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(Communicated by S. Varošanec)

Abstract. In this manuscript, integral representation of generalized polylogarithm is obtained
through two different methods. The first one involves the Dirichlet series and its Laplace repre-
sentation resulting in a single integral representation, related to the Lerch transcendent function.
The second approach utilizes the Hadamard convolution, which leads to a double integral repre-
sentation. As consequences, complete monotonicity, Turán inequality, convexity, and bounds of
the generalized polylogarithm are deduced. Finally, an alternative proof of an existing integral
representation of the generalized polylogarithm using the Hadamard convolution is provided.

1. Introduction

The formulation of numerous problems in physics and mathematics involves the
theory of Green’s function. In some formulations, Green’s function expands as a series
of Clausen functions, and the solution involves multiple differentiations to turn these
functions into logarithmic expressions, and eventual reintegration. To address this par-
ticular issue, Leibniz [18] introduced the concept of polylogarithm.

DEFINITION 1. [19] The polylogarithm function or Jonquire’s function, denoted
as Lip(z) is defined by the infinite sum

Lip(z) =
∞

∑
n=0

zn

np , (1)

for all complex numbers z satisfying |z| < 1 and p ∈ C . However, for |z| = 1, p ∈ C

satisfies ℜ(p) > 1.

When p = 1, (1) simplifies to Li1(z) = − log(1− z) , the well known logarithm
function. For p = 2,3, (1) reduces to Li2(z) = ∑∞

n=0
zn

n2 and Li3(z) = ∑∞
n=0

zn

n3 , which
are the well-known dilogarithm and trilogarithm functions, respectively. Lewin studied
the behavior of dilogarithm and trilogarithm functions and provided a detailed theory
of the polylogarithm in the monograph Polylogarithms and Associated Functions [19].
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The theory of polylogarithm encompasses numerous properties, such as integral repre-
sentations, functional relations, series expansions, linear and quadratic transformations,
and numerical values for specific arguments, for example, see [2, 3, 4, 5]. Integral rep-
resentations of special functions have always been a topic of great interest because they
provide alternative ways of expressing these functions and can be used to establish rela-
tionships between different special functions. Our primary objective in this discussion
is to concentrate on the integral representation of the polylogarithm function. Several
integral representations of polylogarithms are already available in the literature. Some
fundamental integral forms are

Lip(z) =
z

Γ(p)

∫ ∞

0

t p−1

et − z
dt, |arg(1− z)| < π , ℜ(p) > 0,

and

Lip(z) =
z

Γ(p)

∫ ∞

1

logp−1 t
t(t− z)

dt

=
z

Γ(p)

∫ 1

0

logp−1(1/t)
1− zt

dt, |arg(1− z)|< π , ℜ(p) > 0,

given in [28, 29]. To know more about polylogarithms, we refer to [1, 19] and refer-
ences therein. The polylogarithm function and its integral representations are closely
related to the Ramanujan’s integrals. For instance, the dilogarithm function, defined as

Li2(z) = −
∫ z

0

log(1− t)
t

dt,

can be regarded as a form of a Ramanujan-type integral [21]. For further insights into
polylogarithms and Ramanujan integrals, we refer to [22, 32] and references therein.

As further development, numerous authors have studied theory of polylogarithms
and introduced some of its generalizations. In [16], the first generalization of the
polylogarithm function, referred to as the Nielsen generalized polylogarithm was in-
troduced. Among this and various other generalizations, this manuscript focuses on a
specific generalization of the polylogarithm, as outlined below.

DEFINITION 2. [27] The generalized polylogarithm function, denoted as
Φp,q(a,b;z) , is defined by the following normalized expression

Φp,q(a,b;z) =
∞

∑
k=1

(1+a)p(1+b)q

(k+a)p(k+b)q zk, |z| < 1, (2)

where p and q represent complex numbers with ℜ(p) > 0 and ℜ(q) > 0, while a,b >
0.

This generalization given by (2) includes many well-known special functions as
particular cases that are detailed below.
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1. If a = b , p+q = s then,

Φp,q(a,b;z) = (1+a)s
∞

∑
k=1

zk

(k+a)s ,

where the function

Ψ(z,s,a) =
∞

∑
n=0

zn

(n+a)s
, |z| < 1, (3)

with a > 0, s ∈ C such that ℜ(s) > 0 is known as the Lerch transcendent func-
tion, which serves as the generalization of both the Hurwitz zeta function and
the Riemann zeta function. The Lerch transcendent function (3) can also be ex-
pressed as the following integral representation [27]

∞

∑
n=0

zn

(n+a)s =
1
as +

z
Γ(s)

∫ 1

0

(
log

1
t

)s−1 ta

1− zt
dt, |z| < 1, (4)

with a > 0, s ∈ C such that ℜ(s) > 0.

2. If a = b = 0, p+q = r ∈ C , ℜ(r) > 0 then Φp,q(a,b;z) = Lir(z) which is again
the polylogarithm function, given by (1).

The generalized polylogarithm (2) is associated with the generalized hypergeometric
function through the following relation [23]

Φp,q(a,b;z) = z(p+q+1Fp+q(a1,a2,a3, . . . ,ap+q+1;c1,c2,c3, . . . ,cp+q)),

where p,q are natural numbers,

ai =

⎧⎪⎨⎪⎩
1, if i = 1

1+a, if i = 2,3, . . . , p+1

1+b, if i = p+2, p+3, . . ., p+q+1,

and

ci =

{
2+a, if i = 1,2,3, . . . , p

2+b, if i = p+1, p+2, p+3, . . ., p+q.

Here pFq(z) denotes the generalized hypergeometric function which is defined [30] as

pFq(z) =
∞

∑
k=0

(a1)k(a2)k · · ·(ap)k

(b1)k(b2)k · · · (bq)k

zk

k!
, (5)

where (a)k is the Pochhammer symbol given by

(a)k =

{
1 if k = 0,

a(a+1)(a+2) · · ·(a+ k−1) if k > 0.

In (5), any denominator term cannot be zero or a negative integer, and if any nu-
merator parameter is zero, the series terminates. The convergence of (5) depends on p
and q such that
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1. if p � q , the series converges for all finite z ∈ C .

2. if p = q+1, the series converges for |z|< 1 and diverges for |z|> 1. For |z|= 1,
absolute convergence occurs if

ℜ

(
q

∑
j=1

b j −
p

∑
i=1

ai

)
> 0.

3. If p > q+1, the series converges only at z = 0.

For p = 2, q = 1, pFq(z) reduces to the Gauss hypergeometric function, and for
p = q = 1, it simplifies to the confluent hypergeometric function. More details can be
found in [7, 30].

In addition to the aforementioned connection with the generalized hypergeometric
function, there are other significant contributions in the field of generalized polyloga-
rithms. In [20], a comprehensive overview of the dilogarithm function and its integral
forms was provided, highlighting its significance. Subsequently, the polylogarithm and
its integral representations, which are closely related to Clausen functions, were ex-
amined in [14]. Additionally, new integral expressions for the Mathieu series and the
COM-Poisson normalization constant were introduced in [25, 26]. Inspired by these
previous studies, this article primarily centres on expressing the generalized polyloga-
rithm through integral representation.

1.1. Motivation

Integral representations of special functions are often more convenient for ana-
lyzing various properties of these functions, including their complete monotonicity,
asymptotic behavior, inequalities, and analytic properties such as whether the func-
tion belongs to the class of Pick functions, Stieltjes functions, Bernstein functions, and
so on. Nowadays, finding integral representations of special functions is gaining sig-
nificant attention and is being studied extensively. For instance, in [12], the integral
representation of the function log(1+rz)

log(1+z) is derived, which helps in determining the spe-
cific class to which the function belongs. Additionally, properties such as convexity
and monotonicity are also explored. Further examples of the applications of integral
representations can be found in [6, 11, 12, 17, 24].

In this manuscript, we have derived two distinct integral representations of the
generalized polylogarithm; one involving a single integral and the other involving a
double integral. A detailed proof can be found in Section 3 and Section 4.

1.2. Organization

The structure of this work is as follows: In Section 2, we begin by introducing the
Dirichlet series and its Laplace representation, followed by definitions and theorems re-
lated to completely monotone functions and Hadamard convolution. We then define the
Lerch transcendent function (3) and provide its one-parameter series representation. In
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Section 3, we focus on deriving the integral representation of the generalized polyloga-
rithm Φp,q(a,b;z) involving only a single integral, as given in Theorem 3. Furthermore,
as a special case, we obtain the integral representation of the Lerch transcendent func-
tion. Moreover, we establish bounds for the generalized polylogarithm Φp,q(a,b;z) and
explore the complete monotonicity and Turán inequality for ψ(p) given in (19). We
also examine the Turán inequality for the generalized polylogarithm Φp,q(a,b;z) and
conclude the section. Finally, in Section 4, we derive an integral representation of the
generalized polylogarithm Φp,q(a,b;z) involving a double integral and conclude the
section by re-establishing a previously known integral form of the generalized polylog-
arithm Φp,q(a,b;z) .

2. Preliminaries

This section provides the preliminary definitions and theorems that we use later to
derive the integral form of the generalized polylogarithm. We begin by discussing the
Dirichlet series and one of its most significant integral representation.

DEFINITION 3. [15] A series of the form

f (ξ ) =
∞

∑
n=1

αne
−βnξ , ℜ(ξ ) > 0, (6)

is known as a Dirichlet series of type βn , where βn is an increasing sequence of real
numbers that diverges to infinity, αn is a sequence of complex numbers, and ξ is a
complex variable with ℜ(ξ ) > 0.

If βn = n , the Dirichlet series (6) simplifies to f (ξ ) = ∑∞
n=1 αne−nξ , ℜ(ξ ) > 0,

which represents a power series in e−ξ . Alternatively, if βn = logn , the series (6)
transforms into

f (ξ ) =
∞

∑
n=1

αnn
−ξ , ℜ(ξ ) > 0,

which is known as the usual Dirichlet series. Over time, Dirichlet series gained signifi-
cant attention when the first attempt [13] was made to construct a systematic theory of
the function f (ξ ) defined in (6), which became the starting point for further research in
related subjects [13, 15]. One of the important results discussed in [13] is the Laplace
integral representation for the Dirichlet series (6), which can be written as

f (ξ ) = ξ
∫ ∞

0
e−ξ t ∑

n:βn�t

andt = ξ
∫ ∞

0
e−ξ t

�β−1(t)�
∑
n=1

αndt, ℜ(ξ ) > 0, (7)

where β : R+ →R+ is a monotonically increasing function with a unique inverse β−1 ,
and β |N = βn with �·� denoting the greatest integer function. We use the representation
(7) as a fundamental tool to derive the single integral form of the generalized polylog-
arithm.
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DEFINITION 4. [35] A function f (x) is said to be completely monotonic on an
interval (a,b) if it is infinitely differentiable, i.e., f (x) ∈C∞ , and satisfies the condition

(−1)k f (k)(x) � 0,

for every non-negative integer k .

In addition to its definition, complete monotonicity is frequently characterized by
the Bernstein theorem, which is presented below.

THEOREM 1. [31] (Bernstein theorem) Let f : (0,∞) �→R be a completely mono-
tonic function. Then it can be expressed as the Laplace transform of a unique measure
μ defined on the interval [0,∞) . In other words, for every x > 0 ,

f (x) = L (μ ;x) =
∫

[0,∞)
e−xtdμ(t).

Conversely, if L (μ ;x) < ∞ for every x > 0 , then the function x �→ L (μ ;x) is com-
pletely monotone.

The Bernstein theorem characterizes completelymonotonic functions through their
representation as Laplace transforms of unique measures. We now turn our attention
to the Hadamard convolution, an important concept in complex analysis that relates
to the multiplication of holomorphic functions. The Hadamard product facilitates the
multiplication of two power series, as detailed in the following theorem.

THEOREM 2. [33] Let f (z) and g(z) be defined by the power series

f (z) =
∞

∑
n=0

fnz
n, g(z) =

∞

∑
n=0

gnz
n.

The Hadamard product of the functions f (z) and g(z) is defined as

( f ∗ g)(z) =
∞

∑
n=0

fngnz
n, (8)

which is well-defined for all f ,g∈H (D) . Here, H (D) is the set of all series ∑∞
n=0 anzn

defined on the open unit disc D with the property limsupn→∞ |an|1/n � 1 .

The Hadamard product (8) has the integral representation [33]

( f ∗ g)(z) =
1

2π i

∫
|w|=r

f
( z

w

)
g(w)

dw
w

, |z| < r < 1.

This convolution of holomorphic functions is known as the Hadamard’s convolution
theorem.
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3. Generalized polylogarithm as a single integral

In this section, we derive the result concerning the integral representation of the
generalized polylogarithm Φp,q(a,b;z) . The simplicity of this representation lies in its
dependence on a single integral.

THEOREM 3. Suppose a and b are real numbers with a,b > 1 , and let p,q ∈ C

with ℜ(p) > 0 , ℜ(q) > 0 . If p and q are collinear, then the generalized polylogarithm
Φp,q(a,b;z) , as defined in (2), satisfies the integral representation

Φp,q(a,b;z) = (1+a)p(1+b)q
(

z
1− z

+
pz

z−1

∫ ∞

0
e−pyz j(y)dy

)
, |z| < 1, (9)

where Δ(y) is an invertible function given as

j(y) = �Δ−1(ey)�, Δ(y) = (y+a)(y+b)q/p, (10)

and �·� denotes the greatest integer function.

Proof. The generalized polylogarithm Φp,q(a,b;z) , defined in (2), can be ex-
pressed as

Φp,q(a,b;z) = (1+a)p(1+b)q
∞

∑
n=1

zne−p log((n+a)(n+b)q/p), (11)

which turns out to be a Dirichlet series (6) with αn = zn , βn = log
(
(n+a)(n+b)q/p

)
,

and ξ = p .
Let β (x) = log

(
(x+a)(x+b)q/p

)
for x ∈ (0,∞) , which gives

eβ (x) = (x+a)(x+b)q/p, x ∈ (0,∞).

Differentiating with respect to x , we obtain

eβ (x)β
′
(x) =

q
p
(x+a)(x+b)(q/p)−1+(x+b)q/p, x ∈ (0,∞).

From the hypothesis we get q
p ∈ (0,∞) and we also have a,b > 1, it follows that

eβ (x)β ′(x) is always positive. Moreover, since eβ (x) is always positive, β ′(x) must also
be positive, which implies that β (x) is a strictly increasing function. Consequently,
β (x) and eβ (x) are invertible, as any continuous and monotone function has an inverse.

Thus, by using the Laplace representation (7), we can express the generalized
polylogarithm (11) as

Φp,q(a,b;z) = p(1+a)p(1+b)q
∫ ∞

0
e−py ∑

n:βn�y

zn dy,

= p(1+a)p(1+b)p
∫ ∞

0
e−py ∑

n:(n+a)(n+b)q/p�ey

zn dy. (12)
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Solving the inequality constraint (n+a)(n+b)q/p � ey leads to

Φp,q(a,b;z) = p(1+a)p(1+b)q
∫ ∞

0
e−py

j(y)

∑
n=1

zn dy, (13)

where j(y) is given in (10).
By summing the given geometric series in (13), we obtain

Φp,q(a,b;z) = p(1+a)p(1+b)q
∫ ∞

0
e−py

(
z

1− z

(
1− z j(y)

))
dy.

After completing the integration, the desired result is obtained, as shown in (9). �

REMARK 1. In (12), the summation starts at 1 and continues up to a value n that
satisfies the inequality (n+a)(n+b)q/p � ey . Due to the presence of the factor q

p , the
explicit range of summation cannot be determined directly, and is therefore expressed in
terms of j(y) , where j(y) is the inverse of the function Δ(y) defined in (10). However,
for certain values of p and q , the explicit form of j(y) can be determined, as shown
below.

COROLLARY 1. For p = q, the integral representation (9) becomes

Φp,p(a,b;z) = (1+a)p(1+b)p
(

z
1− z

+
pz

z−1

∫ ∞

0
e−pyzn(y)dy

)
, |z| < 1, (14)

where n(y) is as follows

n(y) =
⌊−(a+b)+

√
(a−b)2 +4ey

2

⌋
. (15)

Proof. Substituting p = q into (12), we obtain

Φp,p(a,b;z) = p(1+a)p(1+b)p
∫ ∞

0
e−py ∑

n:(n+a)(n+b)�ey

zn dy. (16)

To determine the value of n , we solve the inequality (n+a)(n+b) � ey . Rewriting it,
we have

(n+a)(n+b)− ey � 0.

Define the function f (x) as

f (x) = (x+a)(x+b)− ey, x ∈ (0,∞).

It is evident that f (x) is an increasing function with zeros at

x1 =
−(a+b)−√(a−b)2 +4ey

2
, x2 =

−(a+b)+
√

(a−b)2 +4ey

2
.
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Now, the inequality f (x) � 0 holds only if

0 � x � −(a+b)+
√

(a−b)2 +4ey

2
.

Restricting x to natural numbers, we get

1 � n �
⌊−(a+b)+

√
(a−b)2 +4ey

2

⌋
.

Thus, (16) becomes

Φp,p(a,b;z) = p(1+a)p(1+b)p
∫ ∞

0
e−py

n(y)

∑
n=1

zn dy,

where n(y) is defined as in (15).
By summing the geometric series and carrying out the necessary calculations, we

obtain the desired result, as shown in (14). �
Another form of (14) can be obtained by substituting ey = t into (9), as shown

below

Φp,p(a,b;z) = (1+a)p(1+b)p

⎛⎝ z
1− z

+
pz

z−1

∫ ∞

1
z

⌊
−(a+b)+

√
(a−b)2+4t

2

⌋
dt

t p+1

⎞⎠ .

Now, we consider the case where two conditions are imposed simultaneously: a = b
and p = q . Under these constraints, the generalized polylogarithm reduces to the Lerch
transcendent function ψ(z, p,a) , as defined in (3). Consequently, under these same
conditions, the integral representation of the generalized polylogarithm Φp,q(a,b;z)
also reduces to the integral form of the Lerch transcendent function, as shown in the
following corollary.

COROLLARY 2. For a = b and p = q, the integral representation of Φp,q(a,b;z)
given in (9) simplifies to the following form

∞

∑
n=0

zn

(n+a)p =
1
ap +

z
1− z

+
pz

z−1

∫ ∞

0
e−pτz�e

τ−a�dτ, |z| < 1. (17)

Proof. Putting a = b in (14), we get

Φp,p(a,a;z) = (1+a)2p
(

z
1− z

+
pz

z−1

∫ ∞

0
e−pyz�e

y/2−a�dy

)
, (18)

From (2), by substituting the value of Φp,p(a,a;z) into (18), we get

∞

∑
n=1

zn

(n+a)2p =
z

1− z
+

pz
z−1

∫ ∞

0
e−pyz�e

y/2−a�dy.

=⇒
∞

∑
n=1

zn

(n+a)p =
z

1− z
+

pz
2(z−1)

∫ ∞

0
e−py/2z�e

y/2−a�dy.
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Adding 1
ap to both sides and substituting y

2 = τ , we obtain (17). �
We have obtained the integral form of the generalized polylogarithm as well as

the Lerch transcendent function. One common feature in both integral forms is that
they both involve integrals that resemble the Laplace transform of some measure. This
brings us to the motivation of discussing the complete monotonicity, as Bernstein’s
theorem states that a completely monotone function is the Laplace transform of a unique
measure. In the next result, we will discuss the complete monotonicity of the function
involving the generalized polylogarithm.

COROLLARY 3. Let p,q be positive real numbers, and a,b > 1 . Also, let x ∈
(0,1) be a real number. Define the function

ψ(p) =
(

Φp,q(a,b;x)
(1+a)p(1+b)q −

z
1− z

)
x−1
px

, (19)

where Φp,q(a,b;x) is the generalized polylogarithm defined in (2). Then, the function
ψ(p) is completely monotonic with respect to p on (0,∞) .

Proof. From (9), we observe that∫ ∞

0
e−pyx j(y)dy =

(
Φp,q(a,b;x)

(1+a)p(1+b)q −
x

1− x

)
x−1
px

(20)

where j(y) is the same as in (10). By comparing (20) and (19), we get

ψ(p) =
∫ ∞

0
e−pyx j(y)dy. (21)

Thus, proving the complete monotonicity of ψ(p) is equivalent to demonstrating the
complete monotonicity of the integral given in (21). Since the integral (21) is a Laplace
transform of a positive measure, as j(y) is always positive, Bernstein’s theorem (see
Theorem 1) ensures its complete monotonicity with respect to p , implying that ψ(p)
is also completely monotonic. �

The complete monotonicity of the function ψ(p) can also be seen graphically, as
illustrated below.

The notation ψ(n)(p) denotes the n -th derivative of ψ(p) with respect to p , where
n is a non-negative integer. From the graph, it is evident that ψ(p) meets the criteria for
complete monotonicity as outlined in Definition 4. In this graphical representation, the
value of ψ(n)(p) is computed up to the fifth order (i.e. n = 5), exhibiting an alternating
sign pattern starting with a positive sign. However, the procedure can be extended to
higher orders in a similar manner.

REMARK 2. The function ψ(p) , as defined in (19), is completely monotone on
(0,∞) . A significant subclass of completely monotone functions is the class of Stieltjes
functions, leading to the question of whether ψ(p) belongs to this subclass. We found
that the function ψ(p) is completely monotone, but it is not a Stieltjes function because
the density function present in the integral given in (21) is not completely monotone. It
is not even differentiable and is only of bounded variation.
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ψ(p)
ψ'(p)
ψ''(p)
ψ'''(p)
ψ''''(p)
ψ'''''(p)

1 2 3 4 5
p

-6
-4
-2

2

4

6
Function value

Graph of ψ(n)(p) , n = 0,1,2,3,4,5 for a = 1.4 , b = 1.2 , q = 0.75 , x = 0.5

Figure 1: Complete monotonicity of ψ(p)

Note that the complete monotonicity of ψ(p) implies its non-negativity. By using
this property, we can derive the bounds of the generalized polylogarithm, which are
discussed in the following corollary.

COROLLARY 4. For positive real numbers a,b, p and q with a,b > 1 , the bounds
for the generalized polylogarithm Φp,q(a,b;x) , as defined in (2), are given by

x � Φp,q(a,b;x) � (1+a)p(1+b)q x
1− x

, x ∈ (0,1). (22)

Proof. By Corollary 3, the non-negativity of ψ(p) with respect to p implies the
bounds stated in (22). �

We now address the graphical representation of the bounds in (22).
It is evident from the Figure 2 that the red (dot-dashed) curve, representing f1 =

(1 + a)p(1 + b)q x
1−x , provides an upper bound for the blue (thick) curve, which cor-

responds to the generalized polylogarithm f2 = Φp,q(a,b;x) for the given parameter
values. Here the upper bound of Φp,q(a,b;x) depends on the specific values of the
parameters a , b , p , and q . As these parameters vary, the upper bound adjusts accord-
ingly, indicating that the bound is not uniform across different parameter settings. In
contrast, the lower bound of Φp,q(a,b;x) , represented by the purple (dashed) curve, is
x which is independent of the parameters, indicating that it remains uniform regardless
of the values of a , b , p , and q .

Note that a completely monotonic function is always log-convex, which is closely
related to the Turán inequality, so the following result addresses the Turán-type inequal-
ities for ψ(p) as defined in (19). These type inequalities primarily find applications
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Graph of f1 = (1+a)p(1+b)q x
1−x , f2 = Φp,q(a,b;x) and f3 = x for a = 1.4 , b = 1.2 ,

p = 0.5 , q = 0.75

Figure 2: Bounds for generalized polylogarithm Φp,q(a,b;x) .

in the theory of special functions, particularly in hypergeometric and polylogarithmic
functions. Turán inequality were initially introduced for Legendre polynomials in [34].
Since then, this inequality has been extensively studied and developed in various direc-
tions. For more literature on Turán inequality for various special functions, we refer
readers to [8, 9, 10] and the references therein.

COROLLARY 5. Let the function ψ(p) be defined as in (19). For positive real
numbers x,q,a,b with x∈ (0,1) and a,b > 1 the Turán-type inequality holds for ψ(p)
as

ψ(p)ψ(p+2)−ψ2(p+1) � 0, p ∈ (0,∞). (23)

Proof. The complete monotonicity of a function implies its logarithmic convexity
(see [35]). Hence from Corollary 3, it follows that the function ψ(p) is log-convex.
Therefore, we have the inequalities

log(ψ(α p1 +(1−α)p2)) � α logψ(p1)+ (1−α) logψ(p2), α ∈ (0,1),

ψ(α p1 +(1−α)p2) � ψα(p1)ψ(1−α)(p2), α ∈ (0,1).

Now, if we set α = 1/2 and p2 = p1 +2, we obtain the inequality (23). �

The log-convexity of ψ(p) and the Turán inequality of ψ(p) are graphically
demonstrated in the figures below. Figure 3 illustrates the log-convexity of ψ(p) , while
Figure 4 depicts the Turán inequality satisfied by ψ(p) .



INTEGRAL REPRESENTATION FOR GENERALIZED POLYLOGARITHM 231

log ψ(p)

1 2 3 4 5
p

-4
-2

2

4

6
log ψ(p)

Graph of log(ψ(p)) for a = 1.4 , b = 1.2 , x = 0.5 , q = 0.75 .

Figure 3: Convexity of logψ(p) .

ψ(p)ψ(p-2)
ψ2(p-1)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
p

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Graph of ψ(p)ψ(p+2) and ψ2(p+1) for a = 1.4 , b = 1.2 , x = 0.5 , q = 0.75 .

Figure 4: Turán inequality for ψ(p) .

In Figure 3, the graph of logψ(p) clearly illustrates its convexity with respect
to p over the interval (0,∞) . Similarly, in Figure 4, Turán’s inequality is graphically
demonstrated, where the red (thick) curve, representing ψ(p)ψ(p + 2) , consistently
lies above the purple (dot-dashed) curve representing ψ2(p+1) , as stated in (23).

The expressions for ψ(p) in (19) involve the generalized polylogarithm Φp,q(a,b;x) .
Also, we prove that ψ(p) satisfy Turán’s inequality. In line with this result, it is natural
to ask whether the generalized polylogarithm Φp,q(a,b;x) satisfies Turán’s inequality.
We affirmatively address this question, and demonstrate the result in Theorem 4.
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THEOREM 4. Consider the generalized polylogarithm Φp,q(a,b;x) as defined in
(2). For a,b, p,q > 0 , and x ∈ (0,1) , the following inequalities hold

Φp,q(a,b;x)Φp,q+2(a,b;x)−Φ2
p,q+1(a,b;x) � 0, (24)

and

Φp,q(a,b;x)Φp+2,q(a,b;x)−Φ2
p+1,q(a,b;x) � 0. (25)

Proof. We begin with the expression for the generalized polylogarithm Φp,q(a,b;x)
as defined in (2), which can be rewritten as

Φp,q(a,b;x) = zΦ̃p,q(a,b;x), (26)

where

Φ̃p,q(a,b;x) =
∞

∑
k=0

(1+a)p(1+b)q

(k+1+a)p(k+1+b)q xk.

Now, consider the product

Φ̃p,q(a,b;x)Φ̃p,q+2(a,b;x)

=
∞

∑
k=0

(1+a)p(1+b)q

(k+1+a)p(k+1+b)q xk
∞

∑
k=0

(1+a)p(1+b)q+2

(k+1+a)p(k+1+b)q+2xk.

By applying the Cauchy product formula, we obtain the right side of the above expres-
sion as

∞

∑
n=0

n

∑
k=0

(1+a)2p(1+b)2q+2

(k+1+a)p(n− k+1+a)p(k+1+b)q(n− k+1+b)q+2xn,

and

Φ̃2
p,q+1(a,b;x)

=
∞

∑
n=0

n

∑
k=0

(1+a)2p(1+b)2q+2

(k+1+a)p(n− k+1+a)p(k+1+b)q+1(n− k+1+b)q+1xn.

Thus, we can write

Φ̃p,qΦ̃p,q+2− Φ̃2
p,q+1 = (1+a)2p(1+b)2q+2

∞

∑
n=0

n

∑
k=0

f (n,k)xn, (27)

where

f (n,k) =
2k−n

(k+1+a)p(n− k+1+a)p(k+1+b)q+1(n− k+1+b)q+2 . (28)

We now analyze the finite sum ∑n
k=0 f (n,k) .
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Case 1. If n is even.

In this case, we can express ∑n
k=0 f (n,k) as follows

n

∑
k=0

f (n,k) =
n/2−1

∑
k=0

f (n,k)+
n

∑
k=n/2+1

f (n,k)+ f (n,n/2)

=
n/2−1

∑
k=0

f (n,k)+
n/2−1

∑
k=0

f (n,n− k)+ f (n,n/2),

Since f (n,n/2) equals to 0 from (28), ∑n
k=0 f (n,k) becomes

n

∑
k=0

f (n,k) =
�(n−1)/2�

∑
k=0

( f (n,k)+ f (n,n− k)) , (29)

where �·� denotes the greatest integer function.

Case 2. If n is odd.

If n is odd, then we have

n

∑
k=0

f (n,k) =
(n−1)/2

∑
k=0

f (n,k)+
n

∑
k=(n+1)/2

f (n,k).

Combining this into a single summation, we can express it as

n

∑
k=0

f (n,k) =
�(n−1)/2�

∑
k=0

( f (n,k)+ f (n,n− k)) , (30)

where �·� is the greatest integer function. Now we observe that

f (n,k)+ f (n,n− k) =
(2k−n)2

(k+1+a)p(n− k+a)p(k+1+b)q+2(n− k+b)q+2 � 0.

From (29) and (30), we obtain

n

∑
k=0

( f (n,k)+ f (n,n− k)) � 0.

Hence, using (27), we conclude that

Φ̃p,q(a,b;x)Φ̃p,q+2(a,b;x)− Φ̃2
p,q+1(a,b;x) � 0. (31)

Now from (26), we have the following relationship

Φp,q(a,b;x)Φp,q+2(a,b;x)−Φ2
p,q+1(a,b;x)

= x2
(

Φ̃p,q(a,b;x)Φ̃p,q+2(a,b;x)− Φ̃2
p,q+1(a,b;x)

)
. (32)
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By applying (31) in (32), we assert that (24) is valid. Interchanging p and q in (24),
symmetry of the expression guarantees (25). �

We now provide a graphical interpretation of the inequality for the generalized
polylogarithm Φp,q(a,b;x) .

In the graphical interpretation, we plot the function f1 = Φp,q(a,b;x)Φp,q+2(a,b;x) ,
shown as the red (thick) curve and f2 = Φ2

p,q+1(a,b;x) as the purple (dot-dashed) curve.
With values a = 1.4, b = 1.2, p = 0.5 and q = 0.75, we observe that the red (thick)
curve consistently bounds the purple (dot-dashed) curve, illustrating the Turán inequal-
ity for Φp,q(a,b;x) with respect to q , as established in (24).

f₁
f₂

0.0 0.2 0.4 0.6 0.8 1.0
x

2

4

6

8

Graph of f1 = Φp,q(a,b;x)Φp,q+2(a,b;x) and f2 = Φ2
p,q+1(a,b;x) for p = 0.5 , q = 0.75 ,

a = 1.4 , b = 1.2 .

Figure 5: Turán inequality for the Φp,q(a,b;x) with respect to q

4. Generalized polylogarithm as a double integral

In this section, we derive the integral representation of the generalized polylog-
arithm, which involves a double integral. To derive the integral form, we begin by
decomposing the series of the generalized polylogarithm into the series of Lerch tran-
scendent function using the Hadamard convolution. Subsequently, by applying the inte-
gral form of the Lerch transcendent function and modifying the corresponding complex
integrals, we obtain the required result. We conclude the section by demonstrating the
usefulness of the Hadamard convolution, presenting another integral form of the gener-
alized polylogarithm.

THEOREM 5. Let p,q be complex numbers having ℜ(p) > 0 , ℜ(q) > 0 , and
a,b be any real numbers such that a,b > 1 . The generalized polylogarithm function
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Φp,q(a,b;z) , defined as in (2), admits the integral representation

Φp,q(a,b;z)= (1+a)p(1+b)q

(
zq

Γ(p)

∫ ∞

0

∫ ∞

0
e−que−(a+1)vvp−1 1− (ze−v)�eu−b�

1− ze−v dudv

)
(33)

for all |z| < 1 , where �·� denotes the greatest integer function.

Proof. The generalized polylogarithm (2) can be written as

Φp,q(a,b;z) =
∞

∑
k=0

(1+a)p(1+b)q

(k+a)p(k+b)q zk − (1+a)p(1+b)q

apbq . (34)

If we take

fk =
1

(k+a)p , gk =
1

(k+b)q
, (35)

then the expression (34) becomes

Φp,q(a,b;z) = (1+a)p(1+b)q
∞

∑
k=0

fkgkz
k − (1+a)p(1+b)q

apbq . (36)

Now, we define the functions f (z) and g(z) as

f (z) =
∞

∑
k=0

fkz
k, g(z) =

∞

∑
k=0

gkz
k, |z| < 1.

where fk and gk are given in (35).
It is evident that f (z) and g(z) are holomorphic functions, with the property that

limsup
k→∞

| fk|1/k � 1 and limsup
k→∞

|gk|1/k � 1.

Thus, by applying Theorem 2 of the Hadamard convolution of f (z) and g(z) , we obtain

∞

∑
k=0

fkgkz
k =

1
2π i

∫
|ω|=r

(
∞

∑
k=0

1
(k+a)p

( z
ω

)k ∞

∑
k=0

1
(k+b)q ωk

)
dω
ω

, |ω | < r < 1.

(37)

Using (4) for the summation involving z and (17) for the other summation, in (37), we
get

∞

∑
k=0

fkgkz
k =

1
2π i

∫
|ω|=r

(
1
ap +

z
Γ(p)

∫ 1

0

(
log

1
t

)p−1 ta

ω − zt
dt

)

×
(

1
bq +

ω
1−ω

+
qω

ω −1

∫ ∞

0
e−quω�eu−b�du

)
dω
ω

, |z| < r < 1.
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By substituting the value of ∑∞
k=0 fkgkzk into (36), we obtain

Φp,q(a,b;z) =
(1+a)p(1+b)q

2π i

[∫
|w|=r

(
1

apbq +
1
ap

w
1−w

)
dw
w

+
z

Γ(p)

∫
|w|=r

(
1
bq +

w
1−w

)(∫ 1

0

(
log

1
t

)p−1 ta

w− zt
dt

)
dw
w

+
q
ap

∫
|w|=r

w
(w−1)

(∫ ∞

0
e−quw�eu−b�du

)
dw
w

+
zq

Γ(p)

∫
|w|=r

(
w

w−1

)(∫ ∞

0
e−quw�eu−b�du

)
×
(∫ 1

0

(
log

1
t

)p−1 ta

w− zt
dt

)
dw
w

]
− (1+a)p(1+b)q

apbq .

(38)

Rewriting (38) in terms of I1 , I2 , I3 , and I4 , we get the following expression

Φp,q(a,b;z) = (1+a)p(1+b)q(I1 + I2 + I3 + I4)− (1+a)p(1+b)q

apbq . (39)

where the In ’s are defined as follows

I1 =
1

2π i

∫
|w|=r

(
1

apbq +
1
ap

w
1−w

)
dw
w

,

I2 =
1

2π i

∫
|w|=r

z
Γ(p)

(
1
bq +

w
1−w

)(∫ 1

0

(
log

1
t

)p−1 ta

w− zt
dt

)
dw
w

,

I3 =
1

2π i

∫
|w|=r

qw
ap(w−1)

(∫ ∞

0
e−quw�eu−b�du

)
dw
w

, and

I4 =
1

2π i

∫
|w|=r

(
zqw

Γ(p)(w−1)

)(∫ ∞

0
e−quw�eu−b�du

)(∫ 1

0

(
log

1
t

)p−1 ta

w−zt
dt

)
dw
w

.

Now, we evaluate the integrals I1 , I2 , I3 , and I4 .
Since the complex integral I1 is defined over a closed curve |w| = r , we apply the

Cauchy integral formula, which gives us

I1 =
1

apbq . (40)

The integral I2 can be written as;

I2 =
z

Γ(p)

∫ 1

0
ta
(

log
1
t

)p−1( 1
2π i

∫
|w|=r

(
1

bq(w− zt)
+

w
(1−w)(w− zt)

)
dw
w

)
︸ ︷︷ ︸

I5

dt.
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Again, we use the Cauchy integral formula to evaluate the integral I5 , to obtain I5 =
1

1−zt . Therefore, I2 becomes

I2 =
z

Γ(p)

∫ 1

0

(
log

1
t

)p−1 ta

1− zt
dt. (41)

In the same manner, we find the integrals I3 and I4 , which are

I3 = 0, I4 =
zq

Γ(p)

∫ 1

0

∫ ∞

0

(
log

1
t

)p−1

e−qu(zt)�e
u−b� ta

zt −1
dudt. (42)

Substituting the value of I1 from (40), I2 from (41), and I3 and I4 from (42) into (39),
we obtain the expression

Φp,q(a,b;z)

=(1+a)p(1+b)q

(
1

apbq +
z

Γ(p)

∫ 1

0

(
log

1
t

)p−1 ta

1− zt
dt

+
zq

Γ(p)

∫ 1

0

∫ ∞

0

(
log

1
t

)p−1

e−qu(zt)�e
u−b� ta

zt−1
dudt

)
− (1+a)p(1+b)q

apbq .

By applying simple computations to (43), we arrive at

Φp,q(a,b;z)

=(1+a)p(1+b)q

(
zq

Γ(p)

∫ 1

0

∫ ∞

0
e−qu

(
log

1
t

)p−1 ta

1− zt
dudt

+
zq

Γ(p)

∫ 1

0

∫ ∞

0

(
log

1
t

)p−1

e−qu(zt)�e
u−b� ta

zt −1
dudt

)
.

=(1+a)p(1+b)q

(
zq

Γ(p)

∫ 1

0

∫ ∞

0
e−qu

(
log

1
t

)p−1 ta

1− zt
(1− (zt)�e

u−b�)dudt

)
.

Now, substituting t = e−v , the remaining part of the proof follows. �

In Theorem 5, Hadamard convolution played a vital role in obtaining the inte-
gral representation for the generalized polylogarithm Φp,q(a,b;z) . Using the integral
representation of Hadamard convolution, other integral representations for Φp,q(a,b;z)
can be obtained as well. One such example is shown below, where we found another
integral representation of the generalized polylogarithm.

From (4), we have

∞

∑
n=0

zn

(n+a)p =
1
ap +

z
Γ(p)

∫ 1

0

(
log

1
t

)p−1 ta

1− zt
dt, |z| < 1, (43)
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and

∞

∑
n=0

zn

(n+b)q =
1
bq +

z
Γ(q)

∫ 1

0

(
log

1
u

)q−1 ub

1− zu
du, |z| < 1, (44)

where a , b , p , and q are complex numbers satisfying ℜ(a) > 0, ℜ(p) > 0, ℜ(b) > 0,
and ℜ(q) > 0.

We apply Theorem 2 to the holomorphic functions given in (43) and (44), which
results in

∞

∑
n=0

zn

(n+a)p(n+b)q =
1

2π i

∫
|w|=r

(
∞

∑
n=0

zn

(n+a)p

∞

∑
n=0

zn

(n+b)q

)
dw
w

. (45)

Substituting (43) and (44) into (45) gives

∞

∑
n=0

zn

(n+a)p(n+b)q =
1

2π i

∫
|w|=r

(
1
ap +

z
Γ(p)

∫ 1

0

(
log

1
t

)p−1 ta

1− zt
dt

)

×
(

1
bq +

z
Γ(q)

∫ 1

0

(
log

1
u

)q−1 ub

1− zu
du

)
dw
w

.

Evaluating the above integral using Cauchy integral formula and applying simple com-
putations, we obtain the expression

Φp,q(a,b;z) =
(1+a)p(1+b)q

Γ(p)Γ(q)

∫ 1

0

∫ 1

0
z

(
log

1
u

)p−1(
log

1
v

)q−1 uavb

1−uvz
dudv, |z| < 1,

(46)

where p , q , a , and b are complex numbers with positive real parts.
Thus, we have obtained another integral form. However, the representation (46) is

already presented in [27] using different technique and has been widely used to study
the geometric behavior of the generalized polylogarithm Φp,q(a,b;z) in the complex
plane, as noted in [23, 27].

Concluding Remarks

This manuscript primarily aimed to derive integral representations of the gener-
alized polylogarithm Φp,q(a,b;z) . Since the generalized polylogarithm is a form of
Dirichlet series, we applied the Laplace representation of Dirichlet series under certain
constraints on the parameters p , q , a , and b . Using this approach, we derived the
single integral form of the generalized polylogarithm in (9). This integral form allowed
us to explore several properties, including complete monotonicity, the Turán inequality,
and the convexity of the generalized polylogarithm and related functions.

Subsequently, we derived another integral form (33) where first we found the inte-
gral form of the Lerch transcendent function. After that by using the Hadamard product
and the integral form of Lerch transcendent function we obtain the double integral form
of the generalized polylogairthm.
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In terms of comparison between the two integrals, (9) and (33), the integral in
(33) is valid over a larger domain compared to (9). However, the representation in (9)
enables us to discuss a wider range of analytical properties of the generalized poly-
logarithm and related functions. Hence it would be intersting to study the geometric
properties given in [23, 27] using the integral representation (9) and analytic properties
given in this manuscrpit using the integral representation (33).
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