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BEREZIN NUMBER AND BEREZIN NORM INEQUALITIES: NEW
AND IMPROVED RESULTS FOR n x n OPERATOR MATRICES

SOMDATTA BARIK AND KALLOL PAUL*

(Communicated by I. Peric)

Abstract. Let T = [Tj] be an n x n operator matrix with Ty € €% (Hy,H;), for all j k =
1,2,---,n. In this article, we obtain new and improved upper bounds for Berezin number and
Berezin norm of n x n operator matrices. In particular, we obtain a bound for 2 x 2 operator
matrices,

0 Tz Ly . 2 213 ¥ ot 3
ber (| 2] ) < 3 (min {0+ 1751, o

1 1
2 2012 T T2
T + 7ot P, T Tiz + T T3 2, } ).

which improves the existing bound. Among other estimates, we obtain strengthened Berezin
number estimates for n x n operator matrices and as an application, a Berezin number bound for
closed range operators, namely,

1

1
I 1 i T 1 o\ T
ber(r) < (11T (417 b+ 0er((7PITE) ) (17T 47Tt gber(r'77))

which refines the existing bound. Also, we obtain new upper bound for Berezin norm of 2 x 2
operator matrices and provide an example to show that it is sharper than the existing bound.

1. Introduction

The Berezin range and Berezin number play a significant role in the study of opera-
tors on reproducing kernel Hilbert spaces. Since evaluating these quantities is generally
difficult, several authors have proposed various upper bounds to estimate the Berezin
number (see [3, 8, 9, 10, 13]). Motivated by these developments, we present new bounds
for n x n operator matrices, which enhance and generalize the known results in the lit-
erature. For clarity and completeness, we begin by recalling the essential notations and
terminology used throughout the article.

Let A(.5) be the C*-algebra of all bounded linear operators acting on complex
Hilbert space .7 with inner product (-,-) and the corresponding norm || -||. An op-
erator T € Z(A) is said to be positive whenever (Tx,x) > 0 for all x € 7. For
T € B(H), the Moore-Penrose inverse of T is denoted by 7. If the range of T
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is closed then TT € %(.#). The set of all operators with closed range is denoted by
CR(H). For T € €R(), TT is the unique operator in %(.7#) which satisfies the
following:

1rir=1, T'rT7"=71", (TT")*=7T", (T'T)"=T'T.

The operator norm of 7', denoted by ||T'||, is defined as || T'|| = sup{||Tx|| : x € 72, ||x| =
1}. The numerical range and the numerical radius of T are denoted by W(T) and
w(T), respectively, and are defined as

W(T) = {(Tx.x) :x € A, |x| = 1),

w(T) = sup{[{Tx,x)| : x € 2, ||x|]| = 1}.

Recall that w(-) defines a norm on #(.7¢) thatis equivalent to the usual operator norm.
More precisely, for any T € B(),

T
0 <wiry <.
‘We refer the reader to [1, 7, 11, 19] for an extensive discussion on the numerical radius
and associated inequalities.

Let X be a non-empty set. A reproducing kernel Hilbert space (RKHS) H = H(X)
is a Hilbert space consisting of complex-valued functions defined on a set X such that
every point evaluation is a continuous linear functional. In other words, for each tt € X,
the mapping E, : H — C given by E,(f) = f(u) is bounded (see [20]). According
to the Riesz Representation Theorem, for every u € X, there exists a unique vector
ky € H satisfying

Eu(f) =(f,ky) forall feH.

The collection {ky : 1 € X} is known as the reproducing kernel of H, while the family
{lAcy = H:ﬁ ueX } is called the normalized reproducing kernel of H. Given an op-

erator T € %(H), the mapping T : X — C defined by T (1) = (Thky,ky), is termed the
Berezin symbol of T (see [5, 6]). The Berezin set, the Berezin number and the Berezin
norm of T are, respectively, given by

Ber(T) := {T(u):u GX}7

ber(T) := sup{ﬁ(u)\ ue x}
and
T || per := Sup{|<Tku7kv>| UL,V GX}»

as discussed in [2, 17]. It is easy to observe that Ber(T) C W(T), ber(T) < w(T) and
ber(T) < ||T||per < ||T]|. According to [10, Proposition 2.11], the Berezin norm of a
positive operator 7' equals its Berezin number, that is, ||7'||p.r = ber(T'). Note that the
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mapping ber(-) : Z(H) — R is not a norm in general. If the reproducing kernel Hilbert
space H satisfies the “Ber” property, that is, if for all A,B € #(H),

A(u) = B(u) forall peX — A=B,

then ber(-) defines a norm on ZA(H).

The Berezin symbol serves as an essential analytical tool in the study of operators
on RKHS and has been extensively applied to Toeplitz and Hankel operators on Hardy
and Bergman spaces. Further details can be found in [16, 17, 18].

Let {X; }”,1 be nonempty sets and H; = H(X;) be their respective reproducing
kernel Hilbert spaces. Then H = &) H; forms a reproducing kernel Hilbert space
on X; X --- XXy, and each T € %( ) has a block representation T = [Tj] with
Ty € %’(H;“ H;). Suppose that €% (H,H;) denotes the space of all bounded lin-
ear operators with closed range from H; to Hj. Berezin number inequalities for n x n
operator matrices have been widely explored by numerous researchers (see[8, 14]). In
[8], the authors derived the following Berezin radius bound:

0 T 1 2, e 22 x 12 22
< 2 2 .
ber (|0 2] ) < 5 (max{lTa + 75 P DT+ P ) o)

Also, in [9], it was shown that
1

Fis
ber(T) < ( T[T e+ ber((TPI7] >) @

In this article, we present new and improved Berezin number bounds for n x
n operator matrices. Among several estimates obtained here, one of our main re-
sults is the following Berezin number bound for a 2 x 2 operator matrix. For Tj €
C%(Hy,H;), Vj,k=1,2, we establish:

Ty Tha
ber ( |:T21 T22]> <3 (ber(Tll) +ber(T) + \/(ber(Tll) —ber(7))? +t122> ,

. 1 1 r
where 11> = min ||Tio ? + |75, VLT T+ T Dot 11T P+ Tt P12 | T Ti +

T21T21 I her}. As a special case, we obtain
([ )
L 2 21 Ak
< 5 (min{Ti2l + |75 P12, 1 T + T Tt

1
i ,
NP+ 1T P TS T+ T T 1,3

which yields a refinement of the bound in (1). In addition, we obtain the estimate

* 1 * 4
ber(r) < ( JIITF 4171, + gber((rPIrF) )

1
1 1 7
X (ZTTT FT7T ||per + 5ber(TTTer)) ,
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which improves the bound in (2). Furthermore, we derive a new and sharper upper
bound for the Berezin norm of 2 x 2 operator matrices.

2. Berezin number inequalities for operator matrices

We commence this section by establishing a novel Berezin-number inequality for
n X n operator matrices, which, in a particular case, refines the existing bound presented
in (1). First, we need the following lemmas.

LEMMA 1. [21] Let T € €% (). Then for any x,y € H,
(T, y) 2 < (ITPoxx)(TT ).

LEMMA 2. [15,p. 44] Let T = [tj| be an n x n complex matrix such that tj >0
SJorall jk=1,2,....n, then w(T) =w <T+TT*> =r <T+TT*> , where r(-) denotes the
spectral radius.

THEOREM 1. Let H; (j=1,2,---,n) be reproducing kernel Hilbert spaces, and
let T = [Ty] be an n x n operator matrix with Ty € €% (Hy,H;) for all jk =
1,2,---,n. Then

ber(T) < w([tjt]),
where
ber(T;;) when j =k
min {178+ 55 P T+ 73 e
1T [2 4 | T2 I jijk+Tk,-Tk'§.||§er} when j < k

0 otherwise.

tjk =

Proof. For (Uy,...,lUy) €X1 X - x X, let k( _____ u,) be the corresponding nor-
malized reproducing kernel of H; & --- @& H,. Then we have

‘<Tk(,u17'~'~,l~1n)7k(ﬂ1='~':l~1n)>‘ = | ; <Tjkkﬂk»kuj>\
;

< 2 ( jkkﬂk7kl~lj>|
k=

= S Tk k) 3 Tk k)

J:l Jjk=1

J#k
n n
= Z |<T//kl~1]?kl~1]>| + Z (‘<Tjkk[,lk7kllj>| + |<Tkjk[.ljakl.lk>‘)'
j=1 k=1

Jj<k
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Now, for all j <k,

(K Tk e )|+ [Tk o)1)

1 1 1
< (<\7}k|2kukvkuk>2@k%kujvkuﬂz +<|T1:}|2kuk7kuk>2<T Tk k)2 )
(by Lemma 1)

1 1

< (<‘T'k|2k1~lk’kﬂk> <|lej|2klik’kﬂk>) : (<Tfij-E{k[Jjakﬂj> + <T]jj'Tkjk[Jjakﬂj>) :
1
= (Tl + T35 g g )2 (T KT+ T Tk K )2

< Tl + T35 HZNHT,-kT,,%Tk,-n,-nzeruku,uHkukn. 3)

Similarly, for all j <k,

1
(|<Tjkkl~lkakﬂj>|+|<Tkjkl~lj’kﬂk>|) < |||T;;<|2 |Tk/| Hlfer” /k+Tkj j”[feerleHHkllkH-
4)

Combining (3) and (4), for all j < k, we have
(|<Tikkﬂk’kﬂj>|+|<Tkjkuj’kpk>|)
1 1
. 2 * 12112 2
< min{ || 7| +1% e T+ BT ey
1
Tl + 1T wall T3 T+ T T ol R -

Thus,

< z |<Tjjk.uj7kﬂj>| + z (|<Tjkkl~lkvkﬂj>| + |<Tkjkllj7kﬂk>|>

j=1 =
j<
n n ’ + 4 1
z|<THk’JJ,k’JJ |+ z mln{”' k| +|T}<j| ||berH jkY-"/'k_FTijij;EF’
j=1 Jk=1
Jj<k

1
) 1
T3 + 1T ||be,H Tjx +Tiy T, ,-Hﬁe,}HkujHHkukH-

Therefore,

|< Moo ) s My e 7,un)>|

n 1
z Tj;) ||ku,H2+zmm{|||T,k|2+|Tk,| HMHT, + T Tl

Jk=1
Jj<k

1
5 I
T + | T | IIbe,H }{Tjk+TijkﬂHz?er}llkujllIIkukII
= (Ty,y),
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e |
”k#zH ~ . . .
where y= | . € C"and T = [tj] is an n x n complex matrix with
o,
ber(7;;) when j =k
1
- minT 75 ||be,u (T TG
k= 1 ,
1T 2+ | ||;,erH Tjx + Ty T, ;H,fer} when j < k
0 otherwise.

Since ||y|| =1, \(TIAC( _____ Hin) k(#17.-.7un)>‘ < w(T). Taking the supremum over all
(Ui,..., Uy) € X", we have ber( y<w(T). O

By setting n = 2 in Theorem 1, we obtain the following.

COROLLARY 1. Let Tjyx € €% (Hy,H;) for all j,k=1,2. Then

T Tz 1
ber ( |:T21 Tzz] ) < 3 (ber(T“) +ber(Ty) + \/(ber(Tn) —ber(Ty))? +t122) ,

p 1 1 p
where tyy = min || Tio + T, P 2 | Tia T + T3 Tt [ 1T P+ 1 Tt P, I T Tin +

1
T21T21 ||ber}. In particular, for Ty = T, =0, we have

0 Tip Lre . 2 21 Tt 3
per (| g 2| ) < 5 (min {17ia 4175 PR I+ T

1 1
TP+ Tt P, T Tiz + T T2, })- )

Proof. From Theorem 1, we have

Ti1 T ber Tll 12
<
ber ( |:T21 T22:|> s W <|: 0 ber(T ]
(

)
% 1) oytomm
)

|
/\
| —
z
[+"]
=
o B
=
/_\N|N AN|.—

LY

(ber(Tn) +ber(T») \/(ber(Tll) —ber(T))? +t122> ,

where tllz—mln{H|T12|2+\T21\ ||be,HT12 2+T2T1T21Hbgrv|” B2+ T HberHTszle-i-
T21T21||ber}' O
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REMARK 1. Note that ||[TTT + T7T||4,, < 2. Then, we have

ber ([0 2]} < 3 (mingl17iaP 75l I 72+ 74l .,

%12 2 % T U %
T3] + |71 | Hber||T12T12+T21T21Hber}>
1 1 1
< — ( min T2+T*“,T*2+T“>
75 (i1 TP+ 75 I 175+ PO )
1 1 . 1
< 5 (max(UmP + [EP1E TP+ 2P ) - ©

It is easy to observe that the bound in (5) refines the bound in (1).

Next, we derive another Berezin number inequality for n X n operator matrices
that sharpens the bound from [8], supported by a numerical example.

THEOREM 2. Let H; (j=1,2,---,n) be reproducing kernel Hilbert spaces, and
let T = [Ty] be an n x n operator matrix with Ty € €% (Hy,H;) for all jk =
1,2,---,n. Then

ber(T) < w([til),

where
ber(T;;) 1 1 when j =k
1k = 4 | Tl* + T T, jHZer||TjijTk+\Tkj\2||ge, when j <k
0 otherwise.

Proof. For (Uy,...,Uy) €X) X -+ x X, let k(
malized reproducing kernel of H; @ --- @ H,,. Then

u,) be the corresponding nor-

<Tk(/~llv-~-7l~1n)’k(l~llv 7/~1n)>|

<} Jkk.uk’klijﬂ + |<Tkjk.uj’kl~1k> D

M=

|<TJJk/~‘/’k/~‘/ } + 2

J:1 ]j<kl
n n ! . 1
< X Uik k) 4 Y, (<\7}k\2kuk»kuk>2<7}krfscku_;7ku_;>2
j=1 Jh=1

Jj<k

1 1
+<\Tkj|2kujakﬂj> 2 <kaTT'kIJk’kﬂk> )

(T k)| + 2 («l k\2kﬂk7kuk>+<TijkT/kﬂk7kuk>)

Jjk=1
Jj<k

¥ 2 3
x (<TiijkkHﬂkH,‘> + <|Tkj| kujakuj>) ?

M =
D=

~.
I
—_
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S

n
! 2
= 2,1|<Tllkﬂj7kuj |+ kz,l | k| +Tkj kj>kﬂkakﬂk> <( ;};"“Tkj‘ )kﬂj7kﬂj>
J= J
Jj<k

n 1 1
2 2 2112
< 3 Ty k) |+ 3 Tl + TT 1T T TPl s -

J:1 ]jk<kl
Therefore,
‘<Tk( Lseestn)? k(ﬂ 7~-~7I~ln)>‘
n
2 2
< 2 ber(Tj;)lky, 1 + 2 I Tjl” + T T, Hbe,H T+ Tl H;ferllku,llllkuk\\
=1 il
= (Ty.y),
o |
”k#zH ~ . . .
where y= | . € C" and T = [tj] is an n x n complex matrix with
o,
ber(T;;) when j =k
tik = 1Tl + T Ty HMHT; T+ T2 2, whenj <k

0 otherwise.

Since ||y|| =1, \(TIAC( ,,,,, ) k(m ,,,,, )| <w(T). Taking the supremum over all
(Uy,...,U,) € X", we have ber( y<w(T). O

Considering n = 2, in Theorem 2, we get the following.

COROLLARY 2. Let Ty, € €% (Hy,H;) forall j,k=1,2. Then

ber([gi 22]) (ber(Tn) +ber(T) + \/ ber(T1) —ber(T»))? _le)

1 1
where t1 = ||| Ti2|* + T21T271||§erH |To1 | + T12T12||Zer. In particular, for Tyy = T, =0,

0 T 1 2 ¥ 1 2 + 1
ber([Tm 0 ]) S §|HT12\ + D1 Ty, ||, ||| 21 |~ 4 T2 T |l 5, - N
REMARK 2. In [8], it is stated that
0 Ty 1 B 1
ber (|2 2] ) < SITial+ Tl 17|+ T, ®
. . 2 11 00

For example, if we consider H; = H, = C*, T}, = 00 and Tp; = 10 then the

boundin (8) gives ber 0 T < 1.015 and the bound in (7) gives ber 0 T

T21 0 T21 0

< 1. Thus, for this example, the bound in (7) is better than the bound in (8).
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Next, we obtain a theorem establishing a Berezin-number bound for 2 x 2 operator
matrices, in a special case, it yields an improved version of the bound presented in (2).
To proceed further, we require the following lemmas.

LEMMA 3. [4,p. 1001] Let T € #(H,) and S € B(H,). Then

ber ( [g SD < max {ber(T) ber(s) }.

LEMMA 4. [12] Let x,y,z € 7 with ||z|]| = 1. Then

[(62) (@) | < 5 YT+ 1G]

N =

THEOREM 3. Let Ty, € €% (Hy,H;) for all j.k=1,2. Then
ber ( [gi 22]) < max{ber(T1, ), ber(T»)}

1 %
+<Zmax{|||T124+T214ber7|||T12|4+|T2*1|4||ber}
1 i
+§maX{ber(|T1*2|2|T212)»ber(|T2*1|2|T122)}>
(X max{ | 7T, 4 T o lpers 1 T Ti0 + T T, er}
4 12412 21421 {|bers || 4121412 21491 ||ber

1 7
+ 5 max{ber(T;l T21 T12 T;rz) y ber(Tsz T12 T21 T2T1 ) }) .

0 T, A .
Proof. Let M = Rk For (u1,12) € X1 x X2, let kg, 1) be a normalized

reproducing kernel of H; & H,. Then, by using the Lemma 3, we have

Ti1r 0|, A Ti1 O
‘<[ (1)1 sz k(“hﬂz),k(“l#z)>‘ < ber([ 61 TzzD = max{ber(711),ber(T22)}. (9)

Again, by using Lemma 1, we have

’<Mk(u1,u2)7k(u1,u2)>’
27 2 1 t7 2 1 *127 2

< (M| k(ﬂl’#zﬁk(ﬂhﬂz)%<MMtk(li1~,l~l2)’k(li1~,l~l2)>4<|M | k(#l’ﬂ2)7k(ﬂl’#z)>

><<1V1T1Wk(.u1~,I~l2)’k(#1~#2)>

IS

S
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1 7 * 127
< (3Pt N1 Pl + 5 R M P )

1

1 1 R .
8 <§”MMTk () 1M Mg [+ E<MMTk(IJl#2)’MTMk(IJl#z)H)
(by Lemma 4)

1

4 * 2 % 2% N 4
<(|M| +|M ‘ ) #1#2)71{(#17#2) _MM | |M| kyl U)> k(y17y2)>|)

7N
N

1 2 A 1 . X . 7
M a2t
(Z«MM M M)k(“lv“ﬁ’k(”lv“ﬁ)+§|<M MM k(#17H2)7k(#17H2)>>

T+ | T [* 0 A N
< [ 0 \T12\4 + |T2*1‘4 k(#l#z)’k(ﬂhﬂz)

1
£
T35 T 2 0 . -
‘<[ N 0 7512 T12)? Ky o) K p0)

l T12T12+T2T1T21 ' 0 A i
4 0 T1;T12+T21T2‘-1 (p102) s (11, p2)

1
—|—l T2T1 11T Tsz 0 : . I
2 0 T T Ty 75, | b M )

l *
< (max{ Tl + Tt e N Tial* + 1751 s}
1

1 . . 1
+ max{ber(| T3’ |71 ), ber(| 51 \2|T12\2)}> :

1
% (4 max{ || Ti2Ty + T3, ot llber | 75 Ti + Toa T [l er

1 ] ; 7
+§ max{ber(T;l T21T12T12),ber(TszleTle;l)}) . (10)

Combining (9) and (10), we have
Ty Tio| 4 R
‘< [T21 Tzz] k(ﬂlaﬂZ)’k(ﬂ1=H2)>’
< max{ber(7},),ber(Tx)}
! *
+ (ZmaX{ T3+ 1Tt [*lers 1 T2l * + 1751 * lser }

1
7

l *
+5max{ber<mfTzl2>7ber<|r2*l|2mz|2>}>
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1
X <Z max{ H T12T1T2 + T2T1T21 ||her7 H T1T2T12 + T21T2T1 ”her}

1
Fis

1
+ 5 max{ber(T;l T21 T12 T1T2) y ber(Tsz T12T21 T2T1 ) })

Taking the supremum over all (U, 1y) € X; x Xp, we get the desired result. [

COROLLARY 3. Let Ty, € €% (Hy,H;) forall j,k=1,2. Then

0 T 1 .
ver (|72 ) < (Zmax{||rfz|4+|m4bm||nz4+rzl4||be,}

1
Fis

1 .
3 max{ber(|T}5|*|To1|*), ber(|T5, |2|T122)}>

1
X (Z max{ ||T12T1T2 + T2Tl T Hbera ||T1T2T12 + T21T2T1 Hber}

1 i
+ 5 max{ber(TJl T21 T12 T;rz) y ber(Tsz T12 T21 T2Tl ) }) .

REMARK 3. For Tjp =Th; =T € €% (H), Corollary 3 gives
1 1 1

ber(r) < (G171, + ber((rFIrF) )
1

1 1 i
X (ZTTT +T7Tper + Eber(TTT2TT)) : (11)

Clearly,

1
1 1 1
<ZTTT—|—TTTber+ Eber(TTTzTT)> <.

Thus, the bound in (11) refines the bound in (2).

We conclude this article with a new upper bound for the Berezin norm of 2 x 2
operator matrices and provide a numerical example to show that our bound is sharper
than the corresponding bound in [8]. First, we need the following lemma.

LEMMA 5. [8] Let T € A(H,,H,) and S € B(H,,H,). Then

I3

< max { 1T || pers HS”ber}'

ber
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THEOREM 4. Let Ty, € €% (Hy,H;) for all j.k=1,2. Then
Ty Tiz
o1 T2 ] || por
< max{ber(|Th|> +iTy, o1 ), ber(| Do |* + T}, T12) }
x max{ber(|Ts* +iTiiT},), ber (|75 |* + T T55)}

1
+3 max{[||Ti1)* + 721 {|per, ||| 22 |* + | Ti2 | ber }
+ max{|| 75y Toz ||per, | T3 111 per }-

- Ty 0 - 0 Ti2 2
Proof. Let M = [O Tzz] and N = [Tﬂ 0 ] For (U, ), (vi,v2),€ X=, let

K(u, o) and I%(vl .vy) be two normalized reproducing kernels of H; & Hy. Then by using
Lemma 1, we have

Ty Tia | 4 R
‘< |:T21 T22:| k(u17u2)7k(vl,\/2)>

A A N A 2
= |<Mk(#17uz)’k(vuvz)> + <Nk(#17uz)’k(vuvz)>|

R N 2
< (’<Mk(l~l17li2 (vi,v2) >’+|<Nkli1 H2)» k(V17V2)>|>

)
N N ~ 2
= |<Mk(li1~#2) kV17V2 >| + ’<Nk (p1,12) > k(V17V2)>’
+2 | (M, ) Ky n) )| [ (VK Gy ) K v )|
< <‘M|2k(#17#2) k(ul7ﬂz)><MMTk(V17V2)7k(V17V2)>

<‘N*|2]Ac (vi,v2)» k(Vl V2)> <NTN]A<(H1 M2) ]}(H17#2)>
+ ||Mk (B1,12) || HNk (H1,442) || + | Mk (p1,12) > Nk (H1,142) >’ (by Lemma 4)

2

D=

A A 2
(<|M| k (H1,12) k(ﬂl:u2)> + <NTNk(li1 H2)» k(#l I~l2)> )
t4 A 2 %124 ~ 2
X<<MM k(V1~,V2)7k(V1~,V2)> +<|N I k(V17V2)’k(V17V2)> )

1 X . o .
T3 <<(|M|2 + |N|2)k(l~ll#2)’k(ﬂl#2)>> + [NV Mgy 1) K )|

|<‘M|2k (t1,12)> H17#2)> + i<NTN]}(#17H2)7I}(#17H2)>|
|<‘N* |2k(V17V2)7k(V17V2)> + i<MMTk(V17V2)7k(V17V2)>|

1 X R o .
+§<<(|M|2+ |N|2)k(l~ll#2)’k(l~lhﬂ2 ) + [N Mgy 1)K )|
= |<(‘M|2+iNTN)iC(H17H2) kﬂl 1) >| ’< |N*|2+1MMT)k(V1 v2)» k(V17V2)>}

1 2 NPV ; "
+§<<(|M| F Ny ) Ky g2) >+| (N "M 413 K 1))

=
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/1T +iT Ty 0 . .
_ . k k
0 ‘T22‘2 + lTlng2 (Iihﬂz) (IJhIJz)

« |75 +iT0 T 0 %
0 ‘T2*1‘2 +l~T22T2T2 (V17V2)’ (VhVZ)

1 T[> + | To1 |2 0 . .
+2 <<[ 0 |T22\2+\T12\2 k(ul-,uz%k(m.,uz)

0 T:Tn], .
+‘<[T1*2T11 21O }k(uuuz)’k(m?uz)>'

<ber([|Tn2+z'T;1T21 0 T Dber<[|T5|2+iT“le 0 k])
0 | Too|? +iT)5 T 0 T3> +iTa Ty,

1 |Tll‘2+‘T21‘2 0 ) 0 T Ty )
+—bel‘ _|_ber 21
2 <|: 0 |T22|2+ |Tl2|2 T1*2T11 0

< max{ber(|T1|? +iTy, Io1), ber(|Toa |* +iT}, T12) }
x max{ber(|T}5|? +iT\ T}, ), ber(|T5, |* + il T5,) }

band

1
+3 max{|||Ti1* + |11 [* | pers || T2l + | T2l |per } + max{ || T3, T2 [ per [| Ti5 T | per }
(by Lemma 3 and Lemma 5).

Taking the supremum over all (1, 1), (vi,v2) € X, we get the required bound. [J
REMARK 4. In [8], it is stated that
T Tz
o1 T2 ||,y
< max{ber(|T\||+i|T21]),ber(|Tr2| +i|T12|)}
x max{ber(|Ty}| +i|T13|), ber(|Ty| +i[T51()}

1
+ = max{ ||| Tu1 > + | Tt [* [l pers 1| 22> + | T2 * || er

2
+max{||T2*lT22”her7HTI*ZTHHher}- (12)
. . 5 1l 01 10
For example, if we consider H; =H, =C=, T}; = (2) (2) , Tin = 0ol T = 10

< 3.91 whereas the bound

and T = [(l) 8} then the bound in (12) gives
ber

Ty, T2
o T

than the bound in (12).

Ty Ti
Ty T
< 3.58. Thus, the bound in Theorem 4 is sharper

ber

in Theorem 4 gives
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