik(xk)

)[
i1 + . . .+ iq

nq
, . . . ,

i1 + . . .+ iq +q

nq
;g1

]
,
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for g1 : [0,1] → R . We start with equality (5). By using this multiple times we get

n

∑
i1,...,iq=0

q

∏
k=1

u′n,ik(xk)g1

(
i1 + . . .+ iq

nq

)

=
n

∑
i1,...,iq=0

(
q−1

∏
k=1

u′n,ik(xk)

)(
U ′

n g1

(
i1 + . . .+ iq−1

nq
+

·
q

))
(xq)

=
n

∑
iq=0

cn,iq(xq)
n

∑
i1,...,iq−2=0

(
n

∏
k=1

u′n,ik(xk)

)

×
(

U ′
n

(
Δ 1

nq

(
g1

(
i1 + . . .+ iq−2

qn
+

·
q

+
iq
nq

))))
(xq−1)

=
n

∑
iq−1=0

n

∑
iq=0

cn,iq(xq)cn,iq−1(xq−1)

×
n

∑
i1,...,iq−2=0

(
q−2

∏
k=1

u′n,ik
(xk)

)
Δ2

1
nq

g1

(
i1 + . . .+ iq

nq

)

= . . . =
n

∑
i1,...,iq=0

(
q

∏
k=1

cn,ik(xk)

)
Δq

1
nq

g1

(
i1 + . . .+ iq

nq

)
.

Now with x = i1+...+iq
nq and h = 1

nq in the identity [x,x+h, . . . ,x+qh] = 1
q! · 1

hq Δq
h f (x)

we obtain (7). Using the definition of the double divided difference and (7), for H : [0,1]
× [0,1]→ R we are led to:

n

∑
i1,...,iq=0

m

∑
j1,..., js=0

(
q

∏
k=1

u′n,ik(xk)

)(
s

∏
r=1

u′m, jr(zr)

)

×H

(
i1 + . . .+ iq

nq
,
j1 + . . .+ js

ms

)

=
q!s!

qqssnqms

n

∑
i1,...,iq=0

m

∑
j1,..., js=0

(
q

∏
k=1

cn,ik(xk)
s

∏
r=1

cm, jr(zr)

)
D

i1,...,iq
j1,..., js

(H),

where

D
i1,...,iq
j1,..., js

(H) =

[
i1+...+iq

nq , . . . ,
i1+...+iq+q

nq
j1+...+ js

ms , . . . , j1+...+ js+s
ms

; H

]

Assume that

sgn

((
q

∏
k=1

(xk − tk)

)(
s

∏
r=1

(yr − zr)

))
> 0.
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We will show that the remaining part in (6) is non-negative. We have

n

∑
i1,...,iq=0

m

∑
j1,..., js=0

(
q

∏
k=1

(
un,ik(xk)−un,ik(tk)

))( s

∏
r=1

(um, jr(yr)−um,sr(zr))

)

×g

(
i1 + . . .+ iq

nq
,
j1 + . . .+ js

ms

)

=
∫ x1

t1
. . .
∫ xq

tq

∫ y1

z1
. . .
∫ ys

zs

n

∑
i1,...,iq=0

q

∏
k=1

u′n,ik
(τk)

m

∑
j1,..., js=0

s

∏
r=1

u′m, jr(γr)

×g

(
i1 + . . .+ iq

nq
,
j1 + . . .+ js

ms

)
dτ1 . . .dτq dγ1 . . .dγs

=
q!
qq

s!
ss

1
nqms

∫ x1

t1
. . .

∫ xq

tq

∫ y1

z1
. . .

∫ ys

zs

n

∑
i1,...,iq=0

m

∑
j1,..., js=0

q

∏
k=1

cn,ik(τk)
s

∏
r=1

cm, jr (γr)

×
[

i1+...+iq
nq , . . . ,

i1+...+iq+q
nq

j1+...+ js
ms , . . . , j1+...+ js+s

ms

; g

]
dτ1 . . .dτq dγ1 . . .dγs � 0. �

REMARK 2. By setting in Theorem 1 the operator Un = Tn,α , we obtain the proof
of Problem 1.

3. Conclusions and future work

In this paper we used α -Bernstein operators to prove the open problem proposed
in [10]. Future work is concerned with the use of α -Bernstein operators in the context
of stochastic optimization. We are interested in two types of stochastic optimization
problems: AUC (Area Under the Curve) maximization problems, [5], and stochastic
optimization problems with chance constraints, [14]. We see the advantage of using
α -Bernstein vs classical Bernstein operators in the fact that the parameter α gives us
an additional opportunity in tuning the resulting algorithms, while we are still able to
preserve monotonicity and convexity.

Acknowledgements. Special thanks to the anonymous reviewer for their many in-
sightful suggestions and comments.
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