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ON THE GENERALIZED n-TH JORDAN-VON
NEUMANN CONSTANT AND FIXED POINT PROPERTY

X1 WANG, XIANFENG SUN AND CHAO XIA*

(Communicated by S. Varosanec)

Abstract. In this paper, we introduce a new geometric constant CI(\;l j) (a,X) of a Banach space X,
which is closely related to the n-th Jordan-Von Neumann constant and analyze some properties
of the constant. Subsequently, we present a relationship between the weakly convergent sequence
coefficient (WCS) and this new constant. Our main results of the paper improve some known
results in the recent literature.

1. Introduction

The concept of normal structure plays a central role in fixed point theory, as its
existence profoundly influences the existence and uniqueness of fixed points for nonex-
pansive mappings in Banach spaces. In order to investigate the geometric nature of Ba-
nach spaces, mathematicians introduced various geometric constants. These constants
serve as tools to identify whether a Banach space has normal structure, for instance, see
[5,6,7, 11,21, 22, 24].

Throughout the paper, let X be a real Banach space with the dual space X*. As
usual, we will denote by Sy = {x € X :|| x||=1} and By = {x € X :|| x [|< 1} the unit
sphere and the unit ball of X, respectively.

Among the numerous geometric constants of Banach spaces, the James constant
and the von Neumann-Jordan constant are the two most extensively studied, owing to
their profound connections with diverse geometric structures of Banach spaces. The
following constant of a Banach space X,

x4+ y)* + [lx =yl
2(]1x[>+ 11¥1?)

Cr(X) :sup{ vy e X, [+ il > o}

is called Jordan-von Neumann constant [2]. It is clear that if is a Hilbert space, Cn; (X) =
1. Therefore, the Jordan-von Neumann constant is commonly used to quantify the de-
viation of a general Banach space from the properties of a Hilbert space.
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The following constant of a Banach space X,
J(X) = sup {min{|lx+y[l, lx—y[l} : x,y € Bx}

is called James constants [8], it is utilized to quantify the non-squareness characteristics
of a Banach space.

Recently, mathematicians have generalized the aforementioned two constants in
the following ways (see [3, 4]): for 0 < a < 2,

R
2[|xl> + [y 112+ Nlzll?

CNJ(a7X):sup{ x,v,z2€X,

[l + {1yl +llzll > 0 and [ly —z[| < a|x] }

J(a7X) = Sup{mln{||x+va HX_ZH}:X,)/,Z € Bx and ”y_Z” < LIHXH}

Clearly, Cny(0,X) = Cy;(X) and J(0,X) = J(X).

Building upon these developments, this paper introduces a further generalization
the generalized n-th Jordan-von Neumann constant CI(\f J) (a,X). This constant not only
extends Cyy(a,X) to involve multiple variables but also provides a sharper geometric
criterion for normal structure and uniform non-squareness in high dimensional settings.
We analyze its fundamental properties, its monotonicity and continuity, and how it
behaves under ultrapowers. Furthermore, we explore its connection to the weakly con-
vergent sequence coefficient, a quantity measuring how sequences in Banach spaces
diverge weakly.

Our results generalize and refine the findings of prior works, including those of
[4,8, 12,15, 16, 17, 23]. Moreover, our approach employs ultraproduct techniques and
functionals constructed on ultrapowers, which have proved powerful in extending fixed
point results for nonexpansive maps.

2. Preliminaries

We begin by recalling the classical definition of (weak) normal structure in Banach
spaces (see [1]), which plays a central role in the study of fixed point theory.
A Banach space X is said to possess normal structure if for every closed, bounded,
and convex subset K C X that contains more than one point, there exists a point xp € K
such that
sup{|lxo— ||y € K} < diam(K),

where the diameter of K, denoted diam(K), is defined by
diam(K) = sup{||x—y|| : x,y € K}.

In the case where the Banach space X is reflexive, the notions of normal structure and
weak normal structure coincide. It is known that if a Banach space lacks weak normal
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structure, then there exists a weakly compact, convex subset C C X and a sequence
{xn} C C such that

dist(x,11,co{x}i_,) — diam(C) =1,

see [10]. A Banach space is said to have uniform normal structure if there exists a
constant 0 < ¢ < 1 such that for any closed, bounded, convex subset K of X with more
than one element, there exists a point xo € K satisfying

sup{|lxo —y|| : y € K} < cdiam(K).

Kirk [14] established that every reflexive Banach space with normal structure has
the fixed point property: for any nonempty, closed, bounded, convex subset C of X and
any nonexpansive self-mapping 7 : C — C, there exists a point x € C such that x = T'x.

In what follows, we briefly recall several fundamental facts concerning ultrapow-
ers of Banach spaces, which form the backbone of the arguments developed in this
paper. The ultrapower technique has become an indispensable tool in modern Banach
space theory, especially for dealing with asymptotic or structural properties, the reader
is directed to [10, 13, 20].

Let F be a filter on N, and let {x,} be a sequence in a Banach space X . We say
that {x,} converges to x with respect to the filter F, written limg x; = x, if for every
neighborhood of U of x, the set x,i € N:x; € U € F belongsto F. A filter 7/ on N is
called an ultrafilter if it is maximal with respect to inclusion. An ultrafilter is said to be
trivial if it contains all subsets of {A C N:ip € A} that contain a fixed element iy € N;
otherwise, it is called nontrivial. Let ¢.(X) denote the Banach space of all bounded
sequences in X , in other words sequences sup,, ||x,|| < e=. The norm is defined by

[[Gen) ] := sup [l ]| < ee.
neN

Given a nontrivial ultrafilter %7 on N, define the subspace
Noy = {(xn) € lo(X) : lqu/onn” =0}.
Then the ultrapower of X, denoted g , is the quotient space l.(X)/Ny , equipped with

the quotient norm. The ultrapower X endowed with this norm is also called U-spaces.
Elements of X are denoted by (x,)7 . The norm is given by

X))o || = lim||x,,||.

)| = tim

If the ultrafilter U is nontrivial, then the original space X embeds isometrically into X .
Moreover, if X is super-reflexive, in other words its Eltrapower dual satisfies X* = X*,
then X has uniform normal structure if and only if X has normal structure (see [13]).

LEMMA 1. (see [18]) If a super-reflexive Banach space X fails to have normal
structure, then for r € (0, 1] there are X1,x2,X3 € Sg and fi, f2, f3 € Sg. such that
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I ||xi—xj||=1 andﬁ(fc})zOforalli#j;
2. fi®)=1fori=1.2,3;

3. ks = G+ )l = e+l

3. The constant C,(\fj) (a,X)

DEFINITION 1. For any a > 0, define the generalized n-th Jordan-von Neumann
constant, n > 1, by

n (0)
Zej ||x+2j=l ejxj ! ||2 )C.X(Bj)
2>+ 2 2 (sl + Dzl
(05)

0; . 0;
are not all zero, wherexﬁ- ) =y;jif6j=landx;” =z;

eX

Cj(\;qj)(a,X) ::sup{

if 6; = —1, with ||y; — z;|| < al|x|| for j = 1,2,---,n}.

REMARK 1.

1. C\)(a,X) = Cny(a,X), and C)(0,X) = C\)(X):
2. Cz(\;? (a,X) is a nondecreasing function on «a;

3. if there exists a > 0 such that Cj(\;lj) (a,X)<n+1, then we have Cyy(a,X) <n+1,
hence X is uniformly non-square.

2.2
PROPOSITION 1. Forany a >0, we have %ﬂ < Cz(an) (a,X)<n+1. More-

nllz
over, C,(\;'J)(a,X) =n+1,forall a>?2.

Proof. For the inequality on the left hand side, take x € Sy, let y = Sx = —z.
Then, y — z = ax, hence,

(6;)
S, et 3, 62
2213 (||y,-2+ ||z,,»||2)

2
2" (1 + %) [ ]|?
>

= 2
22+ 20 2

_4—|—4na—|—nzg2

4+ na?

) (a,x) >
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For the inequality on the right hand side, by the triangle inequality, we have

leerZGx P <27l 27 12 Iy l1? + 11;1%)
j=1

n
+2" el X Uyl + llzl1)
J=1
+270 3 (illllyl -+ lzallz 4+ all izl il 20D
I<i#j<n

n
2 on-l 2 2
L2l* 2" X (sl + llz11)
j=1

+2x(? + 277 3 (Ilysll + llz)
j=1

n— . 2 2
+2" M n—1) Z 95117+ 112117)

=(n+1) (2”x||2+2”1 En‘,(Hy,fller Zj”z));

j=1

) CI(VJ) (a,X) < n+1. At last, notice that the function f(a) = % is strictly

increased on the interval [0,a], and take its maximum at ¢ = 2. Hence, for any a > 2,
we have CI(\fJ)(a,X) =n+1. O

LEMMA 2. Let H be a Hilbert space, for any two elements x,y € H, the inner
product of x,y is denoted by (x,y). Then following equality

2||x+29x |2 =20 + 27 12 112+ llz511%)

j=1
1 n
+2n7 2(<x7yj_zj>+<yj_zj7x>) (1)
j=1
+2"720 N Gi—z,yi—2))
I<i#j<n
is valid for any positive integer n, where 0; = £1 and x( D =y;jif0;=1, x( ) =z

if0;=—1for j=12,---,n.

Proof. We prove this lemma by induction of positive integer n. First, for n =1,
we have

x4+ yil? + lx—zi]* = (x+yr,x+y1) + x—zi,x—z1)
= 20|x| 2+ [yl + lza |2+ (o) + (v1,x) — (x,21) — (z1,x)
= 2lxl® + Iyt |1+ llza |1+ xy1 — 21) + (1 — 21,%).
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Suppose this equality is hold for positive integer n, i.e.

lex+29x |2 =20 + 27 12 112+ llz511%)

j=1
1 n
+2" 2(<x7yj_zj>+<yj_zj7x>)
j=1
+2"2 Y i—zyi—z),
I<i#j<n
then, for integer n+ 1 we have,
2 Hx—l—ZG,x ||2
0j==1 j=1
=X HerynHZGx H2+ZHX Zn+1+29x 2
0j==1

2 — 2 2
=2"{|x + ynr " +2" IZ(HYjH +zill%)
j=1

n
+ 2N (e Yns 1, — 25) + (3 — 2js X+ Yns1)

j=1
n
+2720 % Gi—zyi—z) 2 =z P27 (il + llzil1%)
I<i£j<n =1

+2n_12(<x—2n+17yj—Zj>+<yj—Zj,x—Zn+1>)+2"_2 2 i—zi,yj —zj)
j=1 I<i#j<n

n
2 2 2 ? ’
=2 a2+ 27y |+ 1 [2) +27 3 (sl + iz 12)
Jj=1
n

+2"((%, Ynr1 = Znt1) + 1 — Zns1,%) 2 X,y —2) + (Vi —2j,X))

n
+2"7! 2 (Ot = Zns 1,9 = 25) + V= 2o Ynkt — Znt1) +2r! 2 (vi—zi,y5 —2j)

j=1 I<i#j<n
. ) n+1 5 5 n+1
=22+ 2" 3 (il + Ml l%) +2 X (G v —25) + (v — 25,%))
j=1 j=1

+2'70 Y Gi—zyi—z))-
1<i£j<n+1

We complete the proof. [

Now we have the following proposition.

PROPOSITION 2. Let H be Hilbert space. Then for any number a € [0,2], we

2
have C,(\;lj)(a,H) =1+ %
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Proof. Suppose that a € [0,2],x,y;,z; € H with x# 0 and ||y; —z;|| = o||x|| for
j=1,2,---.n, where o € [0,a]. Then, by Lemma 2, we have

S e+ 2, 0|2
PP+ 2 S (I P+ T TP)
1 L
- [+ 2 3 (1)
2+ 25 (Il +loR) =

421 ‘2 (xy, z;) <yj—z,/,x>>+2"2 > <yi_zi7)’j_zj>}

I<i#j<n

27|l (22 i — 2il) + 2" 2 i cigjcn (IIyi el Y,/'_Zj”)
<1+

2+ 275 (Il +sR)
2”nocH)c||2 + 2"’2n(n — 1)062Hx||2
2+ 271 (Il +2)
2"nar|x||? +2"2n(n — 1) 0| x|
2225 (||yj—z,-2+ ||y,-+z,-2)

2"not||x||? +2"2n(n — 1)o?||x||?

<1+

S 2P 2R My — 2P
14 4noc+n(n—1)a? <14 4na+n(n—1)d®
4+ no? 4+ na?

.. (n) o 4na+n(n71)a2
Hence, by Proposition 1, we have Cy;(a,H) =1+ ———>— - O

PROPOSITION 3. CI(\?J) (a,X) is a continuous function on [0,c0).

Proof. Since C,(\f J) (-,X) is non-decreasing, we can assume that there exist a > 0
such that
supCl) (b,X) =t < B < y = inf C\) (b, X).
b<a b>a
Select ¥y, | @ and Xx,,,y;, m,z, m € Bx,j=1,2,---,n with at least one of them be-
longs to Sy, satisfying ||y;» — = Vi x| and

g(xnﬁyl,ma"'7yn7mazl,m7"' aZn7m) P> ﬁ

for all m € N. Choose 7, | 1, such that ryl—'; < a for all m € N. Then, we have

o Yim Ynm Zlm Zj,m
g(nmxmayl7m7' s YnmsZlmy 7Zj,m) =8\ Xmy Ty Ty T
nm nm n’n n’n



208 X. WANG, X. SUN AND C. XIA

for all m € N, Choose a subsequence {m’} of the sequence {m} such that all the

sequences [x,s +X7_, ij(fifq),H, 1% || 1y || |z, || are convergence. Notice that, for

any w € X and n,, — 1, we have
x4+ @[] = (1 = D) [l < [[Mmxm + @[] < [0 + ] + (M= 1),
hence, 1im 5, + -1 03 l| = Timy [+ Sy O350 S
> m' || Xm! J=127% jm ! || ! X! j=1 Jx.ﬁm/ . D0,

ﬁ -y gg(xm’uyl,m’a"' y Y s Zml " azn,ml)

- g(nm’xm’ayl,m’a s Yam 3wt azn,m’) - 07

which is a contradiction to the assumption that 3 > y. Hence, CI(\f J) (a,X) is a continu-
ous function for a > 0.

When a =0, for a given € > 0, we choose that x,;,y;m,2jm € Bx,j = 1,2,--+,n
with at least one of them belongs to Sx, satisfying ||yjm — zjm|l = am||xm|[,am | 0,
Yim=Y2m="""=Ynm=Ym> Zm =22m = """ = Zn,m = Zm, and

CN(0%,X) = 2= inf ) (@,X) = & < T gt Y1ms s Zms s )

Let &, = 2"(2n(n+ 1)ay, +n2d2), Ym = 12" apn||xm|(|[ym|| — @n||xn||). Hence,
&m,Ym — 0. Extract the subsequences, we can assume that 1im,, ..(||x,||* +72||ym||?) =
b exists. By the chosen of X,,yjm,2jm,j =1,2,---,n, we know that b # 0. For
sufficiently large n, we have

Yo, ilem"‘zj 1 0m|| =+ €m
27|l | -+ 12" |y || = Y

<&(Xms Y+ s Yms Y+ s Ym)

Em + Y& (Xm, Yy s YmsYms "+, Ym)

g(xm»yl,m»"'»yn,rnvzl,m7"'7zj,m) <

_l’_
2" ||| + 12|y | = Vi
" e+ 7mC) (X
<C1(\/J)(X)+ + YmCyy (X)

2"l + 12" |yl = Y

Hence, forany & >0, we have C\)(0%,X) —& < C) (X) <C (07, X), s0 CL (07, X)
= CI(\;? (X), ie., Cz(\;? (+,X) is continuous at « = 0. We complete the proof. [
PROPOSITION 4. C\)(a,X) =C\)(a,X) for a > =l
(n) () ¥y : (n) ()
Proof. Cy;(a,X)<Cyj(a,X) is obvious. Now, we prove Cy;(a,X) > Cy;(a,X).

For any £ > 0, suppose X,y;,Z; € )?,j =1,2,---,n are not all zero, satisfying
~ ~ ~ ~ o~ ~ o~ ~ 2.2
Hy,—Z,H:OtHxH,OtE[O,a]Ifx:O,then g(xayla"'aynazla"'yzn)gngWg
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C](Jlj)(a,X). If X # 0, Choose € > 0 such that € < J||x||. As
S, %+ X, 0% %2
2+ 2 2 (1504 11
n 02
~ fim Xo; llxm+ XG—1 0jx; |

4
P 20T B (

Cc.=

+lzjmll?

N——

= hﬂéncm.

Hence, theset s m e N: |c,,—c| <3, ||yjm—2jm| < axm||+8<(a+5)xm||}

In particular, there exists m such that
c< g(xm7y1,m7 s Ynms Zmy 7Zj’m) +4 < CI(\/nJ)(Cl-l- 5,X) + 6.

By the arbitrariness of 6 and continuity of Cj(fj) (-,X), we have Cj(fj) (a,X) < C](\;l.]) (a,X).
LEMMA 3. Letany a€ [0,2), lfCI(\;qJ) (a,X)=n+1, then there exist {xn}, {Vjm},
{zjm} C Bx,j=1,2,---n satisfying the following conditions
[2ml[ 1y jumll N zjmll = L, for j=1,2,-+-,n;

me—FZSf: H—>n—|—1 where x%) = Yim if 0; =1 and x\%

J,m = j,m =Zjm lf@, =
—lforj—l 2
Hyj,m_zj,m” < allxwll, for j=1,2,---,n and Ym € N.
Moreover, {xn},{yjm},{zjm} can take value in Sx, for j=1,2,---n
Proof. Let a € [0,2), if Cj(\;? (a,X) = n+1, then there exists X,,,y;m,Zjm € Bx

and at least one belongs to Sy, satisfying ||y m — zjm|| < aljxu|,Vn € N, and
g(xnhyl,ma s Ynms Zlmy ,Zn’m) Tn+1,here

(6)
S, [lom + 21y 0jx 0 |12

2P 2ts (||y,-.,m||2+ z,-.,mz)

g(xmayl,m; s Ynmy Zms 7Zn,m) =

where x(e i) (05)

=yjmif 05 =1 andx w =2jm if 0j=—1 for j=1,2,---,n, so the
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inequality in (3) is hold. Notice that

X, ¥, ¥n, 215 1 2n)
NS

2+ 2715 (Il +lc2)
2l Sy (2527 Syl szl s e Tl )

22t (||yj2+||z,,»2)
2SOyl + 1)+ 2 = ) Srcsren P + 1)
il 215 (sl + ol
2y s+ g1 = 260 — 1) ]2
P43 (y.,»||2+ 47)

<1+

<1

<n+

hence,
1 25t (lyjmll 4 Nlzjmll) =200 = 1) [l |2

— 17
P+ 3 (||y,-,m2+ e 2)

which means that

Yt (| — z,-.,m>2]
2)

Since for any m € N, at least one of X,y m,2jm belongs to Sx, there exist a sub-
sequence of {m}, saying {m'}, such that x|, [y;mll[lzjm| — 1. Hence, [[xm, +

E’; lxjm || — n+1, where x(e) =yjm if ;=1 and x( /) .= 2jm if 6; =—1 for
j=12,---,n;ie, (1) and (2) are hold.

Next, for x # 0, let ¥’ = W’ by the chosen of X,y m,2jm We know that ||xﬁn, -
x’“/”’ ”y/j.,m’ _yJ':m'”’ ”Z},m’ - Zj7m’|| —2. Asn+1l2 Hx/ +y/1 yﬁ,ll HX—I—yl +

" [<xm|| -

Al 3, (||y,-,m2+ e

— 0.

o Yl = I =Xl = X 1Y) = vill. we have [,y + X IG,x H —n+1. At last,
ame’H > ”yj.,m’ - Zj.,m’H > Hy;"m’ - Z/j.’m/” - ||y/j'7,n/ —YVim |l = HZJ P Zj7m/||- Hence,
limsup,_,., ||y;-7m/ — Z}7m/\‘ <a,ie, {xm},{yjm},{zjm} can take value in Sy, for j =
1,2,--- n. We complete the proof. [l
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THEOREM 1. If X is an U space, then Cj(\;lj)(a,X) <n+1,Vae (0, %)

Proof. 1If there exists an § > 0 such that CI(\;I J) (% X)= n + 1, then there exist
sequences { X}, {Vjm}{zjm} C Sx suchthat ||x,+¥;_ 0 x || —n+1and ||yjm—
ij” < —5 VmGN
(67)

Choose f,;, € Ay, . Since X is an U space, we have f,(x, et ejxj ) —0.
Hence,
2 x| = 2" fon(xm) = Y, fn(m — D, 6 (,m) +2" 1me Vjm—2jm)
0j==1 j=1 j=1
2 ﬁ” 2 ﬁm) +2" 12||y;m ijH
Bj—ﬂ:l Jj=1 j=1
n . 2_5
> fonlom 2 +2 ,
0,==1 =1 n

it means that 2" < 2"‘1(2 — ), this is contradict to that § > 0. This complete the
proof. [

PROPOSITION 5. Forany § > %( (n+ l)CI(V"J)(X)— 1) , we have CI(\Z)(Z—&X)
<n+1.

Proof. Suppose that there exists § > ( (n+ l)C,(\f'J) (X)— 1) such that C,(J'J)(Z—

0,X) =n+1, then there exist sequences {xu},{yjm},{zjm} C Sx such that |x,, +
31 020 = nt- 1 and [[yjm—2jmll <2—8,6;=%1,j=1,2,---,n,Ym € N, where
m_ . (-1)

Xjm=Yjmandx; °=z;,. Hence,

n
0
liminf Y |, + 2 0;y;ml = hm D) ijE.JBLH
T g =1 j=1 " g =1 j=1

-2" lhmsupZHyjm ijH
n—oo j 1

>2"(n+1)—2""'n(2 - 8)=2""1(2 +nd).

By the definition of Cz(vn J) (X), we have

)y X+ 3" 05y ml?
CI(\’J)( X) >liminf % il! i 21 J Jm||2
e 20| x 12+ 20 2 1yl
>22n 2(2+n5) /2n B (2+n5)
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This is contradict to & > %( (n+ l)Cj(fj)(X) - 1) . Hence, we have C,(J'J)(2—57X) <
n+ 1. This complete the proof. [

4. The relationship with the new constant and the weakly
convergent sequence coefficient

THEOREM 2. If X does not have the Schur property, then for 0 < a < 1, we have
the following inequalities
+1)a+2) na
1+ (14 a)max{ 72(((1;'(17)33’+a))2 ,parly

2
[WCS(X)]” > Cj(\;? @)

, if nis an odd number

and (14a)
1+ min{2(R(1,X)+a)?,4}

2
WOSEOP = )

, ifnis an even number.

Proof. If CI(\Z) (a,X) = n+ 1, the inequality is evident. If CI(\Z) <n+1,then X is
uniformly non-square, so it is super-reflexive. Suppose that x,, C Sy is a weak zero
sequence, with out lose generality, we assume that d = limy.z,, ||x,, —x|| exist. Choose
{x},} C Sx- satisfying x(x,) = 1. Notice that X is reflexive, extract the subsequence,

we can assume that x*, —— x*.
For given any 0 < € < 1, choosing sufficiently large positive integer N such that
forany k> N,

)
()| < 5 and d—e < [l —xy]| <d+e.

According to the definition of R(1,X), we have

Xk +
— +X
d+¢ N

Then, there exists positive integer M > N such that

liminf

koo

<R(1,X).

L. xy(xm) <€

2. |y =x)(aw)| < 55

3|2 oy | <R(LX)+e.

Hence, we obtain that |xj,(xa)| < | (x5, —x*) (xn) | + |2 ()| < €.
We denote R(1,X) by R for shotten, let

XM — XN
T d+e
(I+a)((1+a)xpy+ (d+€)xy)

I (d+¢€)(R+a+e)?

b
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and
- (I+a)(xm+ (d+e+a)xy)

YT T dre)Rtatey

for j=1,2,---,n.
Itis easy to see that x € By, [|y; —z;| < allx||. [lyjl| < zrofe and ||z;]| < zrite
for j=1,2,---,n.

For given 6;,6,---,6, € {1,—1}, we denote y; by xgg") if 6; =1, and denote z;

by xl(e") if 0; = —1. Let k be the number of 0;’s such that 6; =1 and [ =n — k. Then,
we have

(d+¢)

X+ 2 ijﬁ-ef)
j=1

1+a
_ k+ ka X 2
H(l (R+a+8)2( k l)> M @

1+a
| 1+———=(d+1 la—kd—k
( +(R+a—|—8)2( +le+la €)>XN ,

Case 1: n is an odd number. If k£ > [, then we have

(d+e)|x+ 9;)65-9])
j=1
14+a
><1+72(k+ka—l))xj(4(xM)
(R—|—a1+£) (3)
l+a n+1
2 1 1 1_ )
( +(R+a+€)2< + > a))( €)
if k <[, then we have
(d+e)|x+ Zlejxﬁ-ef)
j=
1—|—a *
><l+m(k+ka—l))(_xN) (xM)
1+a ®
_ (1_,_m(ld—i—le—i—la—kd—ks))(—xm (xn) )

1+a n+1
> 14+ 1—
( +(R+a+€)2 <d+8—|— > a))( €)

>(1+ (R—:::—lgy <1+"J2’1a))(1—g).
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Case 2: n is an even number. If k > [, then we have

(d+e) x+26jx5-9j)
J=1
1+a
><1+72(k+ka—l))xj(,,(xM)
(R+al+8) )
- (l—|—ﬁ(ld—kle—i—la—kd—ks))x@(m)
1+a n
> S35 l1—eg),
(1+(R+a+e>2<2a))( ¥
if k <1, then we have
(d+e)||x+ Zlejxi-ej)
-
1+a «
- (1+(R_ia%€)2(ld+l£+la—kd—ks))(—xM)*(xN) (6)

l+a n
21+ ——= = 1—¢
( +(R+a+e>2<2a))( :
l+4a n
>(1+—= (= 1—¢).
( +(R+a+s>2<2“))( :
By the definition of CI(\;I J) (a,X), we know that, if n is an odd number, then

) (SR

and if n is an even number, then

2
(n) l—¢ na(l+a)
CNJ(a’X)><d+€> <1+2(R+a+8)2 ’

By the arbitrariness of {x,,} and €, we obtain that if n is an odd number, then

1+a)(2+na)
WCS(X)2C (a.x) > 14 UF D2 F71a)
[ ( )] NJ (av ) + (R+a)2 )
and if n is an even number, then
na(l+a)

[WCS(X)12C\) (a,X) > 1+ SRia)
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Furthermore, let

_M—AN (I+a)(1+a)xy+ (1 —a)xy)

dve VI 4(d+¢)
and
g (I+a)((1 —a)xy+ (L +a)xpm)
A 4(d+¢)
for j=1,2,---,n. Itis easy to see that x € Bx, [[y;—2;[| <allx], [y}l < ldeg) < 3
and ||| < lder“e) < 44 for j=1,2,---,n. For given Ay, 42,..., 4, € {1,—1}, we

denote y! by xg)t" J'if 6, = 1, and denote 7, by xl@') if ;= —1. Let ¥’ be the number
of A;’s such that A; =1 and I’ =n—k’. Then, we have

(d+¢€)

X+ Z/l,x

1
H (1—|—— k—i—na—l))x;v— <1+ :a(na—kl—k))xM
Case 1: n is an odd number. If ¥ > [’ then we have

x+ 2 /ljxylj)

j=1

)

(d+e¢)

14+a

><1+11 (na+k—l)) < () — <1+

S [RNIEES T

(na—l—l—k))x}(,(xM) ®)

and if ¥ <I’, then we have

x+ 2 /l,'xi-lj )

j=1

(d+¢€)

(1 + 1%(lﬂ—na—l))(—xM)*(xl\;) — (1 +

S{RELEIENI i

1+a

(I—k+ na)) (—xm)*(xpr) )

Case 2: n is an even number. If ¥/ >[I’ then we have

x+ Y /ljx.(;l"' )

j=1

><1+1: (na+k—l)) < (o) — <1+
><l+w)(l—s>,

(d+¢€)

1+a
4

(na—!—l—k))x}i,(xM) (10)
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if ¥ <I', then we have

(d+e¢)

x+ Z A jx.(jx"' )
j=1

14+a
4

> <1 + #(k—i—na - l)) (—xm)" (xn) — (1 +

1
><1+M)(1_8>_
4
By the definition of CI(\;I J) (a,X), we know that if n is an odd number, then

ax)> <;;i>2<l+(l+a)il+na))7

(1— k—l—na)) (—xp)*(xp) (1D

and if n is an even number, then

n 1—¢\? na(l+a
CI(VJ)(“’X)><d+e) <1+¥).

By the arbitrariness of {x,,} and €, we obtain that if n is an odd number, then

N (I+a)(1+na)

IWCS(X)2Cy) (a.X) > 1 , (12)
add if n is an odd number, then
n 1+
WCS(X)PCW (a,X) > 1+ M. (13)

Combining the inequalities (12) and (13), we get the conclusion. [

Since WCS(X) > 1, X has a uniformly normal structure, we have the following
corollary.

COROLLARY 1. Ifthere exists an a € [0, 1] such that C,(\;'J)(a,X) <1+ (1+a)

n+1)a+2 na . na(l+a
max{m, 1Y for n is an odd number, and CS,;(a,X) < l—l—m

for n is an even number, then X has normal structure.
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