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q-DEFORMED HILBERT TRANSFORM AND ITS
RELATED PROPERTIES AND INEQUALITIES

SERIKBOL SHAIMARDAN AND NARIMAN SARSENOVICH TOKMAGAMBETOV

(Communicated by L. E. Persson)

Abstract. We present a new formulation of the Hilbert transform constructed via the g-defor-
mation of convolution, which is called the g-deformed Hilbert transform. We also find the
g-deformed Hilbert transform of some basic functions and examine its connection with the ¢g-
Fourier transform. In particular, a number of new related inequalities and embeddings are proved
such as a g-analuge of the Chebyshev inequality and a Hardy-type inequality. In additionally,
we present a direct application of Hardy-type inequality to study some inequalities for the ¢g-
deformed Hilbert transform on L”(R,) and L”"(R,). Finally, we prove a weak (1.1) inequality
for the g-deformed Hilbert transform.

1. Introduction

The most common language of quantum calculus is based on the g-calculus (or
q-deformation), though this type of calculus was already introduced by L. Euler [17] in
the 18th century. The study of g-deformation began in 1748 when he considered the in-
finite product (¢;¢)=! =5, H{%ﬂ, |g| <1, as a generating function for p(n), where

p(n) denotes the partition function, i.e., the number of ways to express n as a sum of
positive integers. In the early 20th century, F. H. Jackson introduced the concept of the
q-derivative and the definite g-integral [25, 26], marking the foundation of what is now
known as g-deformation. During the last two decades, the study of g-deformation has
garnered significant attention from researchers. For examples, the book by V. Kac and
P. Cheung [1 1] explores many fundamental aspects of g-deformation. In the book [15]
of T. Ernst (see also [14]), it has gained renewed interest due to its relevance in math-
ematical models for quantum computing. Moreover, in [6], N. Bettaibi and R. H. Bet-
taieb introduced a new ¢-deformated Dunkl operator and examined the corresponding
Fourier transform in [19, 20] (see, [31]). The g-deformated Dunkl operator is defined
by Rubin’s g-differential operator d,, as presented in [39, 40]. For a more detailed
overview of the development and recent advances in g-calculus, we refer the reader to
the monographs [1, 3, 5, 14, 15, 16, 21] and the references therein. The first notable
results on g-deformed integral inequalities appeared with the work of H. Gauchman

Mathematics subject classification (2020): 46A30, 33D15, 47G10, 47B38.
Keywords and phrases: Hardy inequality, inequality, g-derivative, g-calculus, Hilbert transform,
boundedness.

The work was supported by the grant from the Ministry of Science and Higher Education of the Republic of Kaza-
khstan (Grant No. AP19579124).

© M, Zagreb 493

Paper MIA-28-31


http://dx.doi.org/10.7153/mia-2025-28-31

494 S. SHAIMARDAN AND N. S. TOKMAGAMBETOV

[22] in 2004. In 2014, L. Maligranda, R. Oinarov and L.-E. Persson [33] derived a
g-analogue of the classical Hardy inequality, originally introduced by Hardy in 1925
(see [23, 24]). The development of Hardy-type inequalities has since become a vast
and active area of research, with many significant results and applications discussed
in the monograph [35]. Consequently, exploring which of these classical Hardy-type
inequalities admit meaningful g-analogues remains a promising direction for further
research.

Recently, in this paper [34], the authors defined a g-deformated of the Hilbert
transform .77 of a real-valued function f(z) is defined as:

7T —2 T* —2
H0(F)(x) = dgap-v. / %M:aq,am / %dﬂ, )

—eo IA]>e

where the generalized g-deformated Dunkl translation operator 7/, (see, [34, formula
(32)]) and the constant ay, ¢ is given by

1+ qTp(a+3)
S 2qTp (5)Tp(a+1)

Ag,o

with the ¢*>-Gamma function [ 2() is defined by fomula (5). Historically, the Hilbert
transform emerged from D. Hilbert’s work [37] on integral equations and boundary
value problems in 1905 (see [29]). Moreover, they investigated its fundamental proper-
ties through the harmonic analysis framework related to the g-deformated Dunkl oper-
ator in [6].

One main purpose of this work is to introduce and investigate another g-deforma-
tion of the Hilbert transform (23) constructed via the g-deformated convolution (16).
In the particular case when o = %, the defination (1) is equivalent to our formulation
of the g-deformed Hilbert transform (23). However, the Definition (23) provides an
efficient tool for the direct derivation of the main results concerning the g-deformed
Hilbert transform in our further analysis. Moreover, we study the g-deformed Hardy-
type inequalities (38) and (37) and apply them to derive the Riesz inequality (45), the
inequality (42) and the inequality (49) related to the g-deformed Hilbert transform
(23). Note that (}13} f(xeqy) = f(x—y), as a consequence of the approximation prop-

erty of the g-Transform in the limit ¢ — 1 (see, [40, Section 3]). Therefore, we get
lin} (A4 f) (x) = (S f)(x) which is the classical Hilbert transform .77 of a real-valued
q—)

function f is defined as:

G
Hf)(t)=—=p.v. | —=dT 2
(N0 = —pv. [ F o, @
where p.v. denotes the Cauchy principal value (see, [28]). The historical development
of the Hilbert transform began with David Hilbert’s study of integral equations and

boundary value problems in 1905 (see, [29]). If f € LP(R) with 1 < p < e, then there
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exists a positive constant A independent of f* such that the following inequality holds:
L/ -
1)) <A<7 / F(s)ds + / @m) £ > 0. 3)
0 1

The inequality (3) demonstrates that the Hilbert transform maps functions from L”(R)
spaces to other functional spaces (e.g., Lorentz spaces) while maintaining boundedness.
The proof can be found in Bennett & Sharpley [10, p. 134—138.]. Specifically, a weak-
type (1,1) inequality found in [ 10, Chapter 3, Section 4] (see also [43] and [45]). Similar
constructions for discrete Hilbert transform were investigated in [2] (see also [44])

Finally, we obtain the inequality (53) which is a g-analogue of the inequlaity (3).
As a applcation of the inequality (53) to investigate a weak (1.1) inequality (58) for the
q-deformed Hilbert transform (2).

The outline of this paper is as follows: We will recall the necessary notions and
definitions in Section 2. We introduce the definition of the g-deformed Hilbert trans-
form and proceed to compute its action on some basic functions. Additionally, we
will explore the relationship between the Hilbert transform and the Fourier transform in
Section 3. We also prove several important and useful theorems related to g-decreasing
rearrangement, which will be crucial for the subsequent developments of further inves-
tigation in Section 4. In Section 5, we study a special form of some g-deformed Hardy-
type inequality. Moreover, In Section 6, we present a direct application of g-deformed
Hardy-type inequalities to establish the g-deformed Hilbert transform L” -boundedness
and to obtain its is bounded in Lorentz L”"(IR,). Finally, in Section 7, We will investi-
gate a weak (1.1) inequality (50) in Section.

2. Preliminaries

In this Section, we give notation that we will also use throughout this paper and
assume that 0 < g < 1. Let o € R. Then a g-real number [o], is defined by

1—qg*

al, = ,

[ ](1 1 —q

where lim 1%& =a.
g—1 74
We introduce for any x,a € R
n—1
()C,Cl)g =1, (x7a>n = H <)C— qka> ) (x7a)°° = ,}ij?c(x’a)Z'
k=0

The g-analog of the binomial coefficients are defined by

ot = { [lf]q X 2] % -+ % [n]zf,rilfi%N, {ZL = [n_%

Let us define g-addition by

(a®yb)°’ =1, (a®yb)' =a—b, (a®,b)" = ZH db Tk a£b.  (4)
q
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The gamma function T is defined by

N = (5= 1 ®

The g-analogue differential operator is defined as (see [25])

f(x) = flgx)
x(1—q)

Note that if f is differentiable at x, then lin} Dyf(x) = f'(x).
q%

Let RS = {¢",k € Z} and R, = {£4", k € Z}.
The g-integral (or Jackson integral) is defined as (see [26])

qu(x) =

/f(X) (1-q an flag™) /f (1-q) X 4"f(d") (©
0 e
and
[1@di=0-a) 3 a" (5" + F(=a"), ™)
R, m=me
provided the sums converge absolutely.
We denote
LRy ={f: [P dpe <00 < p <o) L7 (B)) = {f sup /()] < ).
R, By

The normalized g-Bessel function is defined by (see, [12] and [31])

oo

n(n+1)

(
. 2 n q 2n
Jalx,q®) =Y (—1 X
alnd) ,,:o( ) (@®*2,¢*)n(G* 4% )n

Note that we have

Ja(rg?) = (1=¢*)*T3(e+ 1) (1= g)x) “Ja (1 - q)x:q?),
where
X (22, 2) i(_l)qu(kfl)ﬁ(qzxz)k
(). S (@274

Ja(x§q2) =

Moreover,

(1+q)Tp((e+1+1)/2
| ((a+1-1)/2)

/foa ((1— 9)x:q* )dgx, (8)
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for log(1 —g)/log(q) € Z. The normalized g-Bessel function j(.,q*) satisfies the
orthogonality relation (see e.g. [12])

K2y [ Ja(uxa?)jolor. @) dpx = 8,00, 20), Va2 €Ry  O)
R

(quHrZ’qZ)N

where Ky 4 1= () and
0, M # A2;
O(M1,A2) = { w M = A,
Let f be a function defined on R/ then
[ £02)8, (0. 22)23 d, 20 = (0. (10
Ry
The g?-exponentials (see, [31] and [40])
exp(x;¢%) = cos(—ix;q*) + isin(—ix; ¢%), (11)
where .
cos(uig?) = (L= (1- by (1 i),
sintr?) = LLL (1 b (1 gy, (12

The q2 -Fourier transform f is defined as follows (see [18] and [39])

Fea?) = K, [ 1O exp(=inr:qP)dyt (13)
R‘I
and its inverse
116 = Ky | explint; ) FlxaP)dy. (14)
Rq

%
where K, = 2(F1+q(>1) . For x,y € Ry, the Fourier multiplier operator corresponding to

P \2

translation by y is

f(x6qy) = Kq/eXp(—iyt;qz)f(t;qz)eXp(ixt;qz)dqt, (15)
Rq
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For f e Lfi (Ry), g€ L}I(Rq) , define the multiplier corresponding to Fourier convolution
of f with g to be

(F448)x) = [ FxSqn)elr)dyy (16
Rq
If f,g € Ly(Ry)NLZ(R,). Then
f+g=Tfg. (17)
PROPOSITION 1. (g-Dirichlet Integral) Let x € R,. Then
H .2
/ sin(xr3 g )dqt =T _sen(), (18)
! (1+4g)>

T
Rg

where T, = 1"52 (%) and sgn(+) is the signum function:

-1 ifx<0,
sgn(x) =<0  ifx=0,
1 if x> 0.
Proof. Let x € R, and x < 0. Then x = —|x| sin(¢;¢*) is even function and using
(12) we find that
. 12)  (¢%4%)- 1
Ssin(jalrig?) 2 YD (b (- @i, (19)
(4:9%)- 2
Now |x|¢ replaced by z and (5), (8) and (19) we have that
1
sin(v;¢%) - (19 (¢5¢7) 1/ [ 12 >
—dyt = ——-—(1—¢q)2 — | Ji((1— t,q”)dgt
[ a2 g [ - g i),
Ry Ry
(¢%4%)= 1l 2
= —— 1—q2/z 2J1((1—q)z;q97)dyz
(q’qz)w ( ) 7(( ) ) q
Ry
1
® (459D 1 T2 (3)
) 2 (1—¢q)2(14+¢q)2 (20)
(q;qz)w( )2a+a) [p(1)
1
6 ()
(1+4)?

Next, assume that x > 0, applying the same argument as in the calculation of integral
(20), we obtain

e 2 2, (L
/sm(xt,q )dqt _ (2)1 ' 21
! (1+4g)>

T
Ry
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Therefore, combining (20) and (21) we conclude that (18) holds for all x € R,.
O

This completes the proof.
1 _ 1 _ . . . o
T2(3)=T(3)=vmand ;13} sin(t;¢%) = sin(r) we get

REMARK 1. Since lim
(1*}1

SE

= sgn(x)

that
: 2
t; .
lin} / sm(xtiq)dqt = sgn(x) hn} :
q— q— 2
R? (1+q)2
Hence, when ¢ — 1 we find that the Dirichlet Integral:
lim / sin(xt;qz)dqt _ / sin(xt)dt'
q—1 t t
RS R

PROPOSITION 2. Let ¢(t) = 1 and x € R,. Then
PO . 1
Plug’) =—ilp | 5 |sen(x). (22)

Proof. Using (11) we find
exp(—ixt;q*) = cos(xt;q?) + isin(xt:¢%).

Therefore, by (13) and (18) we get that
2
N (13) expl—uxt,q
o) 2 g, [ 22D,
R‘]
N Kq/ [cos(—txt;qz) _Hsin(—txt;qz) di

Rq
: 2
1
D ik, / sinat:q7)
t

Ry
) 1
= —ilp 5 sgn(x).

is an odd function and

; 2
1 . .
sm()i—q) is an even function.

Here we use the fact that %;;,12)
This completes the proof. [l
In the following, we denote by
o .7,(R?), the space of functions f defined on R? satisfying
Vn,m €N,  Pyug(f) = sup }xm8;f(x)| < oo,
x€R4
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3. The g-deformed Hilbert transform

3.1. Hilbert transform on R,

Let us start with the following main definition which is a new modification of (2)
on R,.

DEFINITION 1. Let f € L{(R,) be a function for 1 < p < eo. Then %, is the
Hilbert transform of f given by
1 1 1 [ fly
(Hof) () =~ f(0) g~ = pont [ L0y @3)

T, t g ) xOgqy
Rq

We now proceed to verify that (23) is well-defined. For this purpose, let us con-
sider a function f from the Schwartz class . (R). Then,

[ )
I, = — lim —d
(Aaf) (x) nqsiw X—y qY
[y—x|>¢e
1— n
_l-a AU
Ty &0 e X 4"
= 11m+< 2 ¢ —|—2q_n
g &-0 e<lx—q"|<1 x—q [x—¢"[>1 X—q
l-q . W) — fx) n ()
= p- 11m+< 2 ¢ + 2 —
q €0 e<|x—q"<1 Xx—q e<|x—q"<1 X—q
2 (q")
X da
lx—q"[>1
_ o L4 WS —fx) 1-—¢g 2 f(q")
= lim 2 q — = q'—.
=0T g o o<t X—q g g1 X4
Here we used the fact that
xﬁ 0o 2 xi n+ xﬁ n =0.
e<|x—q"|<1 q —l<—|x—q"|<—¢ q e<lx—q"|<1 q
Therefore,
. 1-¢q W f@)— )] 1—gq 9" f(q")]
[ (A4f) (0)] < lim p q . +— =g
€0 4 e<|x—q'|<1 g —=* 4 |x—q"|>1 r—q

By applying the mean value theorem (see, [38, Theorem 3.2]), we get |f(¢") — f(x)| =
|g" —x|Dgf (&), where & lies between ¢" and x. Since D, f(x) is bounded, we can

conclude that: n
‘w = |Dgf (&)] < 1Dy llz=(x,)
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+2
_qforx
and ¢" = CEG— < 5

| (Aaf) ()] <

>|x—¢"|. Thus,

I1Dgfll=®,) 2
“ 1 > k4"
oy —l—q‘x

_qn‘<1
l1—¢q 1
n‘] 1|x C] ‘

+

Py 0, (f)

Jr—q"|>

4
< (D iy + Prog(f)) <=,
(14+q)m, 4 a
which means that J7; is well-defined.
Let us calculate the Hilbert transform of some basic functions.

EXAMPLE 1. The g-Hilbert transform for a constant function f(¢) = ¢ is easy to
calculate. Using the Definition | we obtain that

c

A )= [

q

dgs
19ys B

The last equality is due to the integrand @ being an odd function over R, (see, (15)).
Hence, H(c) = 0 for any constant c.

EXAMPLE 2. Let f(y) = exp(iay;¢*) and o € R. Then, since

&(y:q7) = Kgexp(—iyt;q*)
(see, [40, Propery 2, p. 780]), using (10), (14), (15), Proposition 2 and (23) we obtain
that

@) 1 / exp(ioy; ¢*)

B - [ SERUDa)
oA ¢ [ SR
q

15 K,
D e / expliay:q?) [ exp(—ivtsq?)plrsq?) explint: ),y

Rq

— n—/(ﬁ(t;q2)exp(ixt;q2)/Kqexp(—iyt;qz)exp(iocy;q2)dqydqt
a
R‘]

= /(P (t:q°) exp(ixt:q° /5t viq®)exp(ioty:q*)dgydgt
Rq
(14)

= _/(p t; q )exp(ixt;q )&( )df{t

q

1.

2 —G(azq?) explion:¢?)
g

22) i

T, (3) exp(iox; q°)sng(ar).
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EXAMPLE 3. Let f(y) = sin(y;¢?). Then, using (11), we find that

exp(iy;q®) — exp(—iyiq’) cos(r:?) =

exp(—ix;¢*) + exp(ix; ¢°)
2i ’ '

(v 2 —
sin(y: ) -

Thus, by Example 2 we have that

(Hqexp(i(-):q%)) (x) — (Hgexp(—i():q*)) (x)

(A4S (x) = -
_ i ) o i . 5
@ rqz(%) eXP(lX,q ) FqZ (%) eXp( ix;q )
- 2i
_ 1 - eXp(lx, qZ) — exp(_lx’ q2)
T (3) 2
1

EXAMPLE 4. Let f(y) = cos(y;q*). Then, it follows from (11) and Example 2
that

2) 1 .
i (eos(( ")) (1) & = sinxi?)
3.2. The Fourier transform of the Hilbert transform

It is a well-known result that the Fourier transform of the Hilbert transform (H f)(x)
satisfies the following (see, [28]) relation

sgn(&)

T

F(Hf)(E) = —i F(£)(S), (24)

where sgn(&) is the signum function and the Fourier transform % (f)(§) of f(x) is
given by

<ﬂﬁ®=7%[}wf@m

We obtain a g-analogue of relation (24).

THEOREM 1. Suppose f € Li(R,), 1 < p < 2. Then the Fourier transform of
(x(t)) is given by

X sgn(x)

G ) = i i)
*\2

for x e Ry.
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Proof. Using (13), (17), (23) and Proposition 2 we have that

—— (13) 1

(Haf)6:47) = —f(s )+ 0(s)(1:4%)

q
an 1+

n—qf(t;qz)a(t;qz)

@ sl 1o

- Tp(5)f (g %)

L (CO- -
rqz(%)f(t,q)

The proof is complete. []

4. Lorentz L”"(R,) spaces

This section is devoted to the Lorentz L"(IR,) spaces. In the first subsection
contains the decreasing rearrangement which is, in fact, a distribution function with
respect to the g-measure. Moreover, we provide proofs for some of its fundamental
properties. These investigations will be very important when we discuss the Lorentz
LP"(R,) spaces in second subsection.

4.1. A g-measure and ¢g-distribution function

Let % denote the Borel o -algebra of R. Let © C R be a measurable space, and
let op € R. The unit point measure (or Dirac measure) at o, denoted by O, is as

follows
1 ifogeQ,
6060 (Q) = .
0 ifop ¢ Q.
More generally, if {a, : n € Z} is a countable set of pointsin R and {f, > 0:n € Z},
we define a point measure U by

=2 Bida,, H(Q)= 3, Bu
nez 0, €Q

This measure is o -finite, and finite if Y 3, < o (see, [41, Chapter 4] and [8, Chapter
1]). Let 0 < g < 1. Assume that o, = ¢" and 3, = (1 —q)q" for n € Z. Then we define
a g-measure [, is defined as

Ho= D "8, Hg(Q Q) Y, 4" (25)

nez q"eQ
EXAMPLES.

1. Let Q; = {q" : n € N}. Then the g-measure of Q; is
q

Hg(Q1) = (1-q) zqnzu_q)i :/ _

e, k=1 0
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2. Let Q, :=10,¢"] C R; for some m € Z. Then, by (7) and (25) we find

Hq(€22) = (1 —q) Z q"

q"€
=(-q Y ¢
q"<q"
=(1—q) Y q"x04m(d") (26)

= / X(()’qm] (x)dqx.
]R+

3. Let Q, :=[—¢~,q"] C R; for some m,k € Z. Then, by (7), (25) and (26) we
have
1y (Q) = (1—-q) Y, 4"
q"€Ld;
=(-q Y 4q+0-q9 Y ¢
qungqm 7qm<7qn<0

= (1-q) _Z d" %o (@) +1—q) Y, d"xpoqm(—4") 27

n=—oo Nn=-—oo

DEFINITION 2. The g-distribution function d¢(A;q) of f:R; — R is a real-
valued function, which expressed as

d(Aiq) = pg{x e Ry [f(x)| > A}, A >0. (28)
Moreover, we observe that
dpig(2A:q) < df(A;q) +dg(:q).

Let Q3 = {x € R, : |f(x)| > A}. Then, it follows from (27) and (28) that

d(hiq)=(1-0) ¥, ¢" = [ 20,0y 29)
R‘I

q"€Qs

DEFINITION 3. The non-increasing rearrangement f* of f is defined by
ff=inf{A >0:ds(A:q) <1}, 1>0. (30)

where we use the convention that inf & = oo,
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It is important to note that the function f* exhibits the following properties

1) Subadditive:
(f+g) <f+g5 3D

2) Submultiplicative:
(fe) < fg" (32)

REMARK 2. The non-increasing rearrangement f* can be understood as a se-
quence {f*(¢")} by defining

@)= A)=inf{A>0:d;(A:q9) <q"}, ¢'<A<q", (33)

forn € Z.

PROPOSITION 3. Let 1 < p < oo. Then, the following properties hold:
(i) f*(t) > A ifand only if dy(A;q) > 1.
(ii) f and f* are q-equimeasurable, that is,

Ug{x e Ryt [f(x)| > A =pg{t >0: f*(t) > A}, forall A>0.

Proof.
(i) Assume that dy(A;g) > 1. Since dy(A;q) is a decreasing function we have
A <inf{n:ds(n:;q) <t}.

Therefore, by Definition 3 we get f*(¢) > A . For the reverse direction, suppose
f*(r) > A. Then, by Definition 3 we find that

inf{n :ds(n:q) <t} >A.
Hence, it follows from the fact that d is a decreasing function that dg(A;q) >1.
(i) By (i) and (30) we have

dp(Asq) = Hg{t >0: f7(t) > A} = pg{t > 0:dp(A;q) >t}
= H{[0,ds(A:q))} = df(A:q).

(iii) Since 0 < A < oo, using (30) we obtain

(If17)"(r) = inf{A > 0: p {x € Q: [f())” > A} <1}
=inf{A? >0:u{xe Q:[f(x)| > A} <t} = f(r)".
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This completes the proof. [

In terms of the distribution function, we state and prove the following important
description of the L (R,) norm.

PROPOSITION 4. Let 0 < p <o and f € Lj(Ry). Then

1715y s,y = Pla [ A7y 2 = [ 1@y (34

Proof. Using (7) and (29) we get

29 _
/JLP ldp(Aig)dh 2| ]q/l” 1/x{xeRq:\f(x)|>u(x)qudq
RS RS Rq
2l X g Y g (35)

n==e|f(@")>q"

Since [ply(1—q)? = (1 —¢q)(1 —gP), we have

oo oo

—q? Y 47 Y "=0-q)(1-¢") Y ¢ Y 47

n==e |fl@™>q" m==e|f(g")<q"

o ) Z qm Z (qnp_q(n+1)p)

m==c|f(g")|<q"

—0) S U (36)

m=—co

)
2 [l
/

Finally, according to (35) and (36), we derive the first equality in (34). The second
equality in (34) follows directly from the g-equimeasurability of |f|? and (f*)? in
Proposition 3. The proof is complete. [
LEMMA 1. Let f € L§ (R,) for 0 < p < . Then
i) We assume that Q3 = {x e R, : |f(x)| > A}

1 1
9) <5 R/ Yo (I (0)ldgr < R/ 700l

ii) The following (The q-Chebyshev inequality) holds

1
4(i9) < 75 [ 20 L,
R‘I
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Proof. 1) Let x € Q3. The, the relation 0 < A0, (x) < |f(x)|xa, (x) < |f(x)| im-
plies that
[rxa@dex < [ o lF@ e < [ 17601y
R‘I R‘] R‘I

Since [Axq,(x)dyx = Ads(A;q), the inequality in i) is proved.
0

ii) Using the fact that ‘fg—x)l > 1 for x € Q3 and (29), we obtain that

M/xm )G |"dqx—/x o (L) an
/7693 dgx

2 ds(rsq),

for 0 < p < eo. So also the inequality in ii) is proved. [

4.2. Lorentz L7"(R,) spaces

After covering the fundamental properties of decreasing rearrangements of func-
tions (see, Subsection 4.1), now we introduce the definition of Lorentz spaces on R.

DEFINITION 4. Let f a function on R; and 0 < p,r < e. The Lorentz space
LP7(Ry) is defined as the set of real-value functions f for which the following quasi-
norm is finite;

1

7 1 T dgt
F ey = | [ (71 ®)
0
If g = oo, then the quasi-norm is defined as

Lo
[ fllre(r,) = sup 7 f*(2).

+
teRy

Note that, L""(R,) is a linear space for all 0 < p <o and 0 < r < eo. From our
proof above, it follows that the functional || - || Lrr(R,) 1S a quasi-norm. Moreover, the
functional || -[|zpr(g,) is a norm if and only if either 1 <r<porp=r=1.

4.3. The maximal function on R,

The maximal function plays a crucial role in the study of Lorentz L”"(IR,) spaces,
with its applications becoming evident in further analysis. The formal definition is as
follows:
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DEFINITION 5. The function f**: (0,00) — [0,0| is defined as

t

=1 [ 5 des.

0

t
Note that, as ¢ — 1, we obtain % J f*(s)dgs which is sometimes referred to as the
0

maximal function of f. In classical analysis, it represents the supremum of all average
values of f*.

4.4. The normed space ./ 7" (R,)

In this subsection, we introduce the space .#7"(R,;) and prove its equivalence to
spaces L""(Ry).

DEFINITION 6. For any f € LP"(Ry), the functional [ - || y»r(r,) is defined by

1

rdgt

1 ok
e WA CTAO) I I
0
for 0 < p <oo, 0 <r < oo, and

Lo
£l ypery) = sup t? [ (),

T+
teRy

for 0 < p < oo, 1 =oco.

5. Some ¢-deformed Hardy-type inequality

The Hardy-type inequality, renowned for its rich historical significance and nu-
merous variants, stands as one of the most widely utilized tools in classical analysis,
alongside Sobolev inequalities (see [35]). In recent years, substantial progress has been
made in developing the g-deformed Hardy inequality. This includes early generaliza-
tions incorporating weighted frameworks, as well as various modifications and exten-
sions (see [4, 33, 36, 42]). In the following, we present a special form of the ¢-deformed
Hardy-type inequality.

THEOREM 2. Let 1 < p < oo and o > 0. Assume that g be a positive function on
Ry. Then we have the following inequalities
1 1
P P

t p _1
/ ol / g(s)dys | dyt g{g] / gl | . 37)
0 Plq :

+
q
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and

1
P

oo p P
“1
/ 101 / g(s)dys | dyt <[9} / O e | . (38)
t Plq b

v
q
Proof. First we prove the inequality (37). Using (6) and (26) we get
t p
If'(g) == /f"“1 /g(s)dqs dgt
Ry 0

[} L=} p
= (1—-q"7 Y q‘"“(Z q’“g(q’“)) : (39)

Nn=—oo

Next, we demonstrate the necessary facts. It follows from Jensen inequality (see, [32])

Said(x) > <Za> ¢ @aax)

(where a; > 0 are positive weights, x; are points, and @(r) := ¢? is a convex function
with p > 1) that

< m my mE  —m< 4
D U U A W > P e
S q"r <y (cl’“g(c/”)q '"") q"r (40)
z q 2 m=n m=n
m=n
and we have that
a e K2
- (1-g7) X g
[a] ke k=+ko
had qr =
P lgiz=xk l—q
(1-g7) 3 [¢F —g*3
k=t
= — (@1)
—q
708
1—q’

where ko € Z. It follows from (6), (39), (40) and (41) that
P (39) 1+p < —no < m m b
Kle) = (1-q)"" 3 ¢ X q"eld")
n=-—oo m=n

> [L Al
p o X q"s(q")q" g "7 = a\?
— m=n m-—
= (1= ¥ g g (24”)
n=-—oo 2 q’ m=n

m=n
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o p—1
(40) 1+p Z q Z (qmg(qm)q—m%>17qm% (Z qm%)
n=-—oco =n m=n

- - 171? (S

o a_ o
_ bt 1+p 2 q 2 (qm))pqm(p o) |:_:| Eqm

_p_q n=-—oo m=n p qm=n
@y [a]'? 2 % & o pgmy m(E—atp)
== (=q9* Y q"r Y &'q")q

_p_q N——o0 m=n

Foql- o
_ [e] 2 p(my (& —atp) "
= |=| (=9 3 &(d"q"" > g "

Lpl, el =

Il
<R
|
—
—
|
G
~—
[
DM
o)
i)
Q\
3
_Q
2
|
|
Q
+
=
RS
| — |
Q
_ 1
DM
9
=
IR
~_—

- q m=—oo° gn=—m
ap fo]™” S Py m(-otp) —mS
=15 (1—q) Y, &'(d")q g "
LE dg m=—oco
o1
N d 2 qmgp my\ —m(o—1+p)
Lpl, e
©® |

<R

Hence, we have the following inequality:

£ <[ 2] -0 [eare g,

q Rq

which gives the inequality (37). Next, by (6) we find that

: " 7
=<1— ””;q (qug(q’")>>

— (1— “png,wq (lenq g(q"“))p>

<IR

.
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Moreover, by applying the same argument as in the calculation of /;(g) we have that

- - P\ 7
L(g) = ((l—q)”” > 4 (Zq"”g(q"“)> )

Nn=—oo

N

o o < —m —my  m(a—1+p)
" (1—q) Y, q"g"(a™q P
q

m=—co

P
@ E] (1-q) / g ()P d.

which shows that (38) holds. So the proof is complete. [

THEOREM 3. Let 1 <p<oo, 1<r<eoor p=r=oco, then ||| yrr(wr,) isanorm

on LW(]R[]) and hence (U”(Rq), I| - ||Wp.r(Rq)) is a normed space. More precisely,
1
1A llerr@y) < Fllyrrwy) < mf”u%r(ﬂ@qy (42)
Plq
That is, the quasi-norms |- ||pr(r,) and || -||_yvr(r,) are equivalent.

Proof. 1t follows from f* is a decreasing function that
1 1
@) = ;/f*(s)dqs > ;/f*(t)dqs:f*(t).
0 0

Therefore, the first inequality follows immediately from the above inequality. To prove
the second inequality, we will consider the following three cases:
1)If 1 < p <eoand 1 < r < eo. Then, by Definition 5 and Definition 6 we get that

1

=

Lo \"dgt
oy = | [ (757 0) %
0
oo t r %
- / z%—%—l/f*(s)dqs Ayt | . 43)
0 0
If we take o = r(1 — %) for Hardy inequality (37), then we obtain
. L 1
oo t r oo r
11y o, 1 e Lol
[l [ rde ) di | < — | [0y
=
0 0 [ rl, \0
1

= [1_7_](1 1 llLrr &) (44)
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Thus, according to (43) and (44) we have (42).
2)If 1 < p <eooand r =co. Then

1 Kk
I,y = sup o2 (t) = sup 17" / It

teRS teRS

T
teRy

t
Ly f 11
= sup 17 l/s rse f(s)dys
0
t

1 1 1
< sup tﬁ_l/s_ﬁ sup u? f*(u)dys

+ +
teRy 0 u€Ry
13

_1
Il sup 1[5 dys
teR 0

ﬁf”U’*”(qu
Plq

3)If p=r =oo. Then,

IF1Lvoe(e,) = sup £ (2) = lim /f = 'O = fli==x,

1€R,, t—0+

This completes the proof. [

6. Applications of the g-deformed Hardy-type inequality

6.1. The Riesz inequality for the g-deformed Hilbert transform

The Hilbert transform is a bounded linear operator on L”(R,), for 1 < p <eo. In
the classical case next inequality was shown by M. Riesz and is known as the Riesz
inequality [28].

THEOREM 4. If 1 < p < o, then there exists a positive constant Cp 4 such that

[ A4l ry) < Cogllfllor,) forall feLP(Ry), (45)

where Cp, 4 a positive constant independent of f.
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Proof. Tt follows from (32), (34) and (53) that
7S gy = 1(Haf) " |Lr(ry)

oo 1
o dgs 1 "
<l [FO 12 [ 1)
! 0 LP(Rg)
oo t
<ap| [ro® ] sl [ (46)
, (R,) 0 (R,)

=
:q/‘pw +COI oz,

! LP(Rq)

If we take oo = 1 for the Hardy’s inequality (38), we get that

==

p

/w ! *S(S)dqs = /w /w f *S(s>qu dyt
t ) 0

LP(Ry 4

oo

< ﬁ /(@)ptpdt 47)

1
Ply \O
< 1
= {l} ”f”LI’(]Rq)
Plq
Using (42) we get
1 1
1Ay, < ﬁ”fHLW(R,,) = 71“]0||L1’(R,1)~ (48)
-3, =)
Hence, it follows from (46), (47) and (48) that
C C
[, o r,) < liql HfHLI’(]Rq) + l—q”fHLl’(Rq)
-3, i,
C C
ﬁ + ﬁ £ llzrr,)
Plg LPlq
= MHfHLP(Rq)»
where C,, , := ﬁ + ﬁ This completes the proof that the inequality (4) holds i.e
o q P q

that 77 is bounded on L”(R,) for 1 < p < eo. This completes the proof. [J
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6.2. A inequality for the g-deformated Hilbert transform on Lorentz L (R,)

In this subsection, we study the boundedness of the g-deformated Hilbert trans-
form on Lorentz L""(R,) spaces.

THEOREM 5. Let 1 < p < oo and 1 < r < oo. Then the following inequality holds
|4 f e r,y) < Bpallfllerrw,) forall — feLP(Ry), (49)

where B, 4 a positive constant independent of f.

Proof. Using Definition 5 and the estimate (53) and the triangle inequality of the
quasi-norm, we obtain that

| oy < Ca | £ +/f

LPr(Ry)
l+l+1 7 " dqs
<2 fllmrgeg +|| [ 102 60
! LP7(Rgq)

If we take o = 1% for the Hardy’s inequality (38) we get that

oo r

/f*(S)% / /f dgs | dgt

! L7 (Ry)

~i—

=

[ 1)

L
pqO

1
< —l} 11 pr () -
p

Moreover, by using the inequality (42) we have that

1

£l yrr ) < Wf”mr(ﬂ&q)- (52)
q

P
Consequently, from (50), (51) and (52) we deduce that

|74 f lLrr ) < Cp,

where B, : —2f’+ +1< G4 G ) This completes the proof. [l
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7. Weak type (1,1) inequality for the ¢-deformated Hilbert transform

The following inequality (53) involving the Hardy operator and its relationship
to nonincreasing rearrangements is discussed extensively in the context of classical
Lorentz spaces and integral inequalities. It can be found with detailed proofs in Bennett
& Sharpley work on interpolation of operators, particularly around pages 134—-138 in
[10].

THEOREM 6. If f € LP(R,) for 1 < p < oo, then there exists a positive constant
C, independent of f such that

() (/f Mg+ [ fs ) (53)

Proof. Using (7) and (1) we have

forall t > 0.

=g L e 1—q &, flg")
S gL S

n=—oco q"—q" Tty n=m+1 9" —q"

1— m—1 _n 1— o _n
n qzq"fiq3+ qzqnfn(qqz
g n=—w 4 +q Tty n=m+1 q9"+4q

1—g "2 1 1—g 1
< - |f(q")] q" (@) =
Tty n;w |1 —gm"| Ty o, %ﬂ | —q" "
1—g "2 1 l—g 1
+ f(=a")——= + q" q"1f(=4")—=
nq n:z—oo 1+ qm " n’i n:%zrl 14 qn "
If we set m > 0. Then, for n € Z, it is simple to confirm that
m—n>0 for n <m;
{n—m>0 for m < n. 54
If we assume m < 0. Then, for n € Z, we have
m—n>0 for n <m;
{n—m>0 for m < n. (35)
Hence, (54) and (55) imply that
1 1 .
=g = g7 <1 for n<m;
1 1 (56)
=g = Togm <1 for m<n.
Since T + —m < 1 for all n,m € Z, and we apply (56) in order to derive the inequality
(A1) (q Z g +1f(— )|}+—— 2 g @)+ (="}

— g n=m+1
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Thus, applying (33), we obtain the following inequality
v @S 2S rane 2

i g 4" =
va&ﬁﬁﬁhéiifmw) 57)

N=—o0

2

T

Here we also used the well-known fact that Y, a(n)b(n) < Y, a*(n)b*(n) holds when
nez nez

a*(n) and b*(n) are the decreasing rearrangements of a(n) and b(n), respectively

From (6), (7) and (57) we immediately obtain that

(Aaf) (x) <€, / G / F(0)dyt

This completes the proof. [

). Then the following inequality holds:

THEOREM 7. Let f € L'(R,
(58)

||%f||L1~N(Rq) < Cqu”Ll(R
where C, a positive constant independent of f

Proof. Form Definition 5 and the estimate (53) that

[76S | L=,y = 1(GS)" | 1oy
= sup t(Af)" (1)
teRy
=) t
w, dgS "
< Cysupt /f (s) +—/f (s)dgs
Ry y 0
1 oo t
< Cysupt —/f*(S)qu-F—/f*(S)dqs
Ry ! t 0
S Cq/f*(s)dqs
0
= Hf%]f”Ll
O

and the inequality (50) holds, so the proof is complete
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