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EXTENSIONS OF CONVEXITY-BASED INEQUALITIES
VIA POSITIVE LINEAR FUNCTIONALS
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(Communicated by S. Varosanec)

Abstract. This paper establishes refined extensions of fundamental inequalities such as Hardy,
Holder, Minkowski, AM-GM, and Ky Fan types. Our approach employs partition-based weights,
positive linear functionals, and time scale calculus to obtain sharper estimates valid across contin-
uous, discrete, and quantum domains. We derive new bounds for Csiszar divergences, Kullback-
Leibler divergence, Shannon entropy, and related measures. These results link convexity-based
refinements with modern information theory and provide analytic tools for optimization, error
estimation, and hybrid dynamical systems.

1. Introduction

Functional inequalities play a central role in analysis, probability, and information
theory. Classical results such as Holder’s inequality, Minkowski’s inequality, Hardy’s
inequality, the arithmetic-geometric mean (AM-GM) inequality, and Ky Fan-type in-
equalities form the backbone of modern mathematical analysis [7, 12]. Refinements
of Jensen’s inequality [9, 13] have further provided a unifying principle that generates
stronger forms of these results.

In recent years, convexity-based techniques have found deep connections with in-
formation theory and statistics. The framework of f-divergences and entropy-type
measures links inequalities with discrepancy measures such as Csiszdr divergence [5,
6], the Kullback-Leibler divergence [1 1], and Shannon entropy. These tools are central
in data sciences, machine learning, and statistical inference [4].

At the same time, the theory of dynamic equations on time scales provides a uni-
fied approach to continuous, discrete, and quantum models [3]. Since time-scale in-
tegrals are positive linear functionals, they offer a natural platform for extending in-
equalities across hybrid domains. Several recent works have advanced refinements of
inequalities in this direction [1, 2, 8, 10, 14, 15].

Motivated by these developments, our approach simultaneously refines Hardy,
Holder, Minkowski, AM-GM, and Ky Fan inequalities, while also establishing sharper
bounds for divergence and entropy measures. These results provide a unified analytic
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toolkit with potential applications in optimization, error estimation, and hybrid dynam-
ical systems.

Now we recall some fundamental concepts and results that will serve as the basis
for our main developments. We begin with the notion of positive linear functionals,
which provides a natural setting for extending convexity-based inequalities.

DEFINITION 1. Let .4 be a linear space of real-valued functions on a non-empty
set S. Amap F : .4 — R is called a positive linear functional if it is linear and satisfies
F(f) >0 whenever f(x) >0 forall x€ S.

Jessen’s extension of Jensen’s inequality to positive linear functionals serves as
a powerful unifying tool for deriving refinements of many classical inequalities. The
following theorem, presented in [9], generalizes Jessen’s inequality and forms a corner-
stone for our subsequent developments.

THEOREM 1. (Jessen-type Inequality) Suppose S, A, and F are given as in
Definition 1, and let y € C(I,R) be convex. Assume that , o, € AN are non-negative
Sfunctions satisfying a(x)+p(x) =1 forall x € S, and that F({), F(a({), and F(B{)
are strictly positive. Then, for every f € A with f(S) C I and such that {f, Cw(f),
al, alf, BE, and BLf belong to N, the following inequalities hold:

FILHN _ Fal) (Flf)\ . F(BE) (FBLH\ _ FCw()
‘”(F(«:>><F<c> "’(F(m:))*F((:) W<F(ﬁ5)>< FE)

REMARK 1. If v is concave, i.e., —y is convex, then all inequalities in Theo-
rem 1 hold in the reverse order.

ey

Let T;, j=1,...,m, be time scales, and define their Cartesian product
AN"=Tyx - xXTp={(x1,...,%m) :x; €T}, 1 < j <m},

an m-dimensional time scale. For a A-measurable function f: X — R, where X C A”
is A-measurable, the corresponding Lebesgue A-integral may be expressed equiva-
lently as

/Xf(xl,...,xm)Alxl---Amxm, /Xf(x)Ax, /deuA,

or /X FX)dua(x), @)

where ua denotes a o -additive Lebesgue A-measure on A”.
When the time scale interval [a,b)T consists only of isolated points, the A-integral
reduces to a weighted sum:

[ ron= % (o) -5,

[aﬂb)ﬂ’

where o is the forward jump operator.
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THEOREM 2. (Fubini Theorem on Time Scales) Let (X,.# ,up) and (Y, L, Va)
be finite-dimensional time scale measure spaces, and let f:X xY — R be A-integrable.
Define

o) = [ fenan )= [ flxy)ay
Then both ¢ and y are A-integrable, and the following equality holds:

[ ([ ) ae= [ ( [ rena)ar

2. Extensions of classical inequalities

In this section, we present refinements of several well-known classical inequalities
using the framework of positive linear functionals and time-scale calculus. Each sub-
section explores specific extensions with sharper bounds that are valid across discrete,
continuous, and quantum settings.

2.1. Extensions of Hardy’s inequality

We begin with a refinement of Jensen’s inequality obtained through the Jessen-
type inequality (Theorem 1) in the context of A-integrals.

THEOREM 3. Let (X,.#,up) be a finite-dimensional time scale measure space.
If w € C(I,R) is convex, and &, are non-negative, U -integrable functions with
o(x)+B(x) =1 forall x € X and each

x| atswar [ Bwcmax

is strictly positive, then for any U -integrable f:X — R with f(X) C I, and for which
Cf and related terms are Ua -integrable, we have
Jx WA _ [ya)Ex)Ax [ [y a(x)E(x).f(x)Ax
(M) < Mt (M)
L JxBEE()Ax v <fx B (X)(C (x)f )(X)AX>

Jx §(x)Ax Jx B(x) & (x)Ax
_ I E@Y(F)Ax
S kA

Moreover, if y € C(I,R) is concave, the above inequalities hold in reverse order.

Proof. The result follows directly from Theorem 1 together with Remark 1, since
A-integrals on time scales satisfy the defining properties of positive linear function-
als. O

We now state the foundational hypotheses required for establishing Hardy-type in-
equalities on arbitrary time scales, employing convexity assumptions and general mea-
surable kernel functions.
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Hy) (X, ,up) and (Y,Z,va) are A-measure spaces associated with the respective
time scales.

(H,) The kernel K : X x Y — R is A-measurable and satisfies

M (x) ::/YK(x,y)Ay<<>0, VxeX.

(H3) The function £ : X — R is ua-integrable. Define the auxiliary weight w:Y —

R+ by é
— [ K&)6H)
w(y) := /X Ma(r) Ax, VyeY.

(H4) The functions o, : Y — [0, 1] are nonnegative and v, -integrable, satisfying
a(y)+B(y)=1forall yeY, with B(y) :==1—a(y).

THEOREM 4. Assume that (H)—(H4) hold. Let ® € C(I,R) be convex on an
interval I CR. Then, for every vy-integrable function f:Y — R with f(Y) C I, the
following chain of inequalities holds:

/ 5<x>q>(ﬁ [xensoay) &
fy y)K(x, y)Ay Jy a(»)K(x,y) )Ay
< J e ( Ty a0)K (x.9) Ay )A"
B BOKGA oy BOIKC f( Ay
R Ve ( J BO)K (x.9) Ay )A"

< [ wmrotre)ay

Moreover, if © is concave, then all inequalities above hold in the reverse order.

Proof. Applying Theorem 3 to the inner vj-integral for each x € X and using
Fubini’s theorem on time scales (Theorem 2), we obtain

/ 5<x>q>(ﬁ / K(x7y)f(y)Ay) A
e (PR o

Ay
Jy ol A o Jr 0K (xy) f(3) Ay
</xg() fy xyAy ( fyay)ny) )

Ay
L BBOKENAY o (y BOIKES0)AY
fy o Jy BOK(x.) Ay )]M

xx) (/YK(xJ)q’(f(Y))Ay> Ax
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_/q, (/ (y)é()Ax>Ay
X Ma(x)
— / ) Ay.
This proves the stated inequalities.

If @ is concave, the reverse inequalities follow analogously by applying the re-
versed form of Theorem 3. [

REMARK 2. Choosing ®(x) = xP yields power-type inequalities, while taking
®(x) = ¢* produces exponential-type refinements. Classical Hardy, Hilbert, and Carle-
man inequalities are recovered as special cases on the continuous time scale R or the
discrete time scale Z.

In particular, for kernels of the form K(x,y) = )ﬁ one obtains Hilbert-type in-
equalities. On R, the sharp constant 7/sin(r/p) is recovered, thereby refining the
classical Hilbert inequality.

Moreover, by choosing ®(x) = ¢* and restricting to discrete time scales, one ob-
tains refinements of Carleman’s inequality, which yield improved bounds of interest in
summability problems.

2.2. Extensions of Holder’s Inequality

Holder’s inequality is one of the fundamental tools in functional analysis. We now
present a refined version within the context of non-negative linear functionals. The
refined inequality provides sharper bounds that hold across discrete, continuous, and
quantum domains.

THEOREM 5. (Refined Holder Inequality) Ler p > 1 and define q such that
1 1
—+-=1
P q

Suppose S, N and F are given as in Definition 1, and w,g,h, o, 3 are non-negative
Sunctions belonging to the class A, where a(x)+ B(x) =1 forall x € S. Assume the
following functions also belong to N :

wgh,whq,wgp, awgh, Bwgh, awhq, Bwhq.

Then, the refined Holder-type inequality holds:

Flowgh)  F(Bsh
Fi(awhi)  Fi(Bwhi)

F(wgh) < F (wh) <F7(wgl)Fi(wh?),  (3)

where F(wh?), F(awhi) >0 and F(Bwh?) > 0. Further, if 0 < p < 1, the above
inequalities hold in reverse order. If p <0 and F(wgP) > 0, then inequalities also
hold in reverse order.
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Proof. Let y(x) =x” for x>0, set { =wh9, and define f = gh~9/7. Substituting
these choices into inequality (1) yields

F(wgh)\? _ F(awh?) (F(awgh)\” F(Bwh?) (F(Bwgh)\" _F(wgP)
(F(W)) S F(wh) (nawhq)) F (wh) (F(ﬁwh@) S Flwhe)

Multiplying through by F?(wh?) and taking the p-th root gives (3).
For 0 < p < 1 and for p < 0 (with F(wgP) > 0), the corresponding reversed
inequalities follow analogously by applying the concavity case of Theorem 1. [

COROLLARY 1. Let (X, 2 ,up) be a A-measure space. Under the assumptions
of Theorem 5, if o, B,w,g,h are positive Lebesgue A-integrable functions on time scale
intervals X C T, then

[ w(gn(o Ax @
X

< ([romcons)’ lfx G(xwgh) A | [y B gh(x)An
x (e W) AT ([ Bw(x)he(x) Ax)

< (fweermar) : (fwemar) i’

where [y w(x)h9(x)Ax, [y o(x)w(x)h9(x)Ax, [y Bx)w(x)hd(x)Ax > 0. Further, if
0 < p < 1, the above inequalities hold in reverse order. If p <0 and [y w(x)gP (x) Ax >
0, then inequalities also hold in reverse order.

Proof. Immediate from Theorem 5 with F taken as the normalized A-integral. [

COROLLARY 2. Ifthe functions in Theorem 5 are Lebesgue integrable on X C R,
then inequality (3) holds with F the Lebesgue integral.

Proof. Direct consequence of Corollary 1 by setting X CR. [

COROLLARY 3. If T is a time scale consisting only of isolated points, then in-
equality (3) holds with F the weighted sum

"fwar= Y (0) -9, )

Proof. Follows directly from Corollary 1 since the A-integral reduces to a discrete
sum. [J

EXAMPLE 1. The discrete version specializes further on standard time scales:

(1) If T=N, [a,b) = [I,m+ 1), then inequality (5) reduces to the refinement of
classical discrete Holder form.
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(2) If T=hN, [a,b) = [h,(m+ 1)h), h > 0, the inequality becomes a weighted
discrete refinement.

(3) If T=N?, [a,b) = [1,(m+1)?), then an analogous refinement holds with weights

(2141).
4) If T=4", [a,b) = [q,4""), g > 0, the refinement takes the form with weights
q.

2.3. Extensions of integral Minkowski’s inequality

Minkowski’s inequality is a cornerstone of L -spaces. Here, we provide a refine-
ment using time-scale calculus.

THEOREM 6. Assume that (H1) holds and let ® € C(I,R) be a convex function
defined on an interval I CR. If «,3,& are Lebesgue A-integrable functions on X, f

is Lebesgue A-integrable on Y, and F is Lebesgue A-integrable on X xX Y, then, for
p > 1, the following chain of inequalities is satisfied:

(o ([ ronso Ay)pr)‘l’ ©

</ [y 0t(x)E (x)F (x,y)HP~ 1( IAx  JxP ()é(x)F(xm)H”‘l(:C)IM FO) Ay
" Ure@E@Hr AT (B

EWH (AN 5
/( E(x F”xyAxyf ) Ay,

where H(x) = [y F(x,y)f(y)Ay such that

/Xg (/ny Ay) Ax >0, /Xa(x)g(x)HP(x)Ax>o,
/ﬁ P(x)Ax > 0.

Further, if 0 < p < 1, the sequence of inequalities in (0) holds in reverse order. If p <0
and [y &(x)FP(x,y)Ax > 0, then inequalities also hold in reverse order.

Proof. Applying the refined Holder inequality (4) and using Fubini’s theorem for
time scales (Theorem 2) yields

| €@y
~ [ EWHE@E W
= [ 6 [ Fley)fo)avhr! (s
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= [ [ ewrtpmr wav)ay

p—1

< [ ([ ewnrmas) "

Jx ¢@)EF (e y)HY H(x)Ax | [y B)E(0)F (x.y)HP ! (x)Ax
(fy 01(x) & (x) HP (x)Ax) 7 (Jx B(x)S (x)HP (x)Ax) 7~

<[(] 5<x>Fp<x7y>Ax)’l’ (f goomrear) " o)

Dividing through by ( [y & (x)H? (x)Ax) T, we get

(/5 VHP (x)Ax

. / Sy @) ()F () HP (A | Jy B(x)
Ty aE@HP(x)A) T (Jy B

< [ (Lewrreyn) om.

This establishes the desired inequalities. For 0 < p < 1 and p < 0, the corresponding
result can be obtained similarly. [J

Alﬁr
o
S|
=

T2
)

hi
©

REMARK 3. The refinement in Theorem 6 extends Minkowski’s inequality to ar-
bitrary time scales, thereby unifying continuous, discrete, and quantum cases. In par-
ticular, when T = R, the A-integral reduces to the Lebesgue integral, yielding a re-
finement of classical Minkowski inequality. For T = Z, the result becomes a sum
inequality for sequences, useful in summability problems.

2.4. Extensions of AM-GM inequality

The arithmetic-geometric mean (AM-GM) inequality is fundamental in convexity
theory. We derive multivariable refinements in the setting of positive linear functionals
and A-integrals on arbitrary time scales, thereby unifying continuous, discrete, and
quantum forms.

THEOREM 7. Suppose S, A and F are given as in Definition 1, and £, o, €
A are positive functions such that o.(x) + B(x) =1 forall x € S, and F({), F(a{),
F(B&) > 0. Forall functions f € A with f(S) CICR" suchthat {f, {In(f), al,
alf, BE, BLf e AN, the following inequalities hold:

AL f) = (Al NS ABL NP > 6(g, 1),
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where

A1) :=% and G(L.f) ::exp(%) @

Proof. Let w(x) = —Inx, convex on (0,e0). Applying the Jessen-type inequality
for the positive linear functional F, with weights o, >0, a4+ =1, yields

FILAY - Flad), (Flf)\  FBS), (FBLHY - F(CInf)
1“<F<c> ) > FO) 1“<F<ac> )* F(O) ln<F(ﬁC) ) RO

Exponentiating both sides yields the desired inequality. [l

COROLLARY 4. Let (X, % ,up) be a A-measure space. Suppose [, o,B:X —
R™ are positive A-integrable functions, with o(x)+ (x) =1 for all x € X. Then the
following inequality holds:

AN ) = (Aa(al, 1)) ED (AN (BE, )™ P > Ga (L, 1),
where

AA(a7f) = M» GA(gvf) = eXp(

x)In f(x)Ax
st s

Jx (A

Proof. Immediate from Theorem 7 by taking F' as the normalized A-integral on
X. O

REMARK 4. The corollary establishes refined arithmetic mean-geometric mean
(AM-GM) inequalities across various important time scales by specializing the general
A-integral framework. Specifically, on the continuous time scale 7 = R, the A-integral
reduces to the classical Lebesgue integral, yielding a continuous refined AM-GM in-
equality. For the discrete time scale 7 = N, the A-integral becomes a sum, resulting in
a discrete refined AM-GM inequality suitable for sequences. Similarly, on the discrete
time scale including zero T = Ny = {0,1,2,...}, a sum-based inequality holds incor-
porating the zero index. Moreover, for the quantum time scale T = ¢™0 with ¢ > 1, the
A-integral corresponds to the g-integral, producing a quantum version of the refined
AM-GM inequality relevant in quantum calculus and related fields.

REMARK 5. Analogous refinements can be derived for the arithmetic-harmonic
mean (AM-HM) inequality by applying the same framework with y(x) = 1/x.

2.5. Extensions of Ky Fan-type inequalities

We now establish refined Ky Fan-type inequalities within the framework of pos-
itive linear functionals and time scale calculus. The following results generalize the
classical Ky Fan inequality by introducing partition-based weights and extending va-
lidity across discrete, continuous, and quantum domains.

Let 1 € .4 denote the constant function defined by 1(z) =1 forall 7 € S.
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THEOREM 8. Suppose r > 0 and S, A, F are given as in Definition 1. If
f.C,a,B € A are positive functions such that f(x) € (0,5], a(x)+B(x) =1 for

all xe€ S, and Cf, {In(f), C(r1—f), Cn(rl—f), af, alf, al(r1—f), BE,
BCf, BE(r1 — f) € A, then the following inequalities hold.

AGr1—f) __AQ.S) (A(aé,rl—f))*‘“”" (A(ﬁc,rl—f))"“’ﬁ’
G(C.A=1) = G-\ Aal)) ABLT)

where A(C, f) and G(&,f) are defined in (7).

Proof. The proof follows by applying Theorem 1 with the convex function

w(x):m(’;x).

The inequality emerges naturally from the convexity property combined with the weight-
ing scheme. By substituting f and the weights into the theorem, the stated inequalities
are derived, refining the classical Ky Fan inequality. O

COROLLARY 5. Let r >0 and let (X, ¢ ,up) be a A-measure space. Suppose
f,6,a,B : X — R are positive A-integrable functions, with o(x) + B(x) =1 and
f(x) €(0,5] forall x € X. Then the following inequalities hold.

AA(Carl_f)
Ga(C,r1—f)

ANC ) [ Aa(@l, = )\ 1Ay (B — 1)\ P AN, 1)
< GA(CJ‘l_f) ( AA(OCC7f) ) < AA(ﬁC7f) ) S

- GA(C7f) ,

where Ay and Gy are the time scale means defined in (8) and 1(x) =1 forall x € X.

Proof. Immediate from Theorem 8 by taking F as the normalized A-integral on
X. O

REMARK 6. Corollary 5 establishes a unified refined Ky Fan inequality that is
valid on arbitrary time scales. By specializing the general A-integral framework, this
result recovers the classical continuous, discrete, and quantum cases as particular in-
stances. For example, when the time scale T = R, the A-integral reduces to the classi-
cal Lebesgue integral, yielding a refinement of the continuous Ky Fan inequality. When
T =N, the A-integral becomes a sum, providing a discrete inequality suitable for se-
quences and difference equations. For the quantum time scale 7 = g™ with g > 1, the
A-integral corresponds to the g-integral, resulting in a quantum version of the inequal-
ity that is relevant in quantum calculus and related fields. This unification highlights
the versatility of the time scale approach, allowing the refined Ky Fan inequality to
be applied seamlessly across continuous and discrete settings, as well as in quantum
systems.
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3. Extensions of inequalities for divergence measures

Divergence and entropy measures are central in information theory and statistics.
Here we establish refined Csiszar-type inequalities within the framework of positive
linear functionals and time scale calculus.

In this section, we focus on the Csiszdr divergence, a fundamental measure of
discrepancy between probability distributions widely used in information theory and
statistics. Originally formulated in continuous settings, the Csiszar divergence general-
izes several well-known divergences such as the Kullback-Leibler divergence and total
variation distance. Within the time scale calculus framework, the Csiszdr divergence
has been naturally extended by defining it via the A-integral, thereby unifying its treat-
ment across continuous, discrete, and hybrid time domains. Specifically, on continuous
time scales (7' = R), the divergence is expressed as an integral with respect to the
Lebesgue measure. On discrete time scales (T =N or T = Ny ), the A-integral reduces
to sums over the relevant indices, preserving the classical discrete form of Csiszdr di-
vergence. Moreover, in quantum calculus settings (7 = ¢™0), the definition adapts to a
g-integral, enabling the analysis of divergences in quantum discrete models. This ver-
satile formulation allows the Csiszdr divergence to serve as a unifying tool for measur-
ing distributional differences across diverse temporal structures encountered in modern
applications.

THEOREM 9. Suppose S, A and F are given as in Definition 1, and y €
C((0,00),R) is convex. Assume that t,s, o, 3 € A are positive functions such that
o(x)+PB(x) =1 forall x€S. Assume also that as, ot, Bs and Bt belong to N .
Then the the following inequalities hold:

s () rson () oo (55). o

G =r(sv(2)

Proof. Set f =" and { =s in Theorem 1. Applying the theorem with these
substitutions yields the stated inequalities. [J

where

COROLLARY 6. Let (X, ,up) be a A-measure space. Suppose y : (0,00) — R
is a convex function, and t,s, L,V are positive A-integrable functions on X. Then the
following inequalities hold:

arts)>  frernns)v (s
(froon) v (F500s)

> (feoa) v (555
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Ca(5) = [ stow (405 ) &

Proof. Immediate from Theorem 9 taking F' as the normalized A-integral. [J

where

REMARK 7. (Special cases) By suitable choices of y, Theorem 9 recovers re-
fined inequalities for many well-known divergence measures.

(1) By substituting the convex function y(x) = —Inx into (9), we obtain a refined
entropy type inequality:

F(sIn (1)) +S(r) < F(us)In (%) +F(vs)In (iém SFis)n (%) ’

where
S(s) =—F (sln(s))

(2) By taking w(x) = xInx in (9), we obtain a refined Kullback-Leibler divergence
type inequality:

Dxr(s|lt) = F(ur)n (%) +F(vt)In (ié:i;) > F(t)ln (%) .

where

D (slr) :F(tln(g».

(3) By taking y(x) = |x— 1| in (9), we obtain a refined Variational distance type
inequality:

V(s,2) 2 [F(ut) = Fus)[ +|F(vi) = F(vs)| > |F (1) = F(s)],

where
V(s,t) =F ([t —s]).

(4) By taking y(x) = (x—1)Inx in (9), we obtain a refined Jeffrey divergence type
inequality:

ooy 61— (92 e 22)

where
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(5) By taking w(x) = —y/x in (9), we obtain a refined Bhattacharya coefficient type
inequality:

B(s.1) < /EQ)E (ut) +v/E(V)F(vi) < \/E()F (D),

where

B(s,t) =F (Vst).

(6) By taking w(x) = (/x— 1)? in (9), we obtain a refined Hellinger distance type
inequality:

H(ts) > (VG0 = VF)) + (VEG) = VF(w)
> (VFO-VFE))

where

H(s) = F (Vi-v5)").

2
(7) By taking y(x) = ()C;Tll) in (9), we obtain a refined Triangular discrimination

type inequality:

- (F(u1) = F(us))® | (F(vi)—F(vs))* < (F(1) = F ()
F(us)+ F(ut) F(vs)+F(vt) = F(s)+F(t)

(1) s<x>>2> |

Alt,s) =F ( s(x)+1(x)

Thus a broad family of divergence inequalities-classical and modern-follows as direct
consequences of the general Csiszdr refinement, valid uniformly across continuous,
discrete, and g-discrete time scales.

4. Conclusion

In this work, we developed a unified framework for refining classical inequalities-
such as Hardy, Holder, Minkowski, AM-GM, and Ky Fan-type inequalities — within the
setting of positive linear functionals and time scale calculus. This approach provided
sharper bounds that remain valid simultaneously in discrete, continuous, and quantum
settings. Furthermore, by extending the same methodology to Csiszdr divergences and
related entropy measures, we established new refinements of Kullback-Leibler diver-
gence, Shannon entropy, Hellinger distance, and other statistical distances.

The results highlight the versatility of convexity-based techniques and their ca-
pacity to unify inequalities across analytic and information-theoretic domains. Future
directions include extending these refinements to non-commutative frameworks such
as operator algebras, quantum information theory, and stochastic processes on hybrid
domains.
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