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ESTIMATES FOR MAXIMAL FOURIER MULTIPLIER
OPERATORS ON R? VIA SQUARE FUNCTIONS

SHUICHI SATO

(Communicated by I. Peric)

Abstract. We consider certain Littlewood-Paley square functions on R? and prove sharp esti-
mates for them, from which we can deduce L” boundedness of maximal functions defined by
Fourier multipliers of Bochner-Riesz type on R?. This is a generalization of a result due to A.
Carbery 1983.

1. Introduction

Let I be a compact interval in R and y a real valued function in C=(I). Let
a € Cy(R?), supp(a) C I° x R, where I° denotes the interior of /. Put

0, (&) =a(&) (& —w(&))k (1.1)

for A > 0, where ry = max(r,0) for r € R. Define
Skf) = [ ox ROFE D dE, R>0, (12)

where f € §(R?) (the Schwartz space of infinitely differentiable, rapidly decreasing
functions), and

f(é) = ?(f)(é) = 2 f(x)e—2m'(x.,§> dx

is the Fourier transform on R? with (x,&) = xi& + 28, x = (x1,%2), & = (§1,&).
Put Sf}f = SUPg~o |S£f|'
We assume that

(A.1) 0¢ supp(a),

(A.2) w(t)—r1y'(t) # 0 on I, which means that the curve I' = { (¢, y(r)) : # € I} does
not have a tangent line passing through the origin.

In this note we shall prove the following.
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THEOREM 1.1. Suppose that "' # 0 on I. Let A > 0. Then, there exists a
positive constant C, such that

1% £lla < Co 1 fla-

This is a generalization of a result of Carbery [1]; weighted estimates can be found
in [2]. See Sogge [16, Chap. 2] for related results. We refer to [3, 8, 13] for background
results.

For the L? estimates we have the following.

THEOREM 1.2. Let A > 0. Then,

IS £1l2 < Callf -
Here we need not assume that W' #0 on 1.

Interpolating between the estimates in Theorems 1.1 and 1.2, we have the follow-
ing.

COROLLARY 1.3. Let y satisfy the conditions in Theorem 1.1. Let A > 0. Then

IS*fllp <Callfllps 2<p <4

Let ® € C7(R), supp(®) C [—1,1]. Let b € C5(R?), supp(b) C I° xR. We
assume that b = 0 near the origin. Put

0(&) =9 (&) =b(E)D(S (& —w(&))) (1.3)

with a small number 0 € (0,1/2]. For appropriate functions # and f, define the
Littlewood-Paley function

oo 1/2
gh(f):</0 ht*fIQ?) o h(x) =1 2h( ).

Let n =9 '(¢®). To prove Theorems 1.1 and 1.2, we show the following two
theorems on gy, .

THEOREM 1.4. Let y be as in Theorem 1.1. Then we have

l T
len(lla <52 (1og5 ) 111

for some T >0, where the constant C is independent of ® provided that ||(d/dr)"®||.
<1 for 0 <m<3.

THEOREM 1.5. Let y be as in Theorem 1.2. Then

lgn (f)ll2 < 82D ][If1]2.

where the constant C is independent of ®.
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These results can be used to prove the following.

THEOREM 1.6. Let 14,0 € R. Define ¢ o(r) = r*(log(2+r~1)"% if r >0
and @; o(r) =0 if r<0. Let y be as in Theorem 1.1 and let b be as in (1.3). Put
W, 0(&) =b(8)pr0(E—w(&h)). Let T be as in Theorem 1.4. Then we have

8510w, 4)(Nlla < Caollfll4

if A =—1/2 and 6 > T+ 1; this is also valid for every 6 € R when A > —1/2.

THEOREM 1.7. Let @, g be as in Theorem 1.6. Let \ be as in Theorem 1.2 and
let b be as in (1.3). Put W3, ¢(&) = b(E)¢1 6(E2 — W(&1)). Then

185-10%, o) (N2 < Caollfl2

if A =—1/2 and 6 > 1; this also holds true for every 0 € R when A > —1/2.

Theorems 1.6 and 1.7 will be shown by applying Theorems 1.4 and 1.5, respec-
tively. Considering the case when A > —1/2 and 6 = 0 and applying interpolation, by
Theorems 1.6 and 1.7 we have in particular the following.

COROLLARY 1.8. Let W} g be as in Theorem 1.6. Then if A > —1/2, we have

185109, o) (Do SCullA N, P € 2,4].

Theorem 1.6 and a modification will be applied in proving Theorem 1.1. Similarly,
Theorem 1.2 can be shown by Theorem 1.7 and a variant. See Stein-Weiss [17, §5,
Chap. VII] for the relation between boundedness of square functions and boundedness
of maximal Bochner-Riesz type operators. Theorems 1.4 and 1.6 generalize results of
[1]. See also [4] and [14] for related results. A result analogous to Theorem 1.6 of the
case A > —1/2 and 0 = 0 is stated in [4] by considering square functions defined with
homogeneous functions in a general setting.

In the proofs of the theorems we shall apply arguments of [1]. Also, we shall apply
a reasoning in [6], which leads to (3.5) below. See also [5, 9] for background results in
the ideas of the proofs. One purpose of this note is to provide proofs of the theorems
with computations being accessible based on the condition (A.2) and [13, Lemma 5.3].

By a partition of unity, the proofs of Theorems 1.1, 1.4 and 1.6 may be divided
into several cases:

(B.1) TC(=b,b)x(c,d),0<b,0<c<d,l=[A,B]C(-b,b);

(B2) T'C(=bb)x(—d,—c),0<b,0<c<d,I=|A,B| C(=b,b);
(B3) T'c(a,b)x(—d,d),0<a<b,0<d,I=][A,B]C (a,b);

(B4) T C(-b,—a)x(—d,d),0<a<b,0<d,=]A,B]C (=b,—a).
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In Section 2 we shall review some preliminary results for Kakeya maximal functions
and Littlewood-Paley inequalities. In Section 3 we shall prove Theorems 1.4 and 1.6
under the conditions of case (B.1) with ¥ > 0 on I, where ¥(¢) =7/y(f); we note
that the condition w(¢) # ry/(¢) implies that P’ (¢) # 0. We shall prove a vector valued
inequality for a sequence of Fourier multiplier operators in Section 3 (Proposition 3.7),
which will be applied to prove Theorem 1.4. To prove Theorem 1.4 we shall also need
some results on geometry of support sets of certain Fourier multipliers, which will be
taken from [13]. Theorem 1.6 follows from Theorem 1.4.

Theorem 1.1 will be shown in Section 4 by applying Theorem 1.6 under the con-
ditions of the case (B.1) with ¥/ >0 on I. To apply Theorem 1.6 we need to introduce
a homogeneous function of degree one in a cone. The function will be constructed by
using the condition (A,2). (See Corollaries 4.2 and 4.4.)

Theorems 1.1, 1.4 and 1.6 will be shown in Section 5 in their full generalities
claimed. The proof of Theorem 1.5 will be given in Section 6. The other results on
L? boundedness can be shown in the same way as in the case of L* boundedness by
applying the boundedness of gy, as we can easily see.

2. Maximal functions and Littlewood-Paley inequalities

Let N be a positive integer and let Qy be a set of vectors v in R?> with |v| = 1
such that cardQy < N. Let By be the set of all rectangles in R? one of whose sides is
parallel to a vector in Qy . Let Mg,, be the maximal operator defined by

1
Moy (@) = swp = [ [7()]ay,
xeresy [R| JR

where |R| denotes the Lebesgue measure of R. Then we have the following (see [18,
)

LEMMA 2.1. There exists a positive constant o independent of N such that

Mgy fll2 < C(log(2N))*(| f1l2
for some C > 0.

Let P, =1, xR, n € Z (the set of integers), where {I,} is a sequence of non-
overlapping intervals in R such that |I,| = 7, Vn. Let T;,f = F~'(mf) for a bounded
function m. If m = yg for a measurable set E, we also write Tg for Ty, . Then we
have the following result (see [1, Lemma 2]).

LEMMA 2.2. Let w be a non-negative function on R>. Let s > 1. Then there
exists © > 0 such that

1 )° s
/]RZ 2 |TPnf‘2de< C(:) /]R2 ‘f‘2(Ml(w.\))l/_\dx’

nez

where My denotes the strong maximal operator and C is a constant independent of T.
This is also true if P, is replaced by O, =R x I,.
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Proof. Let H be the Hilbert transform on R. Put M) (w) = (M(w*))'/*, s > 1,
where M denotes the Hardy-Littlewood maximal operator on R and w a non-negative
function on R. Then it is known that

/|Hf|2M( (w )dx<C< ) /|f|2M (2.1)
for some By > 0. It follows that if J = [a,b] is an interval
2Bo
[ 1M w)ax < C( ) JARA (22)

This can be seen from (2.1) by the equation
Ty = (1/2) (I +iNJHN-g) (1/2) (I— iN;HN ),

where I denotes the identity operator and N, f(x) = ™% f(x).
We show the lemma with ® =2+ 1. Let J; = [(]— 1/2)t,(j+1/2)7], j€Z.

If ¢ € C*(R). supp(¢) C [~2.2], ¢ = L on [~1, 1] and f(§) = (2 — 27 '£) /().
then T;, f = T}, fm and

T fP=] Y Tapf| <200 |TJ,,ijf|2

m:|Jy N ;|70 m: | ;|70

=2 3 |Tuoufal

m:|Jy O |70

Using this and (2.2) with J,, N 1; in place of J, we have,
5 [imenmacscy 5 () [l
B T mianL]£0 \S
s 3 ()" fmpwoo
mj:|JmNI;|#0
1 2
< (s)
<o( )7 fnem
1\
C<s_ 1) /\f\2MM(“')(w)dx

2Pp+1
< c( ) /\f\2M

where the penultimate inequality follows from the arguments in [7, pp. 297-298] and
the last inequality is implied by the well-known estimate for the A; constant of M (s) (w).
From this the conclusion of the Lemma 2.2 can be derived. [

N



52 S. SATO

3. Proofs of Theorems 1.4 and 1.6 under (B.1) with ¥ >0

In this section we prove Theorems 1.4 and 1.6 under the conditions of (B.1) stated
in Section 1 with ¥/ > 0. We may assume that § = 2L for some positive integer L.
Let
W, =U{(2",2"":n=k modL}, k=0,1,...,.L—1.

We have
L1
a() < Y 8 (), 3.1
k=0
where

gik)(f) _ (/Wk £ %>1/2.

We write W for Wy and estimate gE,O) (f). The other functions g%k) (f) will be estimated
similarly.

We assume that § is a small positive number and that §~'/2 is an integer. Put
N = ¢o81/2, where co6~'/? is a positive integer. We assume that @y = [az_1,a],
—b=ay<a;<...<ay=b, ap—ay_ :51/2, 1<k<N, Ui"zla)k = [—b,b] and
that Hj= [bj_l,bj}, bj—bj_1 = 51/2, 1<j<N, Uljyzll‘lj = [C,d].

Recall that

90(E)=0(8) =b(E)D(E (&~ w(&)).

If & is small enough, we have

supp(¢) C ( U (1)[) x R.

wyCI

Decompose ¢ () as

00 =200+ 250 = 9]+ 0l (3.2)

where g;,@; € Cy (R) such that supp({;) C wy, supp(&) C wy+ (1/2)51/2 and
(d/ds)' & < C,877%, |(d]ds)'E| < C,87Y2, Wy eZno,e).

We estimate g(;)(f) for i = 1, where g() () = gn,, (f) with hgy =F ' (9())). i=1,2.
The function g(;)(f) can be estimated similarly. Also, let ggi.{)) (f) = g,(1k) f), 0<k<
L—1,i=1,2.

To prove Theorem 1.4, we apply Lemma 5.3 of [13] (see (3.5) below). For this
reason it is convenient to assume that supp(®) C [0,c.], where ¢, is a sufficiently
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small positive number depending on . The result for @ with supportin [—1, 1] easily
follows by change of variables. We divide the intervals {w,} into 4 families as in [13]:

?1:{(1)1,(1)5,(1)9,...}, ?2:{(027“)67“)107'”}7
I3 ={w3,07,011,...}, F4={w4,08,01,...}.

We focus on the family F ; the other families can be treated similarly. Let &, w, C I,
be as above. Let v(¢) =4(/—1)+ 1. Put

sO@E@) =% s, 7@ =06, 57 =" 8).
s00(&) =5 e).

We consider ggfl)(f) = ggle(s((;))(f), 0 < k< L—1 and we define ggfi)(f), 2<
i < 4, similarly to g(gkl) (f) by using F;. We prove
(B/2)+20c
(k) 1/2 1 _
g (F)lla < €877 { log = I flla, B =30+2p0, (3.3)

for 1 <i<4,0<k<L—1,where ® and fB are as in Lemma 2.2 and (2.1), respec-
tively, and « is as in Lemma 2.1. It follows that

® s 1\ (B/2)+2a
el <o (logg ) sl
for i = 1. By this and (3.1) we see that
1 (B/2)4+2a+1
ey (1)1 < €8 (1og 5 I

for i = 1. This estimate for i = 2 can be shown similarly. Thus we have

) (B/2)+20+1

1
Jentr)ls < €87 (1og 5 I G4

This will complete the proof of Theorem 1.4 with 7= (8/2) 420+ 1 under the con-
ditions of the case (B.1) with ¥/ > 0.

Now we prove (3.3) for k =0 and i = 1; the other estimates can be shown simi-
larly. We observe that if ,u € W and ¢ > u, then r < 2u or u < 20¢. Put

E={(u,t) eWxW:u<t<2u}, A={(ut)eWxXW:u<26t}.
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By applying the Plancherel theorem we see that

i
SN

6’f*s5” dt du

5tf*S5uf‘ d&ﬂd_u

dt du
5__

g e
u

Arguing similarly to [13, pp. 319-320] with application of [13, Lemma 5.3] for Qy,
where we need the condition that y” # 0, we see that

dt du

01+ < 5 —— (3.5)

dt du
5__

f*sat

(see also [6] for these arguments). Define

1/2
s, 5, A (8.1) p2 dt
TS NE =5 O, VN ( f, Sl ) .
Applying the Plancherel theorem on the right hand side of (3.5), we see that

2
85 (PIE <€ [vinw*arrc [ (N@vnwm) dx
which implies that
18 (f)lla < CIV(A)lla- (3.6)

Let [ag—2,ap41] C I. Define

Ap={(&,8) :W(ar1)6 <& <Y¥(ar)&, & >0} = {r(t,w(t)) : 1 € wp,r >0},
Sp={(&1.&) ¥ (@1)& +h8 <& <y (arm1)é + (h+1)8}, heL,
PL=5SyNAy, P =Sh0(on x H)NAN (R X [e,d]),  Ar= U1 A

To prove (3.4), we may assume that supp(f) C Uj<s<yA¢. To estimate V(f) we need
Lemmas 3.2 and 3.3 below. We first observe the following.
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LEMMA 3.1. It holds that supp(sga)) CA.

Proof. (1) Suppose that ay_; > 0. Recall that ® is supported in [0,c.], ¢s < 1.
If £ e supp(sf)) \ Az, then & = (s,u+ k) with s/u="¥(a,_,) for some s € [as_1,ay]
and x € [0,0].

Note that |s/(u+ k) —s/u| < CS and that [¥(ay_y) —¥(ar_2)| = c8'/?, s/u=
Y(ar—1). Thus we see that s/(u+ k) > ¥(as—») if O is small enough, and hence
Y(ar_o) <s/(u+x)<W¥(ar_1), which implies that & = (s,u+K) € Ay_;.

(2) Suppose that a; < 0. If & € supp(sf))\Ag, then & = (s,u+«) with s/u =
Y(ay) for some s € [ay_1,a] and K € [0,0]. Therefore, arguing as in part (1), we see
that & € Ay, if O is small enough.

(3) Suppose that ay_; < 0 < ay. Then we can see that supp(sf)) \A,=0.

Combining results in (1), (2) and (3), we finish the proof of the lemma. [

LEMMA 3.2. Let t € [1,2] and

Fp={heZ:Sin supp(sés’t)) #0},
Ser ={(k, J) : (x x Hy) ﬂsupp(séa”)) £0}.

Then card(F;;) < C, card(Gs,) < C with a constant C independent of £, t and

S R

(k,j)€Se, heFyy "

Proof. Since supp(sés’t)) CB(t Yay_1,w(ar_)),c8'/?) for some ¢ > 0, we have

card(G,,) < C, where B(&,r) denotes a ball of radius r centered at &.
The slope of the tangent line to the curve t~'T" at t~!(ay_1, w(a,_1)) is w'(a;_1).

Thus supp(sf”f)) is contained in a parallelogram centered at ¢! (ay_1, y(a,_1)) with

side lengths ¢§ and ¢8'/2, where the longer sides are parallel to the vector (1, (ay_;)).

From this we can deduce that card(F,;) < C.

By Lemma 3.1, supp(séa’[)) =1 supp(sga)) ct'Ay=A,. Also, supp(séa’[)) -
Uk, j)es,, (0 < Hj), supp(s£357t)) C Unes,, S; . These observations prove the equation

for decomposing séa’[), since P}‘f’k’j = (wy x Hj) ﬁSﬁ N A, and the sets P,f’k"f are mutu-

ally non-overlapping when ¢ is fixed. O

LEMMA 3.3. Let
E(n,,h) = {r € [2",2""1]: (27"P}) Nsupp(¢'©")) # 0}
= {re[2,2""]: (27"P}) nsupp(9'?)) # 0},

where ¢ (E) = ) (tE€). Then there exists a constant C independent of n,l,h such
that

* dt
|z <cs.
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The proof of this requires the following results; Lemmas 3.4, 3.5 and 3.6 below. In
Lemmas 3.4 and 3.5, we consider the cases (B.i), 1 <i< 4, together assuming (A.2).

LEMMA 3.4. Let I' be a compact interval such that I' C I°. Then there exists a
positive constant By such that

{(E1,8): & —w(&)| <8, & el'y cU{sT: |1 —s| < B35},

if 0 is small enough.

Proof. Here we give the proof for the case (B.1). The other cases can be handled
similarly. Let €1’ and K€[—3,8]. Let my=min(¥(A),¥(B)), m;=max(¥(A),¥(B)).
Then mo+ & <t/y(t) <my — & for some & > 0. (In the cases (B.3), (B.4), we use
W, (r) = y(t)/t instead of W¥.) Thus, if & is small enough, we have ¢/(y(r) + k) €
[mo,m1]. So, by the intermediate value theorem there exists s € I = [A,B] such that
W(s) =s/w(s) =1/(y(1) +K).

If s £0,put r=t/s= (y(t)+k)/y(s). Then we have r(s,y(s)) = (£, y (1) + )
and

‘ ts | ‘ 1K <cs
w(t) wl(s) )y +Kx)| =
Thus we have |t —s| < C§, since ¢ < || < ¢y with positive constants ¢y, c¢;, which

follows by the assumption that ¥’ # 0 on I. This implies that

(5. W(5)), (1, w(0) + ) € B((t, 9 (1)), ¢3).

It follows that

(s, w(s)) = r(s, w(s)| = [1=r[[(s,w(s))| < C8,

and hence |1 —r| < C§. This proves the assertion of the lemma when s # 0.
If s=0, then t =0 and R(0,y(0)) = (0, y(0)+ k) with R= (y(0)+«)/w(0) =
1+x/y(0), |[x/y(0)] < CS. This applies to the case s =0. O

LEMMA 3.5. If r,s >0 and r # s, then rI'NsT" = 0.

Proof. We prove the lemma for the case (B.1). The results in the other cases can
be shown analogously. The proof is by contradiction. Suppose that rI'Ns[" # @ for
some r,s > 0 with r # 5. We may assume that *['NI" # @ for some r > 1. Then
(t,y(t)) = r(u,w(u)) for some r,u € I. We see that u # 0, since if u =0, then r =0
and y(0) = ry(0), which implies that r = 1. So, u # 0, u # ¢ and ¥(t) = ¥(u). By
Rolle’s theorem there exists 7y between 7 and u such that W/ (7y) = 0. This contradicts
the assumption (A.2), since ¥'(¢) = (y(t) —ty/'(t))/w()>. O

LEMMA 3.6. Let T € [1/2,1]. If P/ N (tsupp(¢®)) # 0, then there exists a
positive constant D such that

Pl cU{stl':1—-D8 < s < 14 D8§}.
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Proof. We have 7' P/ N (supp(¢®))) #0. So by Lemma 3.4, =' P/ NvI" # 0 for
some v € [1 —B18,1+B,§]. Thus u~'P/ NI # 0 with u = vr. We note that

u 'Sy ={(&1,&) v (ar)E +u'hd < & <y (a)é +u (h+1)8).

So, there exists i € [h,h+ 1] such that, if L is the line defined by the equation
&= I[//(a(_l)él +I/L_lh15, Fﬁu‘lggﬁth = Fﬁgg ﬂth #0.

Let l,, , be the tangentline to I" at (ay—y,y(as—1)). Let Ty = rNA = {(t,y()):
t € lag_2,ar41]} and Ly, = lay NA,. Then we see that

L CTyer) ={(1.&) €At |&—w(&)| <18, |ary — & < c18'?}

for some ¢; > 0. Here we give the proof of this. Let (oy, Bx) be the point of intersection
of lines Iy, , + (0,d), |d| < 8, and ax& = w(ar)&;, k=L(+1, £ —2. It suffices to
show that |og — ay_1| < ¢8'/? for some ¢ > 0. For this we note that

ary(a—1) —wla)ar—1 +ad

v(ar) —axy'(ar-1)
~(a—ar)wla-1) +a-1(yla) —yla)) +ad
B V() —ay'(a) +a(v' (@) —v'(a-1)

O —ap—1 = 3.7

From this with d = 0 we have the inequality claimed, since |y (a;) — a ¥/ (ay)| = ¢ >0
by (A.2).
Similarly we have

Ty Clyy (c2) = {(E1,&) € Ay : FE) such that |& — &)| < 26, (E1,8) €1y, }
for some ¢, > 0. Since Fﬂ&;ﬂth # 0 and
FﬂZgﬂth clyC luzfl(CQ)

and the slopes of the lines L;, and / are the same, the distance between &, -inter-

ap—y
cepts of the lines Ly, and I, , is less than ¢§. Thus u~'S, N A, C Iy, (c3) for some
c3 > 0 and hence

u P Cly,(c3) C Toles)

for some ¢4 > 0, where the second inclusion relation can be shown by using (3.7). By
applying Lemma 3.4 we have
P;f CU{vzsT : 1 —c4B16 < s < 1+¢4B10}
=U{tsT :v(1 —c4B16) < s <v(14+c4B16)}
CU{tsT': (1 =B16)(1 —c4BS) < s < (1+B10)(14+c4B16)}
CWH{zsT':1-Dé <s<1+Dd}

for some positive constant D. This completes the proof. [
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Proof of Lemma 3.3. We may assume that P} N (Uj<<at™ ' supp(¢(®

) #0.

Then we can find 7 € [1/2,1] such that P{ N (Tsupp(¢(®)) # 0, which implies by

Lemma 3.6 that for ¢ € [27,2"1]
127"P c U{sr2™": 1 =D < s < 1+ DS}
So, if t € E(n,¢,h), by Lemmas 3.4 and 3.5,

1—-B6 ; 1+B;6
2-77(1+D§) ~ ~ 27nt(1-DS)’

It follows that

1+B
/ mdtqo 1+B16 o 1+D6§
Zemen (! _me 7 SO TR T8 T Ds

217(1+D3)

Let ¢ € [27,2""1]. Then 27" € [1,2] and by Lemma 3.2 we have

sg&t) (5) _ s§6,2”’1) (an)
= 2 2 XP“‘/(Zn&) (52 [)(an)

(k,j)€9[‘27,1t he”f“ nt

= ¥ 3 2awm@50.

(k,j)€9[‘27,1t heg@.Z’”t

Using this and applying Lemma 3.3, we see that

22/ s &

{ nez

<c22/

{ nez (k.j 69[2 n[heiﬂz n

< CZ%Z%%/%EW) (1) ‘T2fnpf>k~,1525’t)f‘
" it 1

d,
<C 2 /xE(n“)(t) sup Sé )
nko g loh ref2n 2]

Sf’t) Tzfnpjé‘,kﬁjf

n+1
2 (8.)

2 dt
’T nP[kJS/ f‘ _

2 dt
t

2 dt

T, ., PZﬁk,jf

2
<Co 2 sup
n gL e[ 20

Thus we have

S,
S; g Tz—npfk‘jf

2) 1/2

vmw<wm<z sup

nk.j.hte2n,20 ]

< CS.

(3.8)
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Observe that 51 (f) = ith
serve that S,/ (f) = Ky * f wit

Kis) = [ G060 (1)) de. (3.9)
‘We can see that

1(9/91)"(9/Ine)* Cu(t&)9 (16)] < Crs (1718127 (1718) ", (3.10)

where d/dt; and d/dn, denote differentiations in the directions 7, and ny, where
t = (tél), 52)) = (L' (ar_1)) (&' =|E|7'E), ny = (—téz), 5(1)), and we recall that
(&) =D(5 (& — w(&1)))b(E). The estimates (3.10) follow by the observations as
in[13, p. 310]. Let O; € O(2) be such that Oge; =, and Oyey = ny with e = (1,0),
e = (0,1). Then applying integration by parts in (3.9) and using (3.10), we see that

Ko (04x)| < Copt 282171820, ||t 182 | 7P (3.11)

for a, B € ZN[0,3]. Taking (o, B) = (3,0),(0,3) in (3.11), we have

s, = B
sup ISPV F1<C Y 27V E | e, IS,
v=0

te2n,2n+] —

where
Eppy={0px: |x1] €272"6 712 |xy| 227671}

N\ 12
‘) . (3.12)

4

Therefore by (3.8) we see that

HV(f)||4 < C51/2 2 2—V ( 2 )|E€Jl,v|_1xEAn,v * Tz—npf*’“jf
v=0 !

nk.j.Lh

Applying Lemmas 2.1 and 2.2, we have the following result which will be used in
estimating the L* norms on the right hand side of (3.12).

PROPOSITION 3.7. There exists a constant C > 0 such that
5 1/2 1\ (B+30)/2
S [tapr|) || <c(ozg) Wl B=30426
nk,j.lh g .

where ©, By and o are as in (3.3).

To prove this we also need the following.

LEMMA 3.8. Let wy x Hj C [—b,b] X [c,d]. Then there exists a constant C inde-
pendent of k,j such that

card{¢: AN (ox x Hj) #0} < C.
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Proof. Let AyN(wy x Hj) #0. Then Ly, N (g x Hj) # 0 for some oy € [ap—1,ay],
where Lo, ={&: & =Y¥(o)&}, W(t) =1/w(1).
Suppose that a;_; > 0. If o = [ak_l,ak}, Hj = [bjfl,bj], then
ap—1/b; <W(oy) <ap/bj1.
If also A, N (g x H;j) # 0, then we take o4y, € [@y—1,an) such that

ar—1/bj <Y(04m) < ar/bj-1.
Thus
82 (b +ar-y)
bjbj,1 '
Since y'(z) # w(r)/t on I, we see that [¥’(¢)| > ¢ on I with a constant ¢ > 0. Thus
by (3.13) we have

[W(ow) =¥ (o) < ax/bj—1 —ax—1/bj = (3.13)

clag — om| < C8'2,
which implies that [¢ —m| < C. From this we can derive what is claimed.
Suppose that a; < 0. Then
ar-1/bj1 <W¥(oy) < ar/bj.
Since
82(b; 1 —a 1)
bjbj,1 ’

ay/bj—ar_1/bj 1=

arguing as above, we can handle this case.
Suppose that a;_; < 0 < a;. Then

ar—1/bj—1 <W(oy) <ar/bj_i.
Using this we can also get the desired result. [

Proof of Proposition 3.7. Let Qy, = {(1,¥'(a))’, (am, ¥(am)) : 0 < k,m < N},
N, =2(N+1). Let w be a bounded, non-negative function with compact support. Then
by Lemma 2.2 and Lemma 3.8 we see that

/ 2 ’TQ—nP}{‘ka
nk,j,th

1 @ 2 S \)
<C<s_—1) > /‘TZ*”AAT2*”(wkaj)T2*”(Rx[c,d])f’ (May, (w*)'/* dx
nkoit

2
wdx

(€]

128, 2
> /‘T2*”(wk><Hj)T2*”(]R><[c,d])f‘ (M, (W) dx
nk,j

1 20+2p) ) s .
< C( ) 2/ ’T2*"(wk><R)T2*"(R><[c,d])f| (MIMQN* (WS)) /de
n,k

[ |Twcicant | M3, () d,
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where the second inequality follows by Lemma 3.8 and estimates shown similarly to
(2.2) by applying (2.1), and the other inequalities are derived from Lemma 2.2.
Thus, applying the Schwarz inequality, we have

2
[ 3 [1yppit] wax (3.14)
- n
nk,j,th

|\ 30426
<C
(=)

1/2])2
(2 }Tzn(Rx[c,d])f|2) H H(M%Mfz,v* (W)
n 4

2

1

30+2f) )
<o) Ik o, oo

)

2
where the last inequality follows by the Littlewood-Paley estimates.
Let B =30 + 2. We estimate Ag = (1/(s — 1)) H (MEM, (w“'))l/“"  as fol-

lows. Let s =1+ (logN)~!. Interpolating between the estimates ||Ma,, (f)|4 /3 <
CN||fll4/3 and [[Maqy, (f)ll2 < C(logN)*||f]|2 (Lemma 2.1), we have [|Maqy, (f)]l2/s <
Cn||fIl2/s» where Cy < CN'~9(logN)?* with 1 — 6 =2(logN) ™', which implies that

Cy < CN2(logN)~! (logN)a(lﬁ(logN)*l) < C(logN)“.
Also, (1/(s—1))P = (logN)P . Thus
1/s
2/s
< C(logN)P (log N)**/* w2
< ClogN)P 3% |jwl.

Ao < CllogN)P |, ()

Taking the supremum in (3.14) over w with ||w|, < 1, we have the conclusion of
Proposition 3.7. [

Take a non-negative w € Cy’ (R?). By Lemma 2.1 and Proposition 3.7 we see that

/ 2 "E€7"7V|_1XE1),nﬁv *
nk,j.th

</ 2 |E€,n,v‘_1XE“,>v*
n ko loh

2
(x) ’ w(x)dx

Ty nprrif
n

2
(x)w(x)dx

T, p}é.k‘jf
a4

2
~ [ 2 [Tyt O VEensl o s W)y
nk,j.0h h

N

N\ 12 2
( 2 ‘TzfnPfJﬁff ) HMQN*WH2
nk.j.0h

4

1 B+4a 5
<c(ioeg) IR
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Taking the supremum over w with ||w|], < 1, we have

5\ /2 1\ (B/2)+20
’ ) < C(log g) (11l

|E[ n, V‘ XEZ LV —n Akaf
2-np)
nkj(h h
4
Using this in (3.12), we see that
L 1 (B/2)+2a
Vil <8t (toeg ) Il

By (3.6) this proves (3.3) for k=0 and i = 1. As we have already seen, this will lead to
the estimate (3.4). This completes the proof of Theorem 1.4 under (B.1) with ¥’ > 0.

Proof of Theorem 1.6 in the case (B.1) with ¥’ > 0. Let ¢y € C5(R) be sup-
ported in [1/2,2] and Y, ;¢o(2"t) =1 for 0 < ¢ < 1. Decompose

Wi,0(8) =b(8)pr0(&2—w(é1))
+2b )05.0(& —w(&1))do(2"(& —w(&r)))

&)+ X 2 0b(E) (2093 (& — w(E)) 00(2" (&~ (&)
n=1

S 2 Ob(E) P 0 (2" (E — W(E)),
n=1

where r € C7(R?), 0 ¢ supp(r), and @, 3 ¢(u) = u*n® (log(242"/u)) %y (u). Put
Wi.0(8) =b(8)0,,.02"(& —w(&1))). Applying Theorem 1.4 and a triangle in-
equality, if A and 6 satisfy the conditions of Theorem 1.6, we see that

lgs-10, ) (Dlla < N1y (Nlla+ X 271 lgg10w, , ) (Hla

<C|flla+C 3 270272 £

n=1
< C[|flla-
This completes the proof of Theorem 1.6 for the case (B.1) with ¥/ >0. O

4. Proof of Theorem 1.1 for case (B.1) with ¥/ >0

In this section we prove Theorem 1.1 under the conditions that T' C (—b,b) X
(c,d),0<b,0<c<d,I=]A,B]C (=b,b) and ¥' > 0.

We first prepare some results involving homogeneous functions of degree one in
a cone, which will be used in what follows. Let H be an interval in R with |[H| < 7.
Define a cone Cy by

Chy = {r(cos0,sin0):0 c H,r > 0}.
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For an appropriate function f, let
A (y) = p -1 _ pel A 2mi(xE)
Baf)= [ FEOMEE( R (&) e ag
=R FEDBRTIE)R-p(&))1e?™ 0 a,

p(E)<R

where p is a non-negative function on R? and b € Cif (R?) such that 0 ¢ supp(b) C Cy
with an open interval H, supp(b) C {0 < r; < || < r}. We assume that p(t&) =
tp(&) if £ € Cy and ¢ > 0. Then we have the following (see [17, §5, Chap. VII] and
also [ 12, Lemma 4] for relevant results).

LEMMA 4.1. If B> 1/2 and 6 > —1/2, then

s ([0 50) o o)

Here Cs g =T(8+B+1)/(T(8 +1)I'(B)) and

B9 £(x) — FEVD(s—! ! 8 2mifx&)
B = [ FERa0 s p@)iemElat,

12

where b is a function in C(R2) such that 0 & supp(b) C Cy and such that there exists

a compact subinterval H' of H for which we have supp(b) C Cyr and E(é) =1 forall
& € Cyr with |€‘ =ry.

Proof. Using the formula

(R=p(&))+
®R-pE)F =g [ (R p(&))s ) i

we have

By f(x)

ok 00 [ [ (R pe)s - aun(R 2 (&)
op p(&)<r Jo pLe) '

Changing variables u = s — p(&), we see that this is equal to

o 0] k _sﬁfl §— ) r 2mi(x,&)
CopR P [ B9 (@) s (R F(E)e S
_ —5—P R _ o - 2 i (x,& B—
=CopR 7P [T [ (5= p(E)PBR ) dE (R o) s
=C5 3RO

<[R9 [ (1l bR A azas

R -
:C5’5R_5_B/O (R— )P~ (F'b) g1 % BO f(x) ds



64 S. SATO

Thus by applying the Schwarz inequality, we have

B 1)

1/2
< C(;.ﬂR*‘S*ﬁ (/()R(R—s)z(ﬁl)s25 ds) (/OR )(?ﬁlb)Rq *Eff(x))z ds)
1/2 1/2
= CgﬁR_l/2 (/Ol(l —s)z(ﬁ_l)sz‘sds) (/OR ’(5’“_119)1371 *Eff(x)‘z ds)

This completes the proof of Lemma 4.1. [J

1/2

COROLLARY 4.2. Let (3,8, p, b, Z, Bﬁ and B% be as in Lemma 4.1. Let
B £(x) = supgoo |BA ()] and w3 (E) = B(E)(1 — p(£))3.. Then

BIP f(x) < CM(g51(,5, ) (),

where M denotes the Hardy-Littlewood maximal operator.

Proof. By Lemma 4.1 and Minkowski’s inequality we have

By )
< 1(1—s>2<ﬁ—“s25ds)1/2|<5"—1b>Rn|*(R—1 [Erofa) e
Thus
B2 £(x) < Csup (|(F710) g1 | 8519/ ()) < CM (g1 (). O

R>0

We also consider

Céf(x)=/ FEBRTER " p(E) ~ 1)) dg

p(§)>R
—R [ FERRTE)p(E) - R e,
p(E)>R
where p and b € C7(IR?) are as in the definition of Bj. Then we have the following.

LEMMA 4.3. Let > 1/2, § > —1/2 Suppose that co = supgc, P(E') < o,
with &' = &/|&|. Put dy = cory. Then, CR ﬁf 0 ifdy <1 andif dy > 1 we have

e )

d 1/2 doR
<Coy (/1 0(s— 1)2(5_1)S28ds) (R_l/RO

» . 2 1/2
(F b)Rfl*ch(x)’ ds) |
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where the constant Cs g is as in Lemma 4.1 and
= | o JEORET O () 1) ae,

where b is a function in Cy(R?) such that 0 ¢ supp(b) C Cy and such that there exists

a compact subinterval H' of H for which we have supp(b) C Cyp and b(€) =1 if
dy'ri <|E| <r2and § € Cpp.

Proof. As in the case of B}, using the formula

(P(E)—R)+
(&R =Co [ () R~

we have

P r)
ok [ [ o) Ry (R E) &)
o p(&)>RJ0 i '

Changing variables u = p(&) — s, we see that this is equal to

5B ME)S_ B-1 0 g 2mi(x,E)
Coph ™0 [ R (&) -0 dsh(R 1 E) () g
doR A
=Copk P [ [ (0(8) =9 bREF ) de (s~ R s

=Cs 3RO
doR ~ R
[RGB (R E)E)E S ag ds
R p(&)>s
doR _
—CspR P / (s—R)P13(F1b) 1 +COf(x)ds
R
By the Schwarz inequality, it follows that

& r ]

doR 12 7 cdoR
<CspRP ( / T (s R)AB-Dg20 ds) ( / ’

R R

d 12 s rdoR ~ 2 1/2
= C57BR’1/2 (/1 O(S— 1)2(ﬁ1)s26ds) (/R ’ (F'b) g *Cff(x)‘ ds) .

This completes the proof of Lemma 4.3. [J]

N b 1/2
(T b1+ C () ds)




66 S. SATO

COROLLARY 4.4. Let 3,6, p, b, E, Cl)é and 6{% be as in Lemma 4.3. Let
CHf(x) = supgoo |CEF(X)|. Put 9°(£) = B(E) (p(E) — 1)3.. Then

CP F(x) < CM (851195, ) (),

where M denotes the Hardy-Littlewood maximal operator as above.

Proof. Asin the proof of Corollary 4.2, by Lemma 4.3 and Minkowski’s inequality
we see that

)
do 1/2 AR
<Cop (M- 1200 as) g b (1
1 R

Thus

cff(-)\zds)l/z (.

P r(x) < ¢y, sup (1T B)a1 | #8519 f (X)) < CM (51 (g (). O

Now we can start the proof of the theorem in the situation stated. For a; < a, let

Clar,az) = {& eR*\{0}: a1& < &) < a6, & > 0}

Take intervals I, = [0,7], L = [0/,7], b =[0",7"], -b< 0" <o <o<t<7 <
7" < b such that supp(o;) C I} x R and ¥’ > 0 on I3. Let a function p be defined on
Cla.af). o} = 0" [y(o"). aj = " u(z"). by

if u#0,where ¥: 5 —J:=¥(L), ¥~ !:J— L;alsolet p(0,v) =v¥'(0) =v/y(0)
if 0 € I. We note that p is non-negative and homogeneous of degree one on C(a/,d5),
and p(u,y(u)) = 1 for u € I;. We also note that ¥~!(s) = (¥/(0))~'s+ O(s?) near
s =0 when 0 € J. We can see that p is infinitely differentiable in C(a/,d5). Fur-
ther, by taking account of a suitable partition of unity, we may assume that supp(a) C
Cla,ap)N(I; xR), a; = o/y(0), ap = t/y(7), where a is as in Theorem 1.1 (see
(1.1)).
We have

a(&)(p(&)— 1)t =a(é) (& —w(E))} (4.1)

for some @ € CJ(R?) with supp(a) = supp(@). This can be seen as follows. Since
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dp >0 on C(af,dy), where d» = d/dv, for & € supp(a) we see that
a(&)(p(&) — i =a(&)(p(&) —p(Er,w(E)):

(/ P p(&r1(& W(él))Jrllf(&))dt)

1 A
—a(8) (@—w(&)) [ oo u/(al))w(él))dr)

A

+

=a(&)(&-w(&))k (/01 p(E1,1(&— (&) + ll/(él))dt)

= a(&)g(E) (& —w(E)):

for some g € C5(R?) such that g # 0 on supp(a). This implies (4.1) by setting @ =

alg.
Thus to prove Theorem 1.1 it suffices to show that || T4 (f)||4 < C||f|l4. where

T2 (f)(x) = sup

R>0

Jaw ) or1e) - 1@z

We have T (f) < CM(gg,l((pg)(f)) with some 6 > —1/2 by Corollary 4.4, where

@2 (&) = A(E)(p(E) — 1) and A is related to @ as b is related to b in Corollary
4.4; also we can assume that supp(A) C C(aj,az). Therefore, to prove Theorem 1.1 it
suffices to show that [|g51(ys)(f)ll4 < C| fll4 for § > —1/2.

Let by(&;) € C5(R) satisfy that by =1 on I, and supp(b;) C I3. Decompose
A(E) =b1(E)A(E) +ba(E1)A(E) = A1(E) +Ax(E), where by =1 —b;. We observe
that the function By (&) := A»(E)(p (&) — 1) belongs to C(R?), since |p(E) — 1] >
¢ >0 on supp(B;), and vanishes near the origin. Thus 85-1(p,) is bounded on L7,
1 < p <eo. Since supp(A;) C C(ay,az) N (I3 x R), in the same way as in (4.1) we see

that
By (£):=A1(E)(p(E) — 1) =A1(E)(& — w(&)d,

where A € Cy(R?) with supp(4;) = supp(A,). Therefore, applying Theorem 1.6 for
the case A > —1/2 and 6 = 0, we have the boundedness of 8F-1(8y)> which concludes
the proof of Theorem 1.1 in the case (B.1) with ¥/ > 0.

5. Proofs of Theorems 1.1, 1.4, 1.6 in full generality
First we prove Theorem 1.4 under the general conditions stated in the theorem.
We have already proved the theorem in the case (B.1) when ¥ >0 on .

Proof of Theorem 1.4 for the case (B.1) with ¥’ < 0 on 1. We argue similarly to
the case W’ > 0. Recall that @y = [ay_1, @], ax — ar_1 = 8'/%, Uy = [~b,b], H; =
[bj_1,b;], bj—bj_1 = 8'%, UH; = [c,d]. Define, for £ with [a_2,as1] C 1= [A,B],

Ar={(&1,&) : Wla)b <& < W18, & >0}, Ar=Ujp_g<idp
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and recall S| . Also define P/, Pf’k’j as in Section 3 by using Ay.

Decompose 0¥ as in (3.2). Arguing as in Section 3, by considering g(?ki) (1,

1<i<4,0<k<L—1,weneed to prove estimates (3.3), from which we can deduce
the desired estimates for g, (f) (see (3.4)) by reasoning as in Section 3.

We give more specific arguments in the following, focusing on the case k =0 and
i=1 1in (3.3). We can estimate gé?l) (f) as in Section 3 and we have an analogue of
(3.6):

182 () lla < V(). 5.1)

where V(f) is defined as in Section 3. Also, we have analogues of Lemma 3.2 and
Lemma 3.3 with similar proofs.
Let ¢t € [2",2""1]. Then 27"t € [1,2] and by the analogue of Lemma 3.2 we have

SRUIED WA

kjsh

as in Section 3. Using this and applying an analogue of Lemma 3.3, as in (3.8) we see

that
N\ /2
5 , (5.2)

v<f><x><c51/2< Y sup

nk.j.hte2n,20 ]

Sijs’t) T, p}é.k‘jf

where SEéJ) is defined in the same way as in Section 3.

We also have the following result by applying Lemmas 2.1 and 2.2.

PROPOSITION 5.1. Let © and By be as in Lemma 2.2 and (2.1), respectively,
and let o be as in Lemma 2.1. Then

5\ 12 1\ (B+30)/2
( Y |y g ) <c(1og3) Ifllss B=30+2ps.
nk,l,jh h .

The following result is also needed in proving Proposition 5.1.

LEMMA 5.2. Let wy x Hj C [=b,b] x [c,d]. Suppose that ¥' < 0 on I. Then
there exists a constant C independent of k, j such that

card{¢: AN (ox x Hj) #0} <C.

Proof. The proof is similar to the one for Lemma 3.8. [

By (5.2), Lemma 2.1 and Proposition 5.1 we have

(B/2)+20c
) £l

Vel <8 (1o 5
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By this and (5.1), we have an analogue of (3.3) for k=0 and i = 1. Thus we have
estimates for gy, analogous to (3.4) under the conditions of (B.1) and ¥’ < 0.

Proof of Theorem 1.4 for the case (B.2). We consider —y in place of y in the
definition of gy and apply the result of case (B.1). We can see that this proves the
result in the case (B.2) by changing variables & — —&, in ¢.

Proof of Theorem 1.4 for the case (B.3). Similarly to Section 3, we decompose
[a7b} and [—d,d]! [a,b] =Uwy, 0y = [ak_l,ak], ‘ﬂ)k‘ = 51/2; [—d7d} =UH;, H; =
[bj_1,b;], |Hj| = 8'/%. Recall that W, () = w(r)/t. Then we also have ¥, # 0 on [
by (A.2). We use ¥, in the definition of A, in place of ¥:

Ar=A{(&1,&) : Wilar—1)E1 < & < Wilar)ér, & >0}

if ¥, >0 on I and

Ap={(&1,8) : Wilan)&y < & <Wilar—1)&1, & >0}

if ¥/ < 0 on I. Similarly, we also define Z@ and

Sh=1(81.8) 1 ¥ (a-1)& +18 <& < W'(ar-1)& + (h+1)8}, heZ,
Pl =SiNA;, PP =800 (wx x H)) AN ([a,b] x R).

Then, arguing similarly to the case (B.1), we can reach the conclusion of the theorem
in the case (B.3).

Proof of Theorem 1.4 for the case (B.4). Apply the case (B.3) with y(&) =
w(—¢&;) in place of y. Then by change of variables: & — —&; we have the desired
result.

This completes the proof of Theorem 1.4 in its full generality.

Theorem 1.6 follows from Theorem 1.4 in the same way as the theorem was shown
in Section 3 for the case (B.1) with ¥/ > 0.

Now we prove Theorem 1.1.

Proof of Theorem 1.1 for the case (B.1). We have already proved the theorem in
the case (B.1) when ¥’ > 0 on /. Suppose that ¥/ < 0 on /. We note that 0 ¢ /, since
if 0 €1, then W/(0) = 1/y(0) > 0.

Recall that Iy = [0,1], L = [0',7], b =[0",7"], —-b< 0" <0’ <o<t<7 <
7" < b. We may assume that supp(oy) C I} x R and ¥ < 0 on Iz, WY(r) =¢t/y(r).
Let a function p be defined on C(df,dj), df =1"/y(1"), dj = 6" /y(c"), by

u
p(u,v) = O_1u\

()

where W: I3 — J:=¥(L), ¥~ :J— I;. We note that p(u, w(u)) =1 for u € ;. Also,
we may assume that supp(a) C C(aj,a2) N (I} xR), a; = 7/w(1), ap = o/y(0),
where a is as in Theorem 1.1.
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Then we have

a&)(1-p(E)t =alé)(&—wE))t (5.3)

for some a € C3(R?) with supp(a) = supp(@). To see this, note that d»p < 0 on
C(d{,d). So, for & € supp(a) we have

€)1~ (N =al@) ol W)~ P&}
A
—al) ([ 3G &) -2+ Edr)

—a(8) ((w(&) &) [ gz - &) +€z)dt>

A
.

A
— ()& - w(E)): ( [t -2 +§z)dt>

= a(E)h(E) (& — w(E)

for some h € C7(R?) such that /1 # 0 on supp(a). This implies (5.3) by setting @ =
alh.
Thus to prove Theorem 1.1 it suffices to show that ||[UZ (f)||4 < C||f||4, where

UL (f)(x) = sup

R>0

Jatr e -tk e ag)|.

We have UZ(f) < CM(85-1(4y(f)) with some & > —1/2 by Corollary 4.2, where
P2 (E) =A(E)(1—p(£))S and A is related to @ as b is related to b in Corollary 4.2
with supp(A) C C(ay,az). Thus Theorem 1.1 follows from the estimates ||g;— 1(gd) (Nla

< CJ|f|la for § > —1/2. To prove this we may replace A(&E) with Ag(E) = w(E)A(E)
for a suitable w € C;(R?), since we may assume that

{p(&) <5, E €Clar,ar)} C{|E| <Cs}, Vs>0,

with some positive constant C.

Choose b1 (1) € Cy(R) such that by =1 on I, and supp(b;) C I3 and let Ao(é)
b1(E1)AG(E)+b2(E1)A0(E) = A1(E) +Ax(E) with by =1—b;. Let Bi(§) :=A;(&)(1—
p(§))2, i=1,2. Then B, € C5(R?) and supp(By) C R*\ {0}. Thus gg-1(,) is
bounded on L”, 1 < p < ee. On the other hand, since supp(A;) C C(ay,a2) N (3 xR),
arguing in the same way as in the proof of (5.3), we see that

B (&) =A1(&)(& - w(&)),

where A] is in C7(R?) and supp(A;) = supp(A;). Therefore, by Theorem 1.6 for the
case A > —1/2 and 6 = 0, the boundedness of 8-1(p,) follows. This completes the
proof of Theorem 1.1 in the case (B.1) with ¥/ < 0.

Proof of Theorem 1.1 in the case (B.2). We have the following.
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PROPOSITION 5.3. Let v, b, 0.0 be as in Theorem 1.6.
Put @) ¢(&) =b(E)@a.0(w(E1) —&). Then, under the same conditions on A, 0
as in Theorem 1.6 we have

1851 (@, 4)(F)lla < CIIFla-

This can be shown by using Theorem 1.4 in the same way as Theorem 1.6 is
proved. Arguing as in the proof of Theorem 1.1 for the case (B.1) and using Proposition
5.3 for the case A > —1/2 and 6 = 0, we can prove the following.

PROPOSITION 5.4. In the case (B.1) it holds that
IS2 flla < CalI£lla

Sfor A >0, where

St f(x) = 4 (x)’7 §£f(x):/R &, (R™1E)7(&)e2™4) e,

6, (&) =a(&)(w(&) — &)E and a is as in Theorem 1.1.

By applying Proposition 5.4 to —y and by changing variables & — —&, we can
prove Theorem 1.1 in the case (B.2).

Proof of Theorem 1.1 in the case (B.3). The proof is similar to that for the case
(B.1). In the proof we apply Theorem 1.6 and the homogeneous function p needed in
applying Corollaries 4.2, 4.4 is defined by using W..(¢) = w(¢)/t; it is of the form

D(%‘OZW-

Proof of Theorem 1.1 in the case (B.4). We apply results of the case (B.3) to
v (&) = w(—&;) and apply the change of variables: & — —&;.

6. Proof of Theorem 1.5

It is sufficient to treat separately the cases (B.i), | <i< 4. Ineach case we argue
similarly as follows.
By the Plancherel theorem we see that

lentIB= [, [ 106&)R SIEPaE. 6.1

Fix & € R%. Suppose that t& € supp(¢). Then by Lemma 3.4 there exists s € [1 —
B16,1+ B; 0] such that 1o& € soI". Thus & € t(;lsof. If a positive number 7 satisfies
that 7€ € supp(¢), Lemma 3.4 implies that & € sT" for some s € [1 —B15,1+ B9].
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Since we have also 1§ € 7, o, it follow that Ity lso=s by Lemma 3.5. Thus we

see that rt, 'so € [l — B18,1+ B8], which implies that ¢ € #os, '[1 — B1S,1+ B 3].
Therefore we see that

to.\'gl( 19)
[weapd < [T T eenp
_|_

050 (1 B6
1+ B8

b||2||®||% 10

< IbI2]0]2log 713

<Cb12]| @8-
Thus
-~ o dt 21112
[ loeeP S <clplzielzs. ©2)

This is also true when there is no 7y such that 7€ € supp(¢). Thus (6.2) holds for all
& € R?. Using (6.2) in (6.1) and applying the Plancherel theorem again, we can obtain
the conclusion of Theorem 1.5.

To conclude this note, we recall some results from [13]. Let 63, A > 0, and Sﬁ f
be as in (1.1) and (1.2), respectively, where y” is allowed to have a finite number of
zeros of finite order in I. The conditions (A.1), (A,2) need not be assumed. Then the
following vector valued inequality was proved in [13].

THEOREM 6.1. Let {R}7_, be a sequence of positive numbers and let p € [4/3,4].

Then we have
= N2 N 1/2
(Z s#.4 ) <G (2 fﬂ)
(=1 (=1
p p

Using a special case of this, we can prove the following lacunary maximal theorem
(see [13, Remark 6.2]).

COROLLARY 6.2. Let {R/}7__., be a sequence of positive numbers such that

1 < g <infyRpy1/Ry. Suppose that Sl)éf and o), are as in Theorem 6.1 and that the
condition (A.1) holds. Then we have

<Gllfllp, 4/3<p<4.
p

sup )Sfé[f

Theorem 6.1 was shown in [13] from the results for the case when y” # 0 by an
idea of Hormander in [10] and it was applied to show Corollary 6.2 (see [15] for related
results). Unfortunately, we cannot apply the idea to prove an analogue of Theorem 1.1
for S,’g f with o) defined under the conditions of Corollary 6.2.
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