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PITT-TYPE INEQUALITY FOR p > g WITH GM-CONDITION

Ni1YAZ TOKMAGAMBETOV

(Communicated by L. E. Persson)

Abstract. In this paper, we examine the results of the Pitt type for the Fourier transform, specifi-
cally focusing on scenarios where the parameter p is greater than g. Here, we show that for the
Pitt inequality the ‘if and only if” condition established by Saucedo and Tikhonov (The Fourier
transform is an extremizer of a class of bounded operators, arXiv.2501.17505) can be extended
under restriction to the class of GM functions.

1. Introduction

Among the various significant types of weighted norm inequalities, the Pitt in-
equality stands out as particularly important. In particular, we are interested in the

inequality y )
(/Ru(é)lf(é)ﬁclé) q<c(/Rv(x)|f(x)|de> p, (1.1)

where the function f(£) is defined as the integral [ f(x)e™® dx, with & € R. This
expression represents the Fourier transform of a function f that belongs to the space
L'(R). Furthermore, u and v~! are non-increasing weight functions in R. The ranges
for p and g are specified as 1 < p < e and 0 < g < e. In this context, the symbol
C is used to denote constants that may change from one line to another. Furthermore,
p'=p/(p—1) is determined as the conjugate exponent.

When 1 < p < g < oo, Pitt’s inequality is well studied. In the 1980s, three groups
of authors examined it using different methods, all using weight rearrangements (see
[7,9, 10, 14, 15]).

For 1 < g < p < e, specific weight conditions guarantee that the Fourier transform
maps a weighted space L? to a weighted space L7, as demonstrated in [2]. These
results apply for 2 < g<p and 1 <g < p <2, but not when 1 < g <2 < p. The
scenario 1 < p < e, 0 < g < p is also studied in [I, 8] and later in [2]. In [17],
the authors give counterexamples that illustrate that such simple conditions fail in the
case 1 < g <2 < p. Then several additional conditions are proposed to re-establish
sufficiency.

In all the mentioned papers, only sufficient conditions are established for the case
1 < g < p <eo. In[18], the authors present the Pitt inequality with the ‘if and only if’
condition that inequality (1.1) holds.
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In this paper, we work with a subclass of the BV -space, introduced by Liflyand
and Tikhonov [12]. For the functions of this subclass there exist constants ¢ > 0 and
a > 1 such that for all x > 0, we have

[ an<ef 7 £y, (12)

with |f(x)] — 0 as x — eo. We call them general monotone (GM ) functions. See also
the papers [13, 5]. For Pitt’s inequalities under GM condition, see also [0, 4, 3]. For
Hardy-Littlewood inequality for trigonometric series, see [10].

Here, we show that for the inequality (1.1) the condition if and only if established
in [18] can be extended, in general, under the restriction to the class of GM functions.
Moreover, here we introduce the GM classes depending on the parameters 7 and K.
Note that for 7 < x this class coincides with one in the paper [19].

Throughout this paper, we use < to ignore the constant in A < ¢B, and A = B
denotes ¢;B < A < ¢»B for some positive constants ¢; and c;. In addition, we employ

the following notation
st s x[ < 1
ol { ol > 1

2. General monotone functions and main result
We begin this section by providing definitions for the class of BV functions.

DEFINITION 1. We define a space of BV (a,b) functions for a,b € R character-
ized by their total variation

np—1
[1asi:= sup 3 ) = )] < =
Pe?
where &2 denotes a partition of the interval [a,b]:
P ={P={xi} |a<xo<x <...<xy, <b}.

A function f belongs to BVp(IR\ 0) if, forall @ > 0, it holds that f isin BV ((—
—a)U (a,+)), and
[f)] = 0 as [x] — e 2.1)

In this paper, we denote R, :=R\ 0.

We are currently prepared to present the novel class of general monotone functions
in detail.

DEFINITION 2. Let 7,k € R. Suppose that f € BVy(R,). Then we write f €
GM(R,;7,x) (general monotone with parameters 7 and x) if there exists a constant

y
ch tha < 2.2

Iy1> x| Iy1=|x/m|
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is true for all |x| > 0.

In what follows, we need the following property.

PROPERTY 1. [12] Let f € BVy(R.). Then
rwis [ ol
Ir|=> ]

forany |x| > 0.

REMARK 1. For 7 < «, a class of functions GM(R,; 7, k) coincides with one in
[19].

Now we present the Pitt inequality in the L — L? setting from [18], with the ‘if
and only if” condition that the inequality (1.1) holds.

THEOREM 1. [18, Theorem 5.1 (ii)] Let 1 <qg<p <2, or2<q<p<eoo.
Suppose that u and v=' are positive non-increasing functlons. Then the inequality
(1.1) holds if and only if

[ ut) ( / xu(z)d:>r/p ( / =y )dt>r/,,/ dx < os. (23)

In the case g < 2 < p < oo, we have the following.

THEOREM 2. [18, Theorem 5.1 (iii)] Let g < 2 < p < eo. Suppose that u and

v~ are positive non-increasing functions. Then the inequality (1.1) holds if and only if

in addition to (2.3) we have

/w 53 (1)dt < oo, 2.4)
1

and

/wu(t)Uﬁ(t)Lz ;q/2</°°u U2 (y)E %2 (y)y 1 dy
0 t
q(p=2)

L (y) p 2(p—q)
x(/tl = v(y)> dy> di < o, (2.5)

L
p—

where
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The following remark addresses specific examples of Theorems 1 and 2.

REMARK 2. Let us take weight functions such as u(f) := [f|%% and v(¢) :=
|t|l307ﬁl with o, 0; <0 and By, B; > 0. Then the condition (2.3) is equivalent to
—1<0op<0,0 <0,
o < E( - 1) —1,
0< fo<min(p—1-L(oy+1),p—1),
Bi>p—1-Llan+1),
B =0
Moreover, equivalent conditions to (2.3), (2.4), and (2.5) are
q/2—1< 09 <0,
o <q/2-1,
0< Bo<min(p—1 —5(051 +1);p—1),
Bi>p—1-Llag+1)+oo+1-q/2,
B =0

and
—1l<a<qg/2—1,
OC1 < q/2 — 1
< Bo <p—1—max( (ag+1),0),
ﬁl >P—1—q(050+1)+2,q(——0(0—1),
In the following statements, we formulate the special cases of Theorems 1 and 2
for weight functions such as u(x) = |x|%* and v(x) = |x[Po-B1

COROLLARY 1. Let 1 <g<p<2,0or2<g<p<oo. If —1<0p<0 and
a1<q—l—l—7.—al,a1<0,thenthemequallty

(Liemaperae) s ([umopwra)”. o

holds if and only if

O<[30<min(p—l—fi—’(al—i—l),p—l)::ﬁaﬂ
Bi>p—1-L(a+1):=pf,
Bi =0
COROLLARY 2. Let <2< p<oo. If o1 < q/2—1< 0 <0, then the inequality

(2.6) holds if and only if
O<[30<min(p—l—§(a1+l),p—l)::ﬁ6‘7
Bi>p—1-Llaw+1)+a+1—q/2:=
Bi =0
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COROLLARY 3. Let g<2<p<oo. If —1<0ay<q/2—1land oy <q/2—1:=
o™, then the inequality (2.6) holds if and only if

0< o <min(p—1—"E(on+1),p—1):=f;,
B p—1—Blaot 1)+ 5 (4 00— 1) = By

REMARK 3. We note that

e « could be either nonnegative or negative;
o o <O0;

° > B, and B =B iff ap=¢q/2—-1;
° [31*** > max(f;,0).

The main result of this paper is a Pitt-type inequality, expressed as follows.

THEOREM 3. Supposethat f € GM(R,;1,1). Let | <g<p<oo. If —1<0p <0
and oy < 0, then the inequality (2.6) holds if and only if
{0<ﬁo <min(p—1-L(oq +1);p—1) = fg,
B > max(p— 1 — (0 +1):0) = max(B{:0).
Now, we compare the results of Corollaries 1-3 and Theorem 3.

REMARK 4. We denote by 1M (a), 1M (o), 1M (By), 1M (B;) range intervals
of the parameters o, o1, By, B1 in Theorem 3, respectively. Then, we have

IGM(O‘O) = (_170]7 IGM(al) = (_°°70L

IGM(ﬁO) = 10,551 IGM(ﬁl) = [0,+c0) N[B{, +o0).
By 10(a), 1%(ay), 1(Bo),I)(By1), i = 0,1,2, we denote range intervals of
the parameters o, o, By, B1 in Corollaries 1, 2, and 3, respectively. Then, we have
10(ag) = (~1,0] = 1 (ay),
o {1W(a0) = [g/2—1,0] I (),
1(a0) = (~1,4/2 1) C 1 (0),

10(ay) = (—o0,0] N (—e0, 0f) € 19 (1),
* V(o) = 1P(a) = (oo, o) © 19 (011),

©(Bo) =11 (Bo) = 17 (Bo) = 0, B5) < 19 (Bo),

1(0)([51) =[0,+e2) N (B +eo) 1M (B1),
o {1V (Br) = [0, +e0) N (B, +e0) C 1M (By),
IO(Br) = (B +e=) < IM(By),
concluding that under the GM condition the range of parameters is wider than in the
classical case.
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3. Proof of the main result

We start this section by presenting a point-wise estimate for the Fourier transform
of a BV function.

LEMMA 1. [12, Lemma 2.2] Let f € BVy(R,). Then

for< [ g [ el

lel<|&] ! >8]

forall £ € R with & #£0.

3.1. Hardy inequalities

We now present results directly derived from [1 1] concerning the Hardy operator

(H)w = [ " FO)dy,

and its conjugate

(H'1)0 = [ ).

THEOREM 4. [11] Let 0<g<p<oo, g# 1, 1<p<oeobewithl/p—1/q=
L/r. Let u and v be weight functions defined in Ry. Then for f >0 the following

inequality
o x q 1/q o 1/p
(f ]| [ roa] ar) " <e( [Twrwras) G0
0 0 0
holds if and only if
oo oo r/ X r/ /
/O ( / u(t)dt) q( /O vlf”(t)dz> T () < o (3.2)
The dual inequality
o oo q 1/q o 1/p
([T [y ar) " < [Trwras) (3
0 X 0
holds if and only if

/Ow (/Oxu(t)dt> " (/xw Vll"(t)dt> " vlfl"(x)dx < oo, (3.4)

In the case p = ¢q, we have the following.



PITT’S INEQUALITY FOR p > ¢ 249

THEOREM 5. [11] Let 1 < p <oo with 1/p+1/p'=1. Let u and v be weight
functions defined in R. Then for f > 0 the following inequality

(/OWM(X) wa f(y)dy] pdx> v <C (/Om v(x)f(x)l’dx) v (3.5)

holds if and only if

1 Up /oo /p
(1-p) o
?Eop (/0 u(x)dx) (/[ v (x)dx) < oo, (3.6)

In the following, we find equivalent conditions (3.2), (3.4), (3.6) in the special case
of the weight functions.

REMARK 5. Consider the specific case where the weights are defined by
u(x) = x| and v(x) = |x|b07b1’

for ag,ay,by, b € R.
With these weights, (3.2) becomes

a;+1<0,
b0<min(§(a0—|—1)+p—1,p—1),
by>L(a+1)+p—1.

For the condition (3.4), we have

ap+1>0,
by < g(ao-l—l)-l-p—l,
by >max(;—’(a1+l)—|—p—l,p—1).

The condition (3.6) is equivalent to
ap+1>0,
bo < p+ao,
bl > pP— 17
by =2 p+a.

3.2. Auxiliary theorems

We are now ready to present auxiliary theorems that will later be employed to
establish the main result of this paper.
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THEOREM 6. Let 0 <g<p<oo, g#1, 1 <p<eo. Let T,k € R. Suppose that
fFeEGMR;T,K). If og > —1, 0y < g— 1, then the inequality

</R e @”%) . (/R oo |f(x)”dX> .

holds for any pair (Bo,B1) satisfying the following

Bo<(1—1)p—1+4p—Lmax(ay +1,0),
Bi>(1-x)p—1,
Bi> (1-K)p—1+p—Llap+1).
Here
AO= [ reetax
dl<[&!
for |&| > 0.

Proof. Letus denote by V(x) := [ [df(y)|, for all |x| > 0. By the change of
[yl
variables & — £~! and using the Hardy inequality (3.1), we obtain

q 1/q
Ligeeal [ lrear | ag
x| <|€]7!
q 1/q
Propertyl
< L [ v | ag
R
x| <|€]7!
q 1/q
= | frerezea | [ v | g
R
<&l

o> ( [1gron (V(§>>”d€)l/p7

where
op+1>0,
yo<min(;—’(—a1—1)+p—1,p—1), (3.7)
n>L(-aw-1)+p-1

Here we are using an equivalent version of (3.2) from Remark 5.
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Finally, we get

P 1/p
1/p
(fremnw@yras) = | [lemn| [ o] a
PI=IEl
P 1/p
S /Rlé\w' / ch(ﬁ'dy d&
PI=15/m|
P 1/p
s| [remn| [ Ly e
= [E]

1/p
< ([ poererigpa)
R

using an equivalent version of (3.4) from Remark 5 and asking

Y+1>0,
bo < p+ ",
by >p—1,
bi=zp+n.

(3.8)

in the last inequality.
Combining (3.7) and (3.8), yields

o +1>0,

—1 <y <min(&(-0y —1),0)+p—1,
n>g-aw—1)+p-1,

bo < p+ 1,

by >p—1,

by =z p+n.

To get maximal ranges for the pairs of (0g, o) and (bo,b), we choose ¥ and ¥,

such that
a+1>0,00 <g—1,

bogp—1+p—§max(oc1+1,0),
by >p—1,
bizp—l+p-—Llap+1). O

(3.9)

Here, we present the property of BV -functions, which is used in the proof of
Theorem 7.



252 N. TOKMAGAMBETOV

LEMMA 2. Assume that f € BVy(R,). Then

[ owrois [owt [ arwlacs [ o)l
=218 >8] bel<c[yl <2l b=[el!

forall |E] > 0.

Lemma 2 can be easily shown using the Fubini theorem.

THEOREM 7. Let 0 <g<p<oo, q# 1, 1 < p <eo. Assume 7T,k € R. Suppose
that f € GM(R,;1,K). If oy —q+ 1 <0 and o € R, then the inequality

(Ligmaprae)” s ([ smora)” co

holds if and only if

Po<(2—1)p—Llan+1)—1,
pr>(1-x)p—1,
B> (I—K)p—l—;—’min(ao—q—Fl,O).

Here

&= [ et

for |&| > 0.

Proof. We start by using Lemma 1
q

dé.  (3.11)

<4€Wmﬁ@W%yM§AK%qmq [ s

x[>[E]
Applying Lemma 2 to the right hand side of the inequality (3.11), one could be
obtained
q

Llgposaal [ jageo) | ag

>[E1!

S/\%I%*q’““’ / X[~V (x)dx | déE.
R
x|>[E|71/2
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By changing variables x~! /2 — x in the inner integral

x| 71V (x)dx = / x|~V (x")dx,
ll>E1-1/2 el<l&]

and applying Hardy inequality (3.1), for

o —qg+1<0,
Yo<m1ﬂ( (oco g+1)+p—1,p—1),

one obtains

q 1/q

(/ gevaera | [ v ar | dg
[I<IED)

S

1/p
EOn (1] (E >>"d¢)

1/p
Epn2r 2 (y (5))%) .

(f
—(fpermrnr (€1>)”d5)1/p
=(/

Finally, we get

(Ligrmrwrweyra)”

p 1/p
= | Lrgnzen2 e [ are) | ag
R
=&
p I/p
Deﬁm<tm112 /|§‘P—Yl—2-ﬁ—)’o—2 |f(y)\dy dE
Yo\ I
I=[E]/m
p I/p
< /|§‘p—’)/1—27p—’)/0—2 / |f(y)‘dy d’g’
~ R | |T7K‘
=&

1/p
< ([ peerreipar)
R

253

(3.12)



254 N. TOKMAGAMBETOV

using an equivalent version of (3.6) from Remark 5 and asking

p—n—1>0,
bo<2p—y—
b1>p—l

by 22p—mw-—2

(3.13)

in the last inequality.
Combining (3.12) and (3.13), yields

o —qg+1<0,
% <min(£(a—g+1),0)+p—1,
p—1>n> ( —q+1)+p—1,

bo<2p—my-—
by >p—1,
by =22p—yn-—2

To get maximal ranges for pairs of (o, ;) and (bo,b1), we choose 1 and 7y such
that

o —q+1<0,00 €R,
by < 2p——(a1+l)—l
by >p—1,
by >p-— ——mm(ao qg+1,0). O

(3.14)

3.3. Proof of the main theorem

In the following, we present an extension of our main result. In fact, Theorem 3 is
a particular case of the subsequent theorem under the assumptions of Theorems 1 and
2 for classical functions GM .

THEOREM 8. Let 0 <g<p<eoo, g# 1, 1 < p <eo. For 1,k € R, suppose that
feEGMR;t, k). If og > —1, oy < g— 1, then

(L) s ([ masera)”

Bo<(1—1)p —1+p—£max(a1 +1,0),
z(1-x)p— —;—’mln(ao—q+1,0)-

where

(3.15)
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Proof. By Theorems 6 and 7, one has

(L)

< (/R|(§ao,a1|f1(g)qd’g’)l/q+ (/R|§aﬂ’al|f2(5)qd(§)

1/p
Bo.B1
< ([ roirwrar)

where by combining the conditions

1/q

o >—1,00<qg—1,
Bo<(1—1)p—1+4p—Lmax(ay +1,0),
Bi>(1—-x)p—1,
Bi>(1-K)p—1+p—Llan+1),

and
a—q+1<0,09€R,
Po<2—1)p—Llan+1)—1,
Br>(1-x)p—1,
Bi=>(1—K)p—1—Lmin(op—g+1,0),
we arrive at

o >—1,0 <g—1,
ﬁ0< (l_T)p_1+p_§maX(al+l70)7
B> (1-K)p—1—Lmin(o— g+ 1,0)

This completes the proof. [
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