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INEQUALITIES BETWEEN IDENTRIC MEAN
AND CONVEX COMBINATIONS OF OTHER MEANS

SHUN-WEI XU AND CHAO-PING CHEN*

(Communicated by N. Elezovic)

Abstract. By using the asymptotic expansion method, Elezovi¢ conjectured inequalities between
identric mean and convex combinations of other means. In this paper, we prove certain conjec-
tures given by Elezovié.

1. Introduction

Throughout this paper we assume that the numbers x and y are positive and un-
equal. Let

2 _ 1 y 1/(y—x)
He 2 G-, L= ,:_<y_) 7

~ Inx—Iny’ e \ x*

PR S oo SV o
2 2 xX+y

be the harmonic, geometric, logarithmic, identric, arithmetic, root-square, and contra-
harmonic means of x and y, respectively. It is known (see [17, 14]) that

H<G<L<I<A<Q<N.

Sandor [12] proved that

2 1
-A+-G <. 1
3413 ey

Alzer and Qiu [1] developed (1) to produce a double inequality. More precisely,
these authors proved that the inequalities

oA+ (1—a)G<I<BA+(1-B)G 2)
hold if and only if

0<2/3 and B >2/e=0.73575....
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Zhu [19, Theorem 2] also considered (2). Subsequently, Zhu [20, Theorem 2] (see
also [21, Theorem 5.4, Eq. (5.5)]) established a more general result and proved, for
0<p<6/5,

OAP + (1—a)GP < IP < BAP + (1 — B)G? 3)

holds if and only if o <2/3 and B > (2/e)?. The choice p =1 in (3) yields (2).
Trif [16] proved, for p > 2

QAP 1 (1—a)G? < IP < BAP + (1 — B)GP @)

holds if and only if & < (2/¢)? and B > 2/3.
The choice (p,B) = (2,2/3) in the right-hand side of (4) yields

2 1
Pelpile
<34 T30

which has been presented by Sdndor and Trif [13].
Let p > 0. Kouba [10] proved that the inequality

2 1
I’ < ZAP 4 —GP
3 T3

holds if and only if p >1In(3/2)/In(e/2) = 1.3214..., and the reverse inequality holds
if and only if p < 6/5.
Zhu [19, Theorem 3] proved that the inequalities

aA+(1—a)L<1<BA+(1—PB)L 5)

hold if and only if o < 1/2 and 8 > 2/e. Subsequently, Zhu [21, Theorem 1.3] estab-
lished a more general result and proved, for 0 < p < 8/5,

QAP + (1 — a)LP < IP < PAP + (1 — )L ©6)

holds if and only if & < 1/2 and 8 > (2/e)”. The choice p =1 in (6) yields (5).
There is a large number of papers studying inequalities between linear combina-
tions of means (see, for example, [3, 4, 5,9, 11, 15, 17, 18]).
Recently, Elezovié [6] proposed a new approach to this subject, using the concept
of asymptotical expansion of means. More precisely, the author established inequalities
of the form

aMy+bMp+cMz >0 (N

where a,b, ¢ are constants and My (k= 1,2,3) are chosen from the class of elementary
means given above. The inequality (7) is called optimal by the author if for any other
choices of constants a*,b*,c* such that (7) is valid, it follows that

a*M| +b*M, +c*Mz > aM, + bM, + cM3 > 0.
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In order to formulate such inequalities the author considers the asymptotic expansion
of the means as follows:

cas,t)  es(sit
M(X+S7x+[):x+cl(s’t)+$+ 3( )

e R

By comparing the coefficients it is possible to derive several candidates for optimal
inequalities. These possible optimal inequalities are systematically studied. The author
obtained some critical values and also formulates several conjectures in connection with
optimal inequalities.

CONJECTURE 1. (see [6, Conjecture 2.3]) The following inequalities are valid:

N+6I<TA, Q+31<4A, A+L<2I, 2A+G<3] and 5A+H >06l.
CONJECTURE 2. (see [6, Conjecture 4.2]) The following inequalities are valid:
(e—2)N+e-I1>2(e—1)A (typo corrected),
(e—2)0+(V2—1)el > (eV2—-2)A, 24+ (e—2)L>e-I
24+ (e—=2)G>e-1 and 24+ (e—2)H<e- I

CONJECTURE 3. (see [6, Conjecture 4.3, (4.11)-(4.15)]) The following inequali-
ties are valid:

N+(e—1)L>e-1, (3)
N+(e—1)G>e-I, 9)
N+(e—D)H< e 1, (10)
V2-0+4(e—V2)L>e-I, an
V2-0+(e—V2)G=e-I (12)

The typos of (8)-(10) have been corrected. See [7, 8, 17] for more details about
comparison of means using asymptotic methods.

The aim of this paper is to offer a proof of Conjectures 1, 2 and 3. We also develop
(8)—(12) to produce double inequalities.

REMARK 1. Let y/x/y=¢', and suppose x > y. Then ¢ > 0, and the following
identities hold true:

H(x7y) 1 L(x7y) — sinh? I(x7y) :etcotht—l

G(x,y) cosht’  G(x,y) t G(x,)

Alx,y) ox,y) N(x,y)  cosh(2r)
Gry) = cosht, Gloy) = /cosh(21), Gl = ot

The numerical values given in this paper have been calculated via the computer
program MAPLE 13.
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2. Proofs of Conjectures 1 and 2

THEOREM 1. The following double inequalities hold true:

Inibrcac 22 v (13)
7 7 2(e—1) 2(e—1)
and
13 e—2 (V2—1)e
—0+-I<A< + I 14
4Q 4 e\/§—2Q eV2—2 (14
Proof. By Remark 1, (13) and (14) can be written, respectively, as
1 e—2
= t for t>0 15
7<f1()<2(e_1) or 1> (15)
and
1 e—
Z<fz(t)<e = for >0, (16)
where
cosh? _etcothtfl cosh? _etcothtfl
h (t) " cosh(2r) etcothr—1 and fz(t) o cosh(2t) _ etcothr—1 ’

cosh?

Elementary calculations reveal that

. 1 . e—2
fim i(0) = 5 = 0142857 4., Jim fi(1) = 57— = 020901164,
. 1 . e—2

In order prove (15) and (16), it suffices to show that f1(z) and f>(¢) are both strictly
increasing for ¢ > 0.
Differentiation yields

2
_ tcothr—1 .
(COSh(Zt) € COSht) (1) = o1 _ 2coshtsinht
tcosht + sinht ! tcosht 4 sinht
We claim that
2coshtsinht
tcothr—1
- , t>0. 17
¢ tcosht 4+ sinht an
It suffices to show
2coshtsinht
g1(t) =tcotht — 1 —1In coshrsin t>0.

tcosht + sinhz ’
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Differentiation yields

hi (1)
gi(t) = — ,
(tcosht + sinhr) sinh” 7 coshz

with

hy(t) = —t coshtsinhz —? cosh? 7 + cosh*r — 1

1 1 1 1 1 1 5
=5t sinh(2¢) + (5 - §t2> cosh(2r) + 3 cosh(47) + 3 cosh(2r) — Etz —3

- i 221 (2n? 4 n—2)
= (2n)!

2212421 - ),

We then obtain g} () > 0 for > 0. So, g;(¢) is strictly increasing for 7 > 0, and we
have
gi(r) > lin(l)gl(x) =0 for ¢>0.

Thus, the claim (17) is proved.
We then obtain f{(r) >0 for # > 0. Hence, f;(¢) is strictly increasing for # > 0.
Differentiation yields

2
sinh®#/cosh(2¢) (\/cosh(zt) _ plcothi— 1)
82(1)

sinh®z

/ __ tcotht—1
fZ(t) =e ‘ g2(t)

)

where!
g2(t) = 2t cosh?t — sinhz cosht —r — y/cosh(27)(t coshr —sinhr) >0, 1>0. (18)
‘We now prove
fr(t) >0, 1>0,

it suffices to show that

inh? 7
hz(t):tcotht—l—ln&>07 t>0.
82()
Differentiation yields
A1)

(1) =

2(t)/cosh(21) (y/cosh(2¢) + coshr)
with
A(1) = 2cosh*r — (21 4 2) cosh?t — rsinhz coshr + 1
= —1?cosh(21) + %cosh(4t) - %t sinh(2¢) — %
= i @ —n) _nz)tz" > 0.
= (2n)!

I The inequality (18) is proved in the appendix.
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We then obtain 75 (¢) > 0 for ¢ > 0. So, hy(t) is strictly increasing for 7 > 0, and we

have, for r > 0,

hﬂ0>q%m00:0=$ﬁ0)>0

Hence, f>(¢) is strictly increasing for ¢ > 0. The proof is complete.

REMARK 2. The inequality (17) can be rewritten as

2AL

I>—-
A+L

This shows that [ is larger than the harmonic mean of A and L.

THEOREM 2. The following double inequality hold true:

e—2
e

2 1 2
A+ -G<I<-A+ G,
e

3 3

e—2
e

1 1 2
A+ -L<I<-A+ L,
e

2 2

) 51
a2y i< 4ty
e e 6 6

Proof. By Remark 1, (19) can be written for # > 0 as
2 2

—<F(t)< —,
3 ®) e
where
etcothtfl_l
Flt) = ——.
®) coshr — 1

Differentiation yields

sinh?#(coshr — 1) _,

F(1)

sinht +1 sinht +1
For t >0, let
sinh7(1+ coshr)
Fi(t) =In——— = — (¢tcothr — 1).
1) =In sinhf +¢ (reo )
Differentiation yields
1210)

)= —5——,
1) sinh?7(sinhz 4-1)

Sinht(l ""COSht) tcothr—1
i Sl e A .

19)

(20)

21
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with

o 22n71 )
F(t) = -2 cosh®t +sinhz coshz +2 +1% = 2 #ﬁ”
= n)!

> 0.

We then obtain Fj () > 0 for > 0. So, Fi(t) is strictly increasing for 7 > 0, and we
have, for r > 0,
Fi(t) > lin(l)Fl(x) =0 and F'(t)>0.
X—

Hence, F(t) is strictly increasing for ¢ > 0, and we have

2. . 2
3 :)lgl(l)F(x) < F(t) <)}Ln30F(x) ==
for + > 0. Hence, (19) holds.
In fact, (19) = (20). More precisely, the following inequalities are true:
1 1 2 1 2 e—2 2 e—2

“A+ZL<-A+-G<I<-A+—GCG< -A
2+2<3+3<<e+e<e+

Obviously, the last inequality in (22) holds. The first inequality in (22) can be written
as

L. (22)
e

A+2G

L< :
3

which was proved by Carlson [2].
By Remark 1, (20) can be written for > 0 as

tcothr—1 __ sinht
2 coshz — =T e
We find
i ezcothr—l _ sn;ht 4 ercothz—l _ sn;ht 2
m —— ———— = — an m-——=—.
t—0*t cosht — —s";ht 2 1= cosht — —5”;1" e

Hence, (20) is valid and optimal.
By Remark 1, (21) can be written as

2 5
- <u(t) < -, t>0, 23
; u(t) 5 (23)
where
hr—1 1
u(t) _ etcot t _ T
1
coshr — cosht

Elementary calculations reveal that

5 2
limu(r) = 2 = 0.83333333..., limu(r) = = =0.73575888.. ..
—0o0 e

t—0
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In order prove (23), it suffices to show that u(r) is strictly decreasing for ¢ > 0.
Noting that (17) holds, we find

W (t) = _e(rcosht +sinht) <e’°°‘h’1 _ 2sinhzcosht )

sinh*z tcosht + sinht

This proves that u(r) is strictly decreasing for # > 0. Hence, (21) holds. The proof is
complete. [J

REMARK 3. In [1], the left and right sides of (19) were proved, respectively. We
here provide a unified proof.

3. Proof of Conjecture 3

THEOREM 3. The following double inequalities hold true:

17 1 —1

SN+ LiL<r<-N+ 1 (24)
8 8 e e

2 7 1 —1

NtiG<r<iN+ g, (25)
9 9 e e

1 e—1 5 7

- H<l< >N+-—H 2
N+ <1< N+, (26)

4 V2 e—2

1 2

—Q+-=-L<I<—Q+ L, 27)
5 5 e

12 2 2

0+3G<I< §Q+e e\/_G. (28)

Proof. We point out that (21) and (26) are the same, by identity N +H = 2A.
By Remark 1, (24), (25), (27) and (28) can be written for # > 0 as

1 1 2 1 1 V2 o1 V2
§<U1(I)<;, §<U2(1)<;, §<U3(1)<77 §<U4(1)<7,

respectively, where

etcotht—l __ sinhz etcotht—l -1
_ 14 P —
Ui (t) " cosh(2t) __sinhz ’ Uz(l) cosh(2t) 1 ?
coshz t cosht
tcothr—1 sinhz t cothr—1
e — sinht e ~1
1
Us(t) = Uy(t)

cosh(2¢) — Si“%’ ~ Jeosh(2r) — 1’
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Elementary calculations reveal that

. 1 . 1
}%Ul(t)—g—O.IZS, tILI?oUl(t>_E_O'367""
li Ut—2—0222 li Ut—1
lims(r) =5 =0222..., limls(r) = -,

. 1 . V2

}%U}(Z)—g, IILI'EIOU:),(I)—T—OSZOZ,

. 1 . V2

}E%U4(f) =3 }LI?OU4(I) =

In order prove (24), (25), (27) and (28), it suffices to show that Uy(r) (k= 1,2,3,4)
are strictly increasing for # > 0. Following the same method as was used in the proof
of Theorem 1, we can prove the monotonicity properties of Ui(t) (k=1,2,3,4). Here
we only prove the monotonicity property of U, (). The proofs of the monotonicity
properties of Uy(z) (k= 1,3,4) are analogous.

Differentiation yields

(coshz — 1)(2coshz + 1)?sinh?# v
2t cosh®7 + cosh® sinh7 + 7 cosh7 + coshz sinh7 + sinhz 2
(cosht + 1)(2cosh?z 4 1) sinh¢ rcothf—1

= —e
2t cosh®t + cosh® ¢ sinht + 7 cosht + coshz sinh7 + sinh?

In order prove Uj(t) > 0 for ¢ > 0, it suffices to show that

Va(t) >0, t>0,

where
ht +1)(2cosh?t + 1)sinhz
V2(t):1n< 5 (c052 + J(2cosh”s + 1) sin - - )—(tcotht—l).
2t cosh” t + cosh”t sinh# 4 ¢ cosh + coshz sinh# 4 sinh¢
Differentiation yields
Vi) = (2coshr +1)Wa (1)
: sinh?#(2cosh? + 1) (2¢ cosh?t ++ cosh? ¢ sinhz + ¢ coshz -+ coshz sinhz + sinhz)’
with?

Wa(t) = —2cosh’ + 2t cosh* £ sinhz + (21> — 2) cosh®r — £ cosh® ¢ sinhz
+ (12 +4)cosht 4 2¢sinht >0 for 7> 0. (29)

We then obtain Vj(¢) > 0 for t > 0. So, V5(¢) is strictly increasing for # > 0. and we
have, for t > 0,
Vao(t) > 1in(1)V2(t) =0 and Uj(t)>0.
11—

Hence, U,(¢) is strictly increasing for ¢ > 0. The proof is complete. [

2The inequality (29) is proved in the appendix.



120 S.-W. XU AND C.-P. CHEN

Appendix A: A proof of (18)

Elementary calculations reveal that

2 2
(2t cosh?s — sinhz coshr — t) - ( cosh(2¢)(f coshr — sinht))

1 1
= sinh?#(2¢% cosh? ¢ — cosh’t — 1% 4- 1) = t* cosh(2¢) + 575 cosh(2¢)
< (2n 4 1)( —1)22!

Z )1 2> 0.

n=2

Noting that
2 . 1. 1
2tcosh”t — sinht coshr — =t cosh(2¢) — 3 sinh(2¢) = 3 cosh(2r) (2t - tanh(2t)> >0
and
tcoshz — sinht = cosh#(¢ — tanhz) > 0

holds for # > 0, we obtain, for ¢t > 0,

g2(t) = 2t cosh?z — sinhz cosht — t — \/cosh(2¢)(t coshz — sinhz) > 0

Appendix B: A proof of (29)

1 1
Wa(t) = — 3 (cosh(St) + 5cosh(37) + 10cosht> + 7! sinhz (cosh(4t) +4cosh(2t) + 3)

1, 1 1
+ <2t - 5) (cosh(3t) + 3cosht> - Etsmht (cosh(Zt) + 1)

+ (12 +4) cosht + 2 sinhz
= —écosh(St) + (%tz - g) cosh(37) + (%tz + %) coshr + %tsinht
+ %t sinhz cosh(47) + %t sinht cosh(2r)
= 1tsinh(St) - lcosh(St) + lt sinh(3¢) + (112 - 2) cosh(3r)
8 8 8 2 8
+ 2t sinh? + (%tz + %) cosht

B i (18n — 45) - 25" 4 (80n% — 101 — 405) - 9"+ 3600n> — 360n + 450 2,
B 360 - (2n)!

n=3

> 0.
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