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CARLSON TYPE INEQUALITIES AND OPTIMAL
RECOVERY OF DIFFERENTIAL OPERATORS

KONSTANTIN OSIPENKO

(Communicated by L. E. Persson)

Abstract. The paper considers a multidimensional problem of optimal recovery of an operator
whose action is represented by multiplying the original function by a weight function of a special
type, based on inaccurately specified information about the values of operators of a similar type.
An exact inequality for the norms of such operators is obtained. The problem under consideration
is a generalization of the problem of optimal recovery of a derivative based on other inaccurately
specified derivatives in the space R¢ and the problem of an exact inequality, which is an analogue
of the Hardy-Littlewood—Polya inequality.

1. General setting

Let X be a linear space, Yp,Y1,...,Yy be normed linear spaces, and A;: X — Y;,
j=0,1,...,N, be linear operators. Consider the problem of optimal recovery of Ag on
the set

W={xeX: ||ijHyj < 5]', 5]' >0,j=m+1,....,N},

where 1 <m < N (if m = N, then W = X), by values of operators Ay,...,A, given
with errors. More precisely, we will assume that for each x € W we know y = (y1,...,ym) €
Y1 % ... x Yy such that [[Ajx—ylly, <6;, 6; >0, j=1,...,m.

Any recovery method by known information y = (y,...,yn) should give an el-
ement from Y, that is taken as an approximate value of Agx. Thus, every recovery
method is a mapping ®@: Y| x ... XY, — ¥p. The error of a method ® is defined as

(o, W,5,®) = sup [A40x = @) -
XEW, y=(1 e Vm) €Y1 X ... XV
[Ajx=yjlly; <8j, j=1,....m

where 0 = (81,...,0m).
We are interested in those methods for which the error is minimal, i.e. those meth-
ods @ for which

e(Ao,W,8,®) = inf e(Ao, W, 5, D). (1)

D: Yy x..xY—Yy
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We will call such methods optimal recovery methods. The quantity on the right-hand
side of (1) will be called the error of optimal recovery and denoted by E(Ag,W,0).
Let
O(:(Oth...,OCk)GR]_CH (p():((pl()vv(pk())7

% ()= ()... 0 (),
where @;(-), j=1,...,k are continuous (generally speaking, complex-valued) func-
tions on R?. Set

2)

7 R = {x() € Lp(RY) : 0% ()x() € Lp(RT), j=1,...,N },

where 1 <p<oo, a/ €RE, j=1,...,N,and &7 = {a!,..., oV} . We define operators
Aj: W7 (RY) — Ly (R?) as follows

Apx(:) =% ()x(), j=0,1,....N.

For these operators we consider problem (1), in which X = 7/1;”/ R, Yo=Y =...=
Yv = LP(R"). The corresponding set of functions W is denoted by WI;W/ (Rd,g) where
S = (8m+15---,0n). The case when @(&) = i€ was considered in [15].

The consideration of the problem posed is connected with the desire to generalize
the recovery problem for functions of many variables from inaccurately given values
of derivatives (see [14, p. 249]). In addition, as a consequence of the solution of the
problem under study, a generalization of the exact inequality of the Hardy—Littlewood—
Polya type is obtained (see [11]).

Note that the idea of considering recovery problems for a whole family of opera-
tors was used in [1,2,9, 10].

2. General result

Set
0 =cof{(a!,In1/8y),..., (", In1/8y)},

where coA is the convex hall of A. Define the function S(-) on R¥ by the equality
S(a) =max{zeR:(a,z) €Q} 3)

(S(a) = —oo, if (a,2) ¢ Q forall z).

Let a® € co.o7 and let z = (, 1) +a, where 1) = (1y,..., ) € R¥, be a support
hyperplane to the graph of S(-) at «®. By Caratheodory’s theorem there exist points in
this hyperplane (o/s,In1/8;), s =1,...,1, | < k+ 1, such that

1
a’ =Y 000, 0;,>0, s=1,....1, ¥0;=1L. (4)
—1

s=1 K

Set
M:{]h»]l}ﬁ{h,m}
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THEOREM 1. Let o € cos/. Assume that for any ay,...,a; > 0 there exists
& € R? such that |@;(E)| =aj, j=1,...,k. Then

E(Ao. W (R%,5),8) = 5@, 5)

If M # 0, then all methods

)= Y, ai()yi(), (6)
JjeM
where functions aj (), s =1,...,1, satisfy the conditions

d Js 0

2 0% (8)aj, (&) = 0" (5), (7)

s=1

a 4 ,

2 8 lai @) <@ l<pcm il
Soerr p P
max ./.r‘ Js( )| ge—s(a°)7 p= 1, (8)
1<s<! 0;,
2 |a,/r )|6jr < e_S( )7 P =0,

for almost all & € R, are optimal.
If M = 0 then the method ®(y(-))(-) = 0 is optimal.

Proof. We prove that

E(Ao, W, (RY,5),8) > sup [1Aox() I, gey- )
()W (R4,3) '

[[Ajx(:) <8, j=1,....m

HL (RA)S

Indeed, for any method ®: (L,(R?))"™ — L,(R?) and any function x(-) € W,” (R?,5)
such that HAJ'X(')”LP(R(J) <9j, j=1,...,m, we have
2[|Aox() I, (may = 1A0x(-) = @(0)(-) = (Ao(=x(-)) = P(0) ()l (me)
< [[A0x(-) = @0) ()l ey + [[A0(=x()) = PO) () I, (e
< 2@(A07W1;%(Rd,3),67(1)),

Due to the arbitrariness of ® it follows that
[[A0x ()|, (re) < E(Ao,W,” (RY,5),5).

Taking the upper bound over all functions x(-) satisfying the given conditions, we ob-
tain inequality (9).
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126
The extremal problem in the right-hand side of (9) may be written in the form
/ Q1 H(RD) S 6j, j=1,...,N,

0 y
oI xC)ll, mey — max, [[lo(-)|*x
where |(&)|* = @1 (E)| ... |u(&)|* for o = (au,..., %) ERE.
Let ifA R? be such that \q)j(én)\ —e M, j=1,....k. Consider the case when
1 < p < e. Due to the continuity of the functlons q)s( ), s=1 k, for any € >0
N} there exist §; such that
(11

and any j € {0, 1,
0P —|p(&p)IP | <e

forall § € B~ (E ) where
{EeR:|E-&|<8)
..,N} inequalities

Bs(&) =
SN} Then for all & eBg(gﬁ) and all j €{0,1,

Set § = min{gl,...

(1) hold.
Put A= e 2@ and
—~ 1/p
h ~
— s é GBS( ﬁ)7
xep(€) <|Bg<5ﬁ>ye> i
0, g ¢B§( i)
where n
A
Ye =1+€—
ming ;<N 5]
(|B 5(311)\ denotes the volume of the ball Bs (&)
e~ P/ )+3) | A
Ye '

We have
10001 ke (&)1 < (\qo(é,,>\f’“’+e)

Since z = (&, 1) +a is the equation of support hyperplane of Q, we get
(o, n) +a> In1/6;

5P + Ae
<97

Consequently,
oy Paé <
L [0 e p(E)]7 dE ”
Thus, x¢ () is an admissible function for extremal problem (10). Therefore, taking

into acc07unt (9) and (11), we obtain
A/ =0
> (loG)r —e)

8)> [ 10(6)™ ke (E)1r d >

EP (Ao, W, (R?, )
e P (<(X 7”)‘“1) _A\g
= " .
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Making € tends to zero, we have
= 0 5y 4 = 0
E(Ao,Wf(Rdﬁ)ﬁ) > e~ otn)ta) _ p=S(a)

Now let p =eo. Similar to the previous reasoning, for any & > 0 there exists 5§>0
such that for all § € B5(&5) and all j € {0,1,...,N} inequalities

lo(©)” ~ 1o (&)1 | <

hold.
Put
AVY, EeBi(&
ren(E) = 4 ATe g (é,)
0, £ ¢ B5(&),
where R
Ye=1l+e——
e min; < j<y ;
We have
, T . o (@ )+3) | A
| . < = | po! - " <S
10 xem () gy < 5= (lo G +e) —— <.

Consequently, x¢ o(-) is an admissible function for extremal problem (10). Thus,

E(Ao, W,/ (R?,3),8) > 1|9 ()| %e o) ey = § (lo(&)” ~¢)

e—((OCO,ﬁ>+Zl\) — A\g

Ye

Making € tends to zero, we have
E(Ao,W, “(RY,5),8) > o~ (e )+a) _ ,—5(00) (12)

Now we prove the optimality of the recovery methods (6). To estimate the error of
methods (6) we consider the following extremal problem

l

0% ()= X a;(-)yi()

JjeEM

— max,
Ly(R9)

10 () =)ty < 8y =1, 0om,
9% (x()llp, ey < 85 j=m+1,...,N. (13)

For M = 0, the corresponding sums are considered equal to zero.
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Put 2;(&) = 0 (E)x(&) —y;(&), j=1,...,m, and
o(&) =0 (&)=Y 0¥ (&)a;(E).
jeM

Then (13) may be written in the form

— max,
Lp(RY)

Hw@x(g) + Y a;(&)z(8)

JjEM

HZj(g)HL,,(Rd) <6, j=1,....m,
H(paj(')x(')HLp(Rd) <6j, j=m+1,...,N.

It follows from (7) that

@)=Y  0¥(&)aj(&)x(&)
Thus, we have to estimate the value of the following problem

0% (E)aj(E)x(E) + X aj(€)z;(E)

jE{jlj[}\M JjEM
sz(é)HL,,(Rd) <6, j=1,...,m,

H(paj(.)x(.)HLp(Rd) <6j, j=m+1,...,N.

— max,
Ly(RT)

Let I < p <oo. Set

o~

Ajs = e’éep<a!éia07ﬁ> §= 17 st 7l’

)

Consider the case when 1 < p < eo. Then by Holder’s inequality we have

0" (E)a;(Ex(E) + 3. a,-<5>z,-<5>\

JELits it \M jeMm
ai é -~ i a; 5 ~
- UE D7 g )x(e) + Y, UL /[}x;/ﬂz,,»(g)'
Jelinih\M A jeM A;

- i . 1/p
SQA&)( > ?lefp(i)l”“X(§)|”+7Lj|2j(5)|”> :

where
i

ai PN\ 1/
0= (")

s=1

In view of equalities

Inl/8;, = (o, n)+a, s=1,....,0, S°) =" +a
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we obtain

A = 0,67 ot R) g oplint /85, -S(a) _ ZI; ~pS(a®)

Hence,

L 5P 1aq (E)P\ VY
6JS ‘ajx(g)l ) ) (14)

0,(8) = (e”’“‘”” ¥y

It follows from (8) that 0, (&) < 1 almost for all £ € R?. Therefore, we get

, p
> ¥ (E)ai(E)x(E)+ Y ai(E)zi(E)
J€{itmit}\M jeM Lp(RY)
< A [ ol (@) dE+ Y A | 1z (&)PaE
16{11 ~~~~~ Jz}\M / 2 / o

< 2350 = Lo P <
s=1

Consequently,
e(ho, W (R%,5),8,®) < e 5@,

Taking into account (12), it means that methods (6) are optimal and equality (5) holds.
If p =1 we use the inequality

0% (E)as(E)x(E) + Y a,-<5>z,-<5>\

JELits it \M JEM
<Q1(§)< » 1,-<o<é>|“”x<é>|+1,-zj<5>|),
JEU s dt \M
where ‘ (€)|
a'v
0u(e) = s 12281
J

Using the same arguments as for the case 1 < p < e, we obtain the assertion of the
theorem in the case under consideration.
For p = e we use the inequality

0% (E)a;(E)x(E) + X a;j()zi(&)

JELit it \M jeM

!
< Ztl\ajs(if)é

Leo(RY) (RY)

0o
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It follows from (8) that
e(Ao, W (RY,3),5,®) < &5,

Consequently, using (12), we obtain that methods (6) are optimal and (5) holds.
It remains to show that the set of functions a; (-), s = 1,...,l, satisfying condi-
tions (7) and (8) is nonempty. Let 1 < p < oo. Consider the function

f(r,):_l_,_z/lhe plods —o n>, TIGRI‘.

s=1

This is obviously a convex function, and it is easy to verify that f(7) = 0 and the
derivative of this function at the point 7 is also zero. It follows that f(n) > 0 for all
n € R¥. Consequently,

fim) ="M f () 2 0
for all n € R¥. Putting e~ = |@;(&)[, j=1,...,k, we obtain that

/R .
(&)= —19(&)"* + ¥ Ay lo(&)"*" >0

s=1
for all & € R?. Thus,
0
lp(E)1P*
S A lo(E) [P

Set

2o P2 (g ()
a;, (&) = 9 (&) % _ S
' S (&) e

It is easy to check that condition (7) is valid. If 1 < p < o, then

|ah |p 0w laj(
JA
Z TP e Z )LP,/P

s=1 617 s=1

pad p-1
_ s ( @) ) -
2o (E) )P

If p=1, then
0
8,1 (E)] _ -stat) 1 lo(®)I” <eS@) g1 1
0, T Al ()"

% o—iarg{0®" (&)}
a4 (&) =" (O 5=l
Y1 A lo(8)]”
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where
Zfs:%e—s(‘”), s=1,...,1.
g

Then condition (7) is obviously satisfied, and

0
$ Jas (€))5, e 5@ 12O e
= | S A (&)

Note that it follows from the proof of Theorem 1 that

l
_S(a® 0;
sup Al ey = =18
x(~)€Wh“{(Rd76) s=1
HA/X()HL Rd)gaja Jj=L...m
N N '
_mm{l‘[af- >0,j=1,...,N, Y 0;= :Zejaf}. (15)
j=1 j=1
3. Exact Carlson type inequalities
The Carlson inequality [6]
1/2
() 2y < VRO T2 3@, Ry = [0,40),

was generalized by many authors (see [3-5,7, 8,12, 13]). In [12] we found exact con-
stants in inequalities of the form

WXy 7 < KIwoORONE oy 91 QXN (16)

where T is a cone in a linear space, w(-), wo(:), and w;(-) are homogenous functions,
u is a homogenous measure, and 1 < g < p,r < oo (for T = R the exact inequality
was obtained in [5]). Recall that a constant K is called exact if it cannot be replaced by
a smaller value. The inequality in this case is called exact.

Weighted inequalities and inequalities for derivatives do not always have a multi-
plicative form. For example, for analytic and bounded in the strip Sg = {z € C: [Imz| <
B} functions x(7) # 0 the inequality

IECIEY| S U —
0 IO gy 08+ ) [ g sin®s

WO le IWOM@

holds (see [14, c. 177]).

In this regard, it becomes necessary to use a more general definition of exact
inequalities. Let X be a linear space, Yp,Y1,...,Yy be normed linear spaces, and
Aj: X —Y;, j=0,1,...,N, be linear operators. We say that the inequality

1Aoxlly, < k(Ax),  Av=([Awxly,.. lAvx]yy), & RY =R, (A7)
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is exact, if it is fulfilled for all x € X and there is no such xo € X for which

sup [l Aox|ly, < Kx(Axp).
xeX
[lAjxlly; <HA olly;, j=1,.N

PROPOSITION 1. Let § = (§,...,8y) € RY. Set
k(8) = sup [ Aox]ly,-
xeX
Al <87, =10V

Then inequality (17) is exact.

Proof. For x € X we put

= (”AleYw'”v”ANXHYN)'

From the definition of k(-) inequality (17) holds. Assume that it is not exact. Then
there is an element xy € X for which

sup 180x]x, < K(8°),
xeX
Ay, <8, j=1,...N
where
8% =(8,--.,8%) = (IA1xollvy, - - | Awxol Iy )-
This contradicts the definition of k(-). O
The solution of extremal problem (15) allows us to obtain new exact inequalities
of Carlson type.
Let @(-) = (¢1(+),...,@(-)). Assume that ¢@;(-),...,¢(-) are continuous on R?
and for any ay,...,a; > 0 there exists EE R for which |(p,(g)| =aj, j=1,... k. It

follows from Proposition 1 and (15) that for a® € co{a!,...,a™} we have the exact
inequality
0 !
167" Xl g < mm{HHw“ Ol

N
0;>0,j=1,....,N, ¥ 0,=1,0a"= zgjaf,}.
1 j=1

In particular, for (&) = i€ and a® € co{a',...,aV} we obtain the exact in-
equality

0 N j 0;
N1 X(E) o) < mi“{Hl NE=HE gy
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Consider one more example. Let

0@ =vo(&) = (1&l+..+1&1)" . 80 s)

In this case k = 1, Q is a convex set on R?, and S(-) is a broken line. For o €
co{a!,...,aN} we have the exact inequality

0 . j j _
" ()l ey < mm{wé"“ RO W6 O

0<A<1, a’=rah +(l—/1)a/2}.

4. Recovery of differential operators and exact inequalities
Using notation (2), we set
7 ®Y) = {x() € La(RY) : 9% ()Fx() € LL(RY), j=1,....N },

where
Fx(1) = /dx(r)e*"“” dr, (t,1) =111+ ...+ Talg,
R

is the Fourier transform of x(-). Define operators A;: #;7 (RY) — Ly(RY), j =
0,1,...,N, as follows

A =F 0% (OF()(), j=0,1.....N. (19)
Consider problem (1) of optimal recovery of Ay on the set
Wi (RY) = {x(-) € #¢7 (RY) : || Ajx(-)l| <98, 6;>0, j=m+1,... N}
F {x F . Jx Lz(Rd) ~x Yy, Uy s J m 9oy

by values of Ay,..., A, given with errors.
Passing to Fourier transforms, we have

e(Ao,WE' (RY), 5, )
1

= Gy sup lo* ()Fx()

G0 OF()=Fyj () ;<8 j=1,0..m

= F(D() ()l (me)-
Putting . |
() = pr(.)’ Zi() = Wij(.) j=1,...,m,

it is easy to verify that the problem under consideration is reduced to the one considered
earlier in Theorem 1 for p =2.
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THEOREM 2. Let the conditions of Theorem 1 be satisfied with respect to the
functions @;(+), j=1,...,k, and o € co.e/ . Then

E(Ao, W& (RY),8) = =51,
If M # 0, then all methods of the form
Mﬂwo=Fl(2amwnm)
jEM

where functions aj (), s =1,...,1, satisfy the conditions

for almost all & € R, are optimal.
If M =0, then the method ®(y(-))(-) =0 is optimal.
The exact inequality

l
[Ao(-)x ||L2 RY) HHA LZ(RL])

s=1

holds.

For ¢(&) = i& the operators A; defined by (19) are the Weyl derivatives of orders
o/ which are denoted by D Thus, it follows from Theorem 2 the following result.

COROLLARY 1. ([14], Theorem 5.19) Let o € coo/. Then
E(DY W& (RY),8) = 5"

If M # 0, then all methods of the form

Mﬂwo=Fl(2amwwo)

JjeEM

where functions a;(-), s =1,...,1, satisfy the conditions

[
Z &)y (8) = (&),
!
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for almost all & € R, are optimal.
If M =0, then the method ®(y(-))(:) =0 is optimal.
The exact inequality

[
Js
109 50) ) < TP 5O
s=1

holds.

Set ) .
A§ = F g OFx()(). J=0,1...N,

where the function wy(-) is defined by (18). Note that Ay = —A, where A is the
Laplace operator. In this case Q is the set on R? because k = 1. Consequently, 1 <
1 <2. Assume that o ¢ <7 (otherwise the answer is written out in a trivial way). Then
[=2.

COROLLARY 2. Let a° € co.«/ and o ¢ </ . Then
E(AL W& (RY),8) = 5@,
If M # 0, then all methods of the form
200 =F (L (P,
JjeM
where functions aj, (-), aj,(-) satisfy the conditions

wg (E)aj, (&) + v (E)ay (&) = wg (&),

./1“’/’1(6)'2 J'z‘ah(;‘-';)l2 < ¢ 2500
91 1— 61 D

for almost all & € R, are optimal.
If M =0, then the method ®(y(-))(:) =0 is optimal.
The exact inequality

0 ; 1-0;
188" Xy ey < IAG" KOl gy 1G5

holds.

In particular, for 0 = 2 we obtain the exact inequality

=85y rty < A 3O -85
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