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ORDER BOUNDEDNESS, ESSENTIAL NORM AND
COMPACTNESS OF GENERALIZED STEVIC-SHARMA
OPERATORS ON DERIVATIVE HARDY SPACES

HuiHuT Liu, LINLIN LIU* AND ZHITAO GUO

(Communicated by I. Peri¢)

Abstract. We investigate the order boundedness of generalized Stevi¢-Sharma operators on deriva-
tive Hardy spaces. We also establish characterizations for the boundedness, essential norm and
compactness of these operators mapping from derivative Hardy spaces to Bloch-type spaces.

1. Introduction

Let D be the open unit disk in the complex plane C and N the set of positive
integers. Denote by H (D) the class of all analytic functions on D and S(ID) the family
of all analytic self-maps of D.

For 0 < p < oo, the Hardy space H? is defined as the collection of all functions
f € H(D) satisfying

£z = sup [ |f(rE)[Pdm(E) < e,
0<r<1/ID

see [6] for details. The derivative Hardy space, denoted by .7, is the set of all f €

H (D) whose derivative f lies in H?. For 1 < p < oo, this space is contained in the

disk algebra and forms a Banach space with respect to the norm

A0 = LF O+ L 1 -

For studies concerning operators on the space .77, see [3, 9, 14, 23, 26] and the refer-
ences therein.

Let u be a radial weight, namely a strictly positive continuous function on D sat-
isfying 1(z) = u(|z|) for all z € D. The Bloch-type space associated with i, denoted
by %, is the set of all functions f € H(ID) such that

sup (2)| f(2)] < ee.

z€eD
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Endowed with the norm
1f1l, = [£(0)| +supu(2)|f'(z)],
zeD

%, is a Banach space. A canonical example is the o -Bloch space, which is exactly
the Bloch-type space %, with the weight (z) = (1 — |z|?)* for a > 0. In particular,
the case o =1 yields the classical Bloch space. A natural and important subclass of
Bloch-type space is the little Bloch-type space, denoted by %, . It consists of all
functions f € %, satisfying the vanishing condition

tim 1(3)17'(2)| = 0.
Clearly, %, is a closed subspace of ;. One may consult [8, 11, 17, 18, 27, 30, 32,
40, 43, 46] for further studies of these spaces and various concrete operators defined on
them.

For n € NU{0}, the nth differentiation operator D" on H (D) is defined by

D'f(z) = f"(z), feHD),

where f(O) = £ and the case n = 1 gives the classical differentiation operator D.
A well-known property of D is its unboundedness on many analytic function spaces,
which has motivated extensive research on product-type operators involving differen-
tial operations. Initial research on product-type operators involving D focused on the
operators DCyp and CyD (see, for instance, [13, 17, 18, 25, 30, 31, 32]). Here Cy is
the composition operator, which is defined by

Cof(2) = f(9(), [feH(D).
For u € H(D) the multiplication operator M, is defined by

M. f(z) =u(2)f(z), [feHD).

The product W, o := M, Cy of these two operators is known as the weighted composi-
tion operator, and has been investigated a lot in the theory of analytic function spaces
(see, for example, [4]). Sharma in [27] considered the six linear operators M,CyD,
M,DCy, CoM,D, DM,Cy, CoDM,, DCyM, induced by products of Cy, M, and D
from weighted Bergman-Nevanlinna to Bloch-type spaces. To unify the study of these
product-type operators, Stevi¢ et al. in [38, 39] introduced the following so-called
Stevi¢-Sharma operator:

Tunof () = u(2)f(9(2)) +v(2)f (9(2),
where u,v € H(D), ¢ € S(D). By making appropriate choices of the involved symbols,
one can easily obtain the general product-type operators:
MCp =T, 0,0, CoMy=Tuop0.0» MuD=Touia;, DMy =Ty s, CoD=To1e,
DCy =T g 9; MuCoD =Toug, MiDCo=Tj,up o, CoMuD =T0u0p,0,

DM Cop =Ty ug' g5 CoDMy = Tyopuop,gs  DCoMu = Ty (i0op),¢' (uog),0-
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In recent years, the study of Stevi¢-Sharma operator has received considerable interest
and become increasingly popular. For instance, Guo and Shu in [10] investigated the
boundedness and compactness of 7, from Hardy spaces to Stevi¢ weighted spaces,
which was introduced by Stevi¢ in [29] (see also [34]). Zhu et al. in [46] provided
some necessary and sufficient conditions for 7, ¢ to be bounded or compact from the
analytic Besov space into Bloch space. Jiang in [16] characterized the order bounded-
ness of T, between weighted Dirichlet spaces. Further related results can be found
in[l,2,5,8,9, 11,36, 37, 40] and the references therein.
Abbasi et al. in [2] generalized the Stevi¢-Sharma operator as follows

Tipf(2) = u(@ f(9(2)) +v(@) " (9(2)), neEN,

and studied its boundedness, compactness and essential norm from Hardy space into
Stevi¢ weighted spaces. Note that when n = 1, we get the classical Stevi¢-Sharma
operator Ty, . Moreover, If u =0, it is the generalized weighted composition op-
erator D’Vf(p, which was introduced by Zhu [44] and is also called weighted differen-
tiation composition operator (see previous studies [31, 34], as well as [35] where an
n-dimensional analog was introduced and studied). Subsequently, the author in [8]
investigated the boundedness, essential norm and compactness of 7, , from the min-
imal Md&bius invariant space into Bloch-type space. Abbasi and Hassanlou in [1] char-
acterized the boundedness of 7.}, , from spaces of fractional Cauchy transforms into
weighted Zygmund spaces and gave an estimate for the essential norm. Lo and Loh in
[22] characterize the order boundedness of 7/, , between Bergman spaces induced by
doubling weights.

Let X be a quasi-Banach space, 1 a non-negative Borel measure on D and
Li = {f|f : D — C is measurable and/D |f(2)|9du(z) < oo}.

An operator T : X — Lﬁ is said to be order bounded if 7 maps the closed unit ball By
of X into an order interval of LZ. More explicitly, there exists a non-negative mea-
surable function & € L}, such that |T f(z)| < h(z) p-a.e. on D forall f € By. Order
boundedness is a fundamental concept in the theory of ordered vector spaces and oper-
ator theory, with close connections to other important properties such as boundedness
and compactness. The systematic study of order boundedness for composition opera-
tors began with Hardy spaces [15], leading to characterizations on weighted Bergman
spaces [12, 21, 22, 41, 42]. Recently, this property has been investigated on several
function spaces including weighted Dirichlet spaces and derivative Hardy spaces (see
[7,21, 19, 28]).

For two Banach spaces X and Y, the essential norm of a bounded linear operator
T : X — Y is defined as the distance from T to the compact operators K : X — Y,
namely

|T|lex—y =inf{||T — K|[x—y : K is compact}.

In this paper, we investigate the order boundedness of the generalized Stevi¢-
Sharma operators 7', , between derivative Hardy spaces, and characterize the bound-
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edness, essential norm, compactness of T/, , acting from derivative Hardy spaces into
Bloch-type spaces.

Throughout this work, for any nonnegative quantities X and Y, the notation X <Y
(or Y Z X, which is its equivalent form) is adopted to denote the existence of a positive
constant C independent of X and Y such that X < CY . Moreover, the symbol X ~ Y
is used to signify that both X <Y and Y < X hold at the same time.

2. Order boundedness

This section is dedicated to the investigation of order boundedness for the operator

T\, acting on the derivative Hardy spaces .7 For this purpose, we begin with the

following lemma.

LEMMA 1. [14] Suppose that 1 < p < e and k € N, then

e S Iflr and [f0() < — W lze__
(1—|z2)r !

foreach fe .7,
Forany ze€ D\ {0} and j € N, let

(1— 2P

(1—zw)r

fiz(w)= weD. ey

It can be verified that f;, € /7 and sup,cp || fj|l.#» <1 forall j € N. Furthermore,
fj.z converges to zero uniformly on compact subsets of I as |z| — 1.

The subsequent lemma is established by the test function construction method
introduced in [29, 32, 33] (see also [8, 9]), so we omit the proof.

LEMMA 2. Let 1 < p < oo, n € N with n> 1. For any z € D\ {0} and each
i,k € {0,1,n,n+ 1}, there exists a function g; .(w) = 24}:1 cijfjz-(w) belonging to /P
such that
o

(k)
8i (Z) = ’
T a—Rpyrtt

where c; j are constants, f;. are the functions defined by (1) and &y is the Kronecker
delta.

For the sake of notational simplicity, we denote
G1(z) = u(2)¢'(2),
Gn(z) =V (2),
G11(2) = v(2)9'(2)
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THEOREMI Let 1 <p,g<eo, u,ve HD), ¢ € S(D), n € N with n> 1. Then
the operator T, , : /P — 1 is order bounded if and only if u € .7 and for each
ie{l,n,n+1},

Gi(&)
/BD (1- \(p(é)‘z)(%ﬁ—uqdm(é) < oo, )

Proof. Suppose that T, uv(p 1 P — 1 is order bounded. Then there exists a
non-negative function & € L}, such that (see, e.g., [28])

(T2 o f) ()] < (),

#p < 1. We first take the constant function
po(z) =1 € P as a test function. Substituting it into the above inequality yields

h(z) > |(Tun,v,<pl?0)/(2)| = |u/(z)] m-a.e. onD. (3)

Since h € Lf{“ this immediately implies u € 7. Next, we choose the test function
pi(z) = HZH — € P, and similarly derive that

h(z) = |(Ti,ep1) ()] & 1 (2)9(2) + G1(2)]| > [G1(2)] = |/ () ()]

m-a.e. on D. Combining this with (3) and the fact that |¢(z)| < 1, we further conclude
that

|G1(z)| Sh(z) m-ae. onD. 4)

We then take the function p,(z) = — € .7, leading to

P
h(z) = (T}, ppn) (2)]
~ 1/ (2)9(2)" +nG1(2)9(2)" ' + Gul2)n!|

216u3)| = 5l 0|~ =g G @l

m-a.e. on I, from which along with (3), (4) and the fact that | (z)| < 1 it follows that
|Gu(2)] Sh(z) m-ae. onD. 5)

. 1 .
In the same way, choosing p,+1(z) = W €SP gives

h(z) 2 (T pPnr1)' (2)]
~ [ (@)p)" + (1 + 1D)G1(2)9(2)" + Ga(2)9(2) (n+ 1!+ Gs1 (2) (0 + 1)1

> G ()] — ﬁwzww GG - 1GR9,
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m-a.e. on D. From this, together with (3), (4), (5) and the fact that |p(z)| < 1, we
deduce that

Gni1(2)| S h(z) ae. [m]. (6)

Now by Lemma 2, for each i € {1,n,n+ 1} and ¢(z) # 0, there exist constants
Ci1,Ci2,Ci3,Cia such that

8i,p(z) chfj(p w) €SP, (7
and
i&_
g (0(2)) = — 2%

(1—lo(x)P)r !

where f; o) are defined in (1) and k € {0,1,n,n+1}. The order boundedness of 7,

uvq)
then yields
10> | (g 229 ) (| w GOy
’ ”gi,qo(z)Hﬂl’ (1—|o))? pi-1
Thus, for [¢(z)| > %, we have
Gi(z
Gi2)] o Sk, ae il )
(1—lp@)[?)r
On the other hand, for |@(z)| < 2,1n view of (4), (5), (6), we obtain
G
Gl <16 Sh@). el ©)
(1—lp@)[?)?

Combining (8) with (9) yields (2) holds.
Conversely, assume that u € .7 and (2) holds. For any f € .7 with ||f]|.o» <1,
by using Lemma | we have

(Tl @I= |l @f(0)+ ¥ G ()

ie{l,nn+1}
|Gi(Z)

|
ie{Lant1} (1 —|@(2)?)

+i—1" (10)

==

Since the expression on the right-hand side of (10) belongs to LI it follows that the

operator T, , : /7 — % is order bounded. [
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For the case n = 1, we have an analogous result to Lemma 2: for any z € D\ {0}
and all i,k € {0,1,2}, there exist constants d; ; (j € {1,2,3}) such that the function

3
hiz(w) =Y dijfj-(w) (1D
s

belongs to .7, and its k-th derivative at z satisfies

_k5-
(1= [z

By virtue of this result and a minor modification to the proof of Theorem 1, we obtain
the following theorem.

THEOREM 2. Let 1 < p,q<eo, u,ve H(D), ¢ € S(D). Then the operator T, :
ISP — S is order bounded if and only if u € 1 and

/ 14(2)¢'(2) + V()|
D (1-|p())r

v(2)9' ()|
b TETEETETA

dm(§) <o,

Setting v(z) = 0 in Theorem 2 recovers a result originally due to [19].

COROLLARY 1. Let 1 < p,g <o, uc HD), ¢ € S(D). Then the weighted
composition operator W, o : /P — 49 is order bounded if and only if u € % and

R
® (1= lp())F

3. Boundedness

This section characterizes the boundedness of 7, , : /7 — B (P 0), with the
classical case n =1 treated similarly.

THEOREM 3. Let 1 < p <o, u,v € H(D), ¢ € S(D), n € N with n> 1 and
W be a radial weight. Then the operator T, , : ISP — By is bounded if and only if
u € %y and for each i € {1,n,n+1},

sup—HQIGEI (12)

T
€D (1—|p(z)2)r ™!
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Proof. Suppose that T/, , : /7 — By is bounded We first take the constant

function fy(z) =1¢€ .77, by the boundedness of 7', ,, we have
sup(2)|u' (2)| = sup u () [(T, . f0)' ()| < ITLy g foll g, < oo, (13)
zeD zeD

which implies u € %,,. Next, we apply T, to the function fi(z) =z € /7. It

follows that

uvq)

o0 > || uv,(pfl H%p

> SIEIHI;IJ( (T /1) (@)

= sup i (2)|u' (2)@(z) + G1(2)|

zeD
> sup 4(2)Gi (z) — sup . (2) | (2)@(2),
zeD zeDd

Using (13) and the fact that |@(z)| < 1, we conclude that

sup 1t(z)|G1(z)] < . (14)
zeD

Taking the function f,(z) = £; € .7, we obtain

oo > HTur:vgpane%’y
> Slelgu(Z)l(Tu’fwfn)’(Z)l
n n—1
O @2 16, 2

D TR PR

> Sup(2)/Gy(2) — 3 sup )W ()0 — gy pH(DIGr (e

zeD zeD

+Gn(2)

from which along with (13), (14) and the fact that |@(z)| < 1 yields
sup U (2)|Gu(z)] < eo. (15)
zeD

Likewise, taking f,11(z) = C=s)i ) € .?, we have

n+1

oo > Ty, o fot1l 2,
Zsup.u( )|( u,v,(pfn+1)/(z)|
z€eD

n+1 n
zilelgu(z) ' (2) Epn(i 1:! +G1(2) (p;(j!)

supu( ' (2)9(2)" |

+Gn(2)9(2) + Gnt1(2)

1
>su )G
Ze]g‘u(ZM +1(Z>| ( +1)

—lsumt( )IGl(Z)fp(Z)”I—Sggu(Z)lGn(Z)fp(Z)l-

- zeD
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Using (13), (14), (15) together with the fact that |¢(z)| < 1, we get

SUp I (2)[ G (2)] < oo, (16)

z€eD

For each i€ {1,n,n+1} and ¢(z) # 0, we use the function g; ;) defined in (7). Since

Ti\ e+ /P — By is bounded, we have [T, 8 (2|2, < o It follows that

oo >sup U (W) (T3 08i0(x) (W)]
weD

ZU (T 08i0() (2)]
1(2)|Gi(2)llo(2)|"

- 2 (17)
Ty
(1= lp@E)P)r
For |¢(z)| > 3. |@(z)|" is bounded below by a positive constant, so
Gi(z
sup u(z)] (ZL)|+-_1 e (18)
lo@I>5 (1= le()[*)7™
On the other hand, by (14), (15) and (16), we get
G.
sup HE)IGilz )| S sup U(2)|Gi(z)] < ee. (19)

o<t (1= 0@ P77 ™ i<
Combining (18) and (19) for all z € D, we conclude that for each i € {1,n,n+ 1},

12)|Giz)|
D (1-|p(z) 7)™

which is exactly the condition (12).
Conversely, assume that u € %, and (12) holds for each i € {1,n,n+1}. For any
f €SP, by Lemma 1 we have

HOITho /) @ S u@W @I 0@+ X 1E@IGEI (9R)

ie{l,nn+1}

, (G2
< (@ @)+ E
( o ze{%m(l—vp( )2yt )

(20)

In addition,
|(Tap ) (0)] = [u(0) f(9(0)) +v(0) /" (9(0))]

v(0)|
< u(0 I D 21
< (1 )I+(1_(p(0)|2)p+nl)f||/ e

In view of (20) and (21), we conclude that

1T
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forall i € {1,n,n+ 1}. This means the operator 7', , : /7 — %, is bounded. [
An argument analogous to that in Theorem 3, using the functions defined in (11),

yields the following result.

THEOREM 4. Let 1 < p <eo, u,ve H(D), ¢ € S(D) and u be a radial weight.
Then the operator T,y : /P — By, is bounded if and only if u € 9B, and

HEu@)e" (@) +V @) _
1
b (1-|g())r
u@))e'(z
ap LRI
b (1 |p(2)[2)?
We now turn to the boundedness of 7/, , into the little Bloch-type space %y, .

THEOREM 5. Let1<p<oo,quH( ), p€S(D), ne N withn>1 and |
be a radial weight. Then the operator T, 1 P — By o is bounded if and only if
1P — By is bounded, u € By, o andforeach ie{l,n,n+1},

ﬂmu(HG@ﬂ=0- (22)

uv(p

Proof. Suppose that 7;j\, , : /7 — 2, ¢ is bounded, which immediately implies
that T, , : 7 — By is bounded and T}, o f € By forall f € .7, Take fo(z) =
les?, ) we have

lim 1 (2)|u (2)] = ‘lligll”(Z)|(Turfv,(pf0)/(z)| =0. (23)

|z]—1

This together with u € %, (derived from the boundedness of 7/, , : 7 — %) im-
plies u € %y, 9. We then apply 7', ,, to the function fi(z) =z € /7 and obtain

0= lligl 1T ) ()] = é‘igll 1@ (2)e(z) + Gi(2)]

ll‘lm u(z)|Gi(z)| - lg‘igllu(Z)lu’(Z)ﬁo(Z)L

which along with (23) and the fact that |@(z)| < 1 yields
lim §1(2)|G1(2)] =0. 24)

|z[—1
By using the function f;(z) = f,—n, € P, we have
0= Ii‘igll”(Z)|(Turfv,gofn)/(z)|

= lim p(z) u’(Z)(p,(f;)n +6i(2) Epn(z_)nl)!

> lim 0 (2)[Ga(a)| 51 fim () (0(e)| ~ ooy fim H(2IG1 (o).

-1

+Gn(2)
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From (23), (24) and the fact that |¢(z)| < 1, we obtain

lim 1 (2)G,()] =0, (25)
Z|—
Likewise, we take the function f,,(z) = (;?TT)' € P, It holds that
0= élig}l LT}, o far1) (2)]
n+1 n
— 1' / (p(z) G (p(z) Gn Gn
‘legllu(Z) u(2) (1] +G1(@) = =+ Gl2)9(2) + Gt (2)
1
> i _ . / n+1
> éllgllu(Z)lGnH(Z)l CEE] éllgllu(Z)lu (D))"

~ L im w261 ()02 — lim, 1(2)|Ga(2)0 (),

n' ‘z|~>l
which along with (23), (24), (25) and the fact that |¢(z)| < 1 implies that

lim 1 (2)|Gus1(z)| = 0. (26)

|z —1

On the contrary, if T}, , : /7 — 2, is bounded, u € %, o and (22) holds for

v,

each i € {1,n,n+ 1}. Taking an arbitrary polynomial p in .7, we have
LE(Tep) @ SH@W @llpll=+ Y, 2EIGE)P7]|-.
ie{l,nn+1}

Letting |z| — 1 on both sides, we get

l;‘imlu(Z)l(Tu’pr)’(Z)l =0.
This together with 7y, ,p € %y implies T.}, ,p € Pyuo. Then we use the density
of polynomials in the derivative Hardy space .7: for each f € .7, there exists a
sequence of polynomials {py }reny such that limg .. || f — pil|.9» = 0. It follows that

1o f = TivoPill 2y < | Tavoll - 1f = pill.or — 0

as k — co. Recall that %, o is a closed subspace of %y, so we have T/, ,f € Sy 0.
Combined with the boundedness of 7/, , : ./ — %, , we conclude that T/, , : /7 —
2,0 is bounded. [

The following theorem can be proved similar to Theorem 5. We omit the proof.

THEOREM 6. Let 1 < p <o, u,v € HD), ¢ € S(D) and U be a radial weight.
Then the operator T, ¢ : /P — 2, is bounded if and only if T, .o : /7 — By is
bounded, u € %, and

lim p(z)|u(z) @' (z) +V'(z)] = éfﬂ u(z)|v(z)9'(z)| = 0.

|z]—1
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4. Essential norm and compactness

In this section, we estimate the essential norm of the operator 7', , : .97 — 2,
and characterize its compactness. To this end, we require the followmg lemma which
follows by standard arguments (see [20] and [4, Proposition 3.11]).

LEMMA 3. Let 1 < p <o and U be a radial weight such that a linear operator
T: P — By is bounded. Then T : /P — By, is compact if and only if ||T fi||, — 0
as k — oo for each bounded sequence {fi ren in P which converges to zero uni-
formly on compact subsets of 1.

In addition, we need the following two results, which will be used in the proof of
our main theorems.

LEMMA 4. [45] Let 1 < p < eo. Then every norm bounded sequence in .V has
a subsequence which converges uniformly in D to a function in /P

The following lemma is proved similar to the corresponding result in [24] and have
been used in many investigations so far.

LEMMA 5. A closed set Q in %y is compact if and only if it is bounded and
satisfies

lim sup ()| f' ()| =
lzl=1fe0

THEOREM 7. Let 1 < p < oo, u,ve H(D), p € S(D), neN withn>1 and u
be a radial weight such that T}, , : /P — 2, is bounded. Then

G.
T2 ollerrory ~  max {hmsup HiG 1,
e ? ie{lnn+1} . _ L+i-1
et le@I=1(1—[@(z)|*)7

Proof. Let {z;} jen be any sequence in ID such that [@(z;)| — 1 as j — co. With-
out loss of generality, we may assume |@(z;)| > 5 for all j € N. For each fixed
i € {l,n,n+ 1}, consider the sequence of test functions {g; () }jen C /7, where
8ip(z)) is defined as in (7). It is known that 8ip(z;) converges to zero uniformly on
compact subsets of D as j — oo. Since T}, ,, : ¥V — 2, is bounded, for any compact
operator K : .7 — %, and for each i € {1,n,n+ 1}, Lemma 3 together with (17)
yields

uv(p

1Ty = Kll.7r—2, NhrlnsupH( o ~ K)ol 2,

P hm sup H Tu,v,(pgi7(p(2j) H@y - hm sup HKgi7(p(Zj) ”%H

J—e° J—oo

= hm sup H Tun,v,Kpgi7(P(Zj) H@H

J—
2 limsup Hizy) ‘Gi(zﬂ_il .
iz (L=]o(z;))r™
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Taking the infimum over all compact operators K on the left-hand side gives

. 2j)|Gi(z;
HTMnV.QD”e:yp_’ggp thsup “( j)| t( jl)‘ .
R oo Ap2y5 il
iz (L= le(z) )7

By the arbitrariness of the sequence {z;} jen, we may take the supremum over all such
sequences to obtain

||T’ZV7¢HE7'7P — By Z lim sup ‘LL(Z)|GI-(ZL)‘+,',1 ’
le@I=1 (1= |p(2)|?)7

Since this holds for each i € {1,n,n+ 1}, we conclude

G.
HTuriv,(p||e7<7P_>35’H Z max {hmsup 'LL(Z)‘ Z(Z)| . }
ettt} Up=1 (1 - [g(z) )7 !

For 0 < 6 < 1, define the operator Ko f(z) = fo(z) := f(6z) for f € P and
z€D. Then Ky is compact on .7 with ||Kg|| < 1, and fy — f uniformly on compact
subsets of D as @ — 1. Choose a sequence {6;} ey C (0,1) such that 6; — 1 as

J — o Foreach j, the operator T, ,Ko, : -7’V — 28, is compact, and hence
| Turfv.,qa ”e,ﬂ’l’ﬂ,%u limsup [|7;} Uy, " V0 SP— Ry,
J*}
=limsup sup H (Turfv 1) Tu v, q)Kej )f”%u (27)

J=e Ifller <t

For any f € .7 satisfying || f|.»»r < 1, we estimate

(T — Titv Ko ) f |l 5,
=Ty f = Tilvpfo,)(0 )\+s2£u(1)\( Tivol = Tivgfo;) (2)]

<[u(0)[1(f — fo,) (@(O)|+ W (O)I(f — fo,)" (@(0))] +Sl€lgu(1)\u’(1)\l(f —fo;)(9(2))]

A
Ay
+ osup u@@ Y G - fo,)" (0(2))]
lp(2)| <6y ie{lnn+1}
Az
+ osup u@) Y G~ fo) (@), (28)
lo(2)|>6y ie{l,nn+1}
Ay

where N € N such that 6; > 3 for all j > N. Furthermore, we have (f — fg) —
0 uniformly on compact subsets of D as j — oo for any nonnegative integer . By
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Theorem 3, the boundedness of 7, , : 7 — 28, implies sup_cp i(z)|Gi(z)| < o= for

Uy,
each i € {1,n,n+1}. Hence
lim sup A;=Ilim sup A3;=0. (29)
TN fllor<t el Vi (P73S |
Also, by Lemma 4,
lim sup Ay < |lul|g, lim sup sup|(f— fo;)(z)| =0. (30)
T2l op<1 T flyp<1z€D

For A4, using Lemma 1, we obtain

A< ) sup  11(2)|Gi(2) 7 (9(2))]
ie{1,n,n+1}|0(@)[>6y

+ Y sup u@IGi(2)6:r"(6,0(2)
ie{1,n,n+1}19(2)|>6y

< sup u(z)lGi(zl>|_1
ie{lmn+1}l0@1>0y (1—|@(2)|?)r ™™

G;
Py sup p(z)| (Z)L-,l' (31)
ie{Lunt1ylo@)I>6y (1—62[p(z)]?) 7"

Letting N — oo and then j — o in (31), we get

1(2)|Gi(z)]|
pHi—1

lim sup A4 < Z limsup (32)

I=2 | flar<t ie{Lnnt1}0@|=1 (1 —|@(2)[?)
In view of (27)—(30), (32) and by taking the supremum over || f|| #» < 1, we obtain

1(2)|Gi(2)]

1., 17
p+11

1T pllesr—my <, limsup
h T e le@-1 (1 [9(2)[2)

It follows that

) |G
\\Tu'fvﬁ¢|e7ypﬁ%§ max {limsup U(2)|Gi(2)] }

ie{l,nn+1} lo(z)|—1 (l _ |§0(Z) |2) %-&-i—l
Combining the above lower and upper bound estimates, we conclude the proof. [

By a similar argument applied to the case n = 1 and in view of Theorem 4, we
arrive at the following result.

THEOREM 8. Let | < p < oo, u,v € HD), @ € S(D) and u be a radial weight
such that Ty .o : /P — 9By, is bounded. Then

|e.#v .2, ~ max { limsup H@)luz)e'(2) + I/(ZH ,limsup M }
o@=1 (1= |p@P)r eI (1— o))"

”Tuwﬂ’
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From Theorems 3, 4, 7 and 8, together with the fact that || ||, Xy = 0 if and only
if 7' is compact, we obtain the following compactness criteria for 7, , : /7 — %,

COROLLARY 2. Let 1 < p <o, u veH( ), @ €S(D), ne€N with n> 1 and
U be a radial weight. Then the operator T, , : /P — Py is compact if and only if
the following two conditions hold:

uv(p

(i) ue By and supu( )|Gi(z)] < oo forie{l,n,n+1}.

(i) Timsup — *@IGi@)]
[o(z)|—1 (1 _ ‘(p(z)‘z)%_ﬂ-_

. =0 foric{l,n,n+1}.

Proof. By Theorems 3 and 7, it sufﬁces to show that conditions (i) and (ii) together
imply the boundedness of operator T, , : ¥’V — 28,,. Suppose that conditions (i) and
(i) hold. For an arbitrary € >0, condition (i1) guarantees the existence of some constant

€ (0,1) such that

1()|Giz)]
(1= o))+

for all z € D with |@(z)| > r and each i € {l,n,n+1}. For the case |¢(z)| < r,
condition (i) implies that

<&,

Z G,‘ Z
sup —LEGE__ <y 1(3)(61(2)] < e
loG)<r (1—(2)|?)7 lo(z)l<r

for each i € {1,n,n+ 1}. Therefore,

up u(z)|Gi(2)] <eo, i€{l,n,n+1}.

<D (1—[g(z) )7+

Theorem 3 now implies that 7,

: P — 2, is bounded, which completes the proof.
O

uv(p

COROLLARY 3. Let 1 <p<eoo, u,ve H(D), ¢ € S(D) and u be a radial weight.
Then the operator T,y : P — 9B, is compact if and only if the following two condi-
tions hold:

(i) ue By, Slelﬂgu(Z)lu(ZW( 2) +V(2)] <o, supu(z (2@’ (2)] < .

zeD

=0.

(ii) limsup @@ +V(E) = limsup M
oG- (1)) 0@ 1 (1— |p()]2)»
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Finally, we provide compactness characterizations for T, , : .77 — %, 9.

uv(p
THEOREM 9. Let 1 < p < oo, quH( ), p€S(D), ne N withn>1 and 1
be a radial weight. Then the operator T, 1 ISP — By is compact if and only if
u € Py andforeach i € {1,n,n+1},
)|Gi(z
tim sup — &) (Zl)| —=0. 33)
=1 (1= o(z))P ™

uv(p

Proof. Suppose that T/, , : /P — %y, ¢ is compact. Then it is also compact as an
operator into %, and bounded as an operator into %, 9. By Theorem 5, the bound-
edness of T}, o1 S — Py yields u € B, . For any € > 0, by the compactness of

: /P — %, and Corollary 2, there exists 6 € (0,1) such that for all z € D with

|<P( )| > & andeach i € {1,n,n+1},
HEIGEI -
(1—|(P(Z)|2)%+i_1 )

Moreover, by Theorem 5 we have lim|,_,; t(z)|Gi(z)| = 0 for each i € {1,n,n+1},
there exists 1 € (0, 1) such that

L(2)|Gi(z)| <, (35)

for |z| > n. Now consider any z € D with |z| > n. If |¢(z)| > & then (34) directly
implies the desired estimate. If |@(z)| < &, by (35) we obtain

.U(Z)|Gi(zl)|' < 81_ SE, (36)
(I=lo@P)r™ (182"

for each i € {1,n,n+1}. From (34) and (36), together with the arbitrariness of &, we
conclude that (33) holds.

Conversely, assume that u € 2%, o and and (33) is satisfied. From Theorems 3 and
5, the boundedness of T, , : /7 — %), o follows immediately. Taking the supremum
in (20) over all f € .7 such that ||f||»» < 1 and letting |z] — 1, we get

lim sup p(2)|(T7f) (2)| =0

l2l=1 £ yp<t

By Lemma 5, this implies that 7', , : /7 — %), o is compact. []

u RION
The following theorem can be proved similar to Theorem 9. We omit the proof.

THEOREM 10. Let 1 < p <eo, u,v€ H(D), ¢ € S(D) and U be a radial weight.
Then the operator Ty, : /P — By is compact if and only if u € By, o and
/ / /
lim sup LEuE) (@) +V ()] = limsup M

1 —— =0.
Jel -1 (1—lp@)[?)r =1 (1= [p(2) )™
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