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AN EXTENSION OF THE a-SEMI-NORM ON C*-ALGEBRAS

FUGEN GAO™ AND JIE ZHAO

(Communicated by M. S. Moslehian)

Abstract. In this paper, we introduce the a4, g) -semi-norm of elements in C* -algebras, which
generalizes the a-numerical radius V,(x) and semi-norm |x||,. We study some of the fun-
damental properties of the a( g)-semi-norm and also get some results of its upper and lower
bounds. Further, as applications of our results, we obtain some bounds on the a-numerical
radius, which improves on some important inequalities that exist.

1. Introduction

Let 2 be a C*-algebra with unit denoted by 1 and a € 2 be a positive element.
Let 2* denote the topological dual space of 2. A linear functional f € 2* is said to be
positive, and write f > 0, if f(x*x) > 0 for all x € 2. The set of states on 2l is defined
by
S() = {f e £>0and f(1) = |f] = 1}.

Recall that a positive linear functional f on 2( is said to be pure if for every positive
functional g on 2 satisfying g(x*x) < f(x*x) for all x € 2, there exists a scalar 0 <
u < 1 suchthat g = uf. The set of pure states on 2 is denoted by P(2(). The algebraic
numerical range of x € 2 is defined by

Vx) ={f(x): f €S}

Itis a nonempty compact convex subset of C and its maximum modulus is the so-called
algebraic numerical radius of x € 2 defined by

v(x) =sup{|A|: A € V(x)}.

For more on the fundamental properties of C*-algebras, see [9, 11, 12] and refer-
ences therein.

When 20 = B() is the C*-algebra of all bounded linear operators on a complex
Hilbert space . with an inner product (-,-) and the corresponding norm ||-||, the
spatial numerical range of T € B(.%¢) is defined by

W(T) ={(Tx,x) :x €, |x||=1}.
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The spatial numerical radius of T is defined by
o(T)=sup{|z| :ze W(T)},

and coincide with v(T') since the closure of W(T') is nothing but V(T).

Numerical range and numerical radius play an important role in the fields of anal-
ysis, operator theory and mathematical physics. In recent years, there are many gener-
alizations about classical numerical range and numerical radius, and many mathemati-
cians have paid considerable attention to the study of these concepts; see [1, 3, 6, 13,
14, 15, 16, 17] and the references therein.

In 2021, Bourhim and Mabrouk [7] introduced the a-numerical range and a-
numerical radius of elements in C*-algebras. They established some persistence prop-
erties of these concepts. In addition, they investigated the relationship between the al-
gebraic and spatial a-numerical range of bounded linear operators on a complex Hilbert
space ¢ . Furthermore, the authors in [2, 10] continued to study the a-numerical range
and a-numerical radius.

Set S,(2A) = {ﬁ eSS, fla) # 0}. By [7, Proposition 2.3], S,(2() is anon
empty, convex and closed subset of the topological dual space of 2, but it is compact
if and only if a is invertible in 2. We say that a linear functional f € S, (%) is a-pure
if f has the property that whenever g is a positive linear functional on 2 such that
g < f, then there is a scalar 0 < u < 1 suchthat g = f. Clearly, f € S;() =S(2) is
1-pureif it is a pure state in the usual sense. The set of a-pure states on 2 is denoted by
P,(2A). Let ||x|la = sup{\/f(x*ax) : f € S,(~A)} for any element x € 2. Observe that

IIlls =] and |/x||o =0 if and only if ax = 0. By [7, Example 3.2], for some x € 2,
it may happen that ||x||, = . We set 2A* = {x € A : ||x||o < =}. By [7, Proposition
3.31, || - ||« is a seminorm on A4 and ||xy||, < ||x|/«]|v]|« holds for any x,y € 4. Thus

21 is a subalgebra of 2 not necessarily closed. For x € 2, an element x% € 2 is called
an a-adjoint of x if ax = x*a. Generally, the existence of an a-adjoint element is
not guaranteed. Following [3], the set of all elements in 2 which admit a-adjoints is
denoted by 2, . Note that 2, is a subalgebra of (¢ which is neither closed nor dense
in 2. Moreover, 2(, =2l if 2 is commutative but in general 2, £ 2. Also, neither the
existence nor the uniqueness of a-adjoint elements is guaranteed. An element x € 2,
is said to be a-self-adjoint if ax is self-adjoint, i.e., ax = x*a. Observe that if x is
a-self-adjoint, then x € 2(,. However it does not hold, in general, that x = xla . And

we say that x is a-positive if ax is positive. In addition, |x|2 = x%x, |x%|2 = xx% are
a-self-adjoint and a-positive. So we have [7, Corollary 4.9]
2 a —_ a —_ a 2

Ixl1Z = [ la = Il = [|lx] 3. (D

Let V,(x) and v,(x) denote the a-numerical range and the a-numerical radius of
x € A, respectively, defined by

Va(x) = {f(ax) : f € Sa(A)},

and

Va(x) =sup{|A]: A € V,(x)}.
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Let my(x) and c4(x) denote the a@-minimum modulus and the a-numerical radius
Crawford number of x € 2, respectively, defined by

mg(x) =inf{\/ f(x*ax) : f € So(A)},

and
ca(x) = inf{|f(ax)| : f € Sa(A) }.

Observe that the a-numerical radius of an element x € 2(, is equivalent to the a-semi-
norm of x € A, see [7, Proposition 3.3 and Corollary 4.10]. More precisely, we have

1
5 el < valx) < lxlla 2)

for all x € A,. When ax # 0 and ax? = 0, the inequality (2) on the left becomes an
equality, and when ax = x*a, the inequality (2) on the right becomes an equality; see
[7, 10]. There is also a fundamental inequality about v,(x), (see [7, Theorem 4.4]),

Va(x") < Vg (%), 3

forany x € and n > 1. Any element x € 2, can be presented by the Cartesian decom-
position as x = R, (x) +i3, (x), where R, (x) = 5 (x+x%) and 3, (x) = 5 (x —xa)
are the a-real and a-imaginary parts of x, respectively. Note that R, (x) and 3, (x)
are a-self-adjoint. An important identity for the a-numerical radius was given in [7] as

follows:
“ﬁu (eiex>

for all x € 2. Unlike the classical algebraic numerical range, the a-numerical range
Va(x) of x € 2 may be unbounded. Initially, these concepts were introduced in [7]
as generalizations of the A-numerical range and A-numerical radius of the operator
T € B(4), defined by

“)

Va(x) = sup

6eR a

Wa(T) = {(ATx,x) :x € A, ||x||, = 1},

@A (T) = sup{|z| : z € Wa(T)},

where A is a positive operator on .7 and ||x||, = \/(Ax,x) for all x € . Clearly,
when A is the identity operator on .77, then Wy (T) = W(T) and w4(T) = o(T) for
all T € B(7). Recently, the concept of the a-spectral radius of x € 2, has been
introduced in [2] as follows:

. 1
ral) = fim [l

Note that an element x € ¢ is a-normaloid if r,(x) = ||x||,. It was shown in [2] that
x is a-normaloid if and only if v,(x) = ||x||4.
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Based on the inspiration of [4, 5, 14], foreach o, B >0, such that (¢, B) # (0, 0),
we introduce a new aq, g)-semi-norm on C* -algebra, defined as follows:

il = sup{ /el (@0 B () s 500 .

Clearly, if (a, B) = (1,0), then ||x||a((X §= V4(x) andif (e, B)=(0, 1), then ||x||
= [Ixll,-

Note that in the definition of the a4, g)-semi-norm, we can assume that o+ p%=
1. Indeed, for any x € 2, we have

%o, B)

¥l 5y

— (&2 + B su

{\/Wf + ! fes“(”}
= (a2 +BY)7su {\/cos(G)|f(ax)|2+sin(9)f(x*ax):feSa(Ql)}
= (&?+ B |,

(cos(8), sin(6)) ’

where

cos(G):\/#ﬁ2 and sin(G):\/O;%[32

for some 6 < [0, 7].

In this paper, we show that the a(, g)-semi-norm is equivalent to the a-numerical
radius and the usual semi-norm. We obtain several basic properties such as upper
and lower bounds for the (4, g)-semi-norm. By these inequalities, we give out some
bounds on the a-numerical radius, which improve and generalize the existing related
results.

2. Main results
In this section, we consider the fundamental properties of a4, g)-semi-norm, give

the various bounds of the a(, g)-semi-norm, and obtain a new upper bound on the
a-numerical radius in C*-algebra. The first result is as follows.

THEOREM 1. ||- || deﬁnesa semi-norm on U, This semi-norm is equivalent
to the a-numerical radzus and the a-semi-norm, satisfying the following inequalities:

() VT Bra) < sl , < Vo r aPvav),
i) max {52 B ol < Il < VaF Bl

forall xeU,.
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Proof. The proof follows from the inequality (2) and the definition of a4 g)-semi-
norm. [J

Obviously, when ax # 0 and ax*> =0, HxHa(a gy =V +4Bv,(x), and when x is

a-self-adjoint, ||xHa(a‘ﬁ) = o+ Bvi(x) =/ OH"ﬁ ][ -

In the following theorem, we characterize several equation conditions.

THEOREM 2. Let x € 2, and aff # 0. Then the following statements are equiv-
alent:

() Wl p = v @V2(0)+ B .

(ii) There exists a sequence (f,)u>1 € Sa(A) such that lim f,(x*ax) = ||x||> and
n—>00

Jim |7, (a)] = v, (0.

Proof. (i) = (ii) Suppose (i) holds. By the definition of ||xHa(a g Ve know that
there exists a sequence (fy)n>1 € Sq() such that

Il 5, = lim /etlf (@) + B ().

Clearly, |fy(ax)| and f,(x*ax) are both bounded sequences of real numbers and so
there exists a subsequence (fy, )k>1 of (fu)n>1 such that both |f,, (ax)| and f, (x*ax)
are convergent. So we get,

2
ez )+ B =l ,

— klgr:o \/(x |fnk (ax) |2 + B fu, (x*ax)

<\Jav2(x) + B I3

Then we get lim f,, (x"ax) = x[? and Jim | fr(ax)| = val(x).

(ii) = (i) Suppose that there exists a sequence (f;;),>1 € Sq(2) such that
Tim £y (x*ax) = [alf7 and lim [£; (ax)] = va(x).

Pl p) = Sup\/o‘ |f (ax)]* + B f (xax)
> tim /[y @0+ B (')

2
= /a2 + B .
. 2 2
Since [, , < \/@v3()+ B x|, we have |1, = \/av3()+ B2, O

As a consequence of the preceding theorem, we have the following result.
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COROLLARY 1. Let x €24, and oy # 0. If x is a-normaloid, then the following
statements are equivalent:

() el = VT BYa).
i) lla, ) = VO F Bl

(iii) There exists a sequence (fy)n>1 € Sqa(2A) such that lim f,(x*ax) = Hx||i and

lim | f,(ax)| = va(x).
Now, in the following theorem we obtain a lower bound for the a4, g)-semi-norm.
THEOREM 3. Let x € U,. Then

2
[l

2y = max{ v () + Bea(eie), o) + B vl

2/aBvu()eal0e). 21 @B 4], }.

Proof. Let f € S8,(2A). Then we get

Hxlli(m g = Clf (ax)]* + Bf (x"ax)
— a|f (ax)P +Bf (axx)
> a|f (ax))? + Bea(xix).

Taking supremum for f € S,(2(), we get that

IWl2, ) = @v2() + Bea(dex). 5)
Similarly,
I, = oc2x) + B 2. ©)

We also have
IIXIIﬁ( 5 2 a|f (ax)]* + Bf (x"ax)
>2\/oB |f (ax)|/ f (axtex)
> 23/aB|f (ax)| y/ca(xfex).

Taking supremum for f € S,(2(), we get that

|x|| > 24/ BV, (x)y/ ca(xfax). (7)
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Similarly,
Ixl2,, ,, = 2v/@Bea(x) [, - ®)

Combining (5), (6) and (7), (8) we get our desired inequality. [J

Below, we give useful lemma for proving the latter theorems.

LEMMA 1. Let x, y € U,. Then the following inequalities hold:
(i) If xy = yx, then va(xy) <2V (x)va(y).

(i) If (xy)fe = xey, then Va(xy) < Va(x) [¥],-

Proof. (i) When xy = yx, without loss of generality we assume that v,(x) = 1
and v,(y) = 1. Then

Va(xy) = v (% ((x+y)2 _ (x—y)2>>

(v (C5277) v (7))
(

vi(x+y)+vix—y)  (by (3))

l
Z
l
Z
< (@ F v 0D+ (e () +va )
=2.

Thus, V,(xy) < 2Va(x)va(y).
(ii) When (xy)fe = xfey,

) = v (1)) = 5 ()% +49) = o () +473)" )

| 0 ((xy)ﬁ“ _|_xiay> e + (eie ((xy)j” _|_xﬁay> jj")ju

29er 2

a

e 4 ()

e 10xba 4 (e‘iexﬂ")j” ( " )ﬂa
y a

)

1
< 5sup + 1y
29¢cr ( 2 . 2
1 e 0yt 4 (e’iexﬁ“)j“ o\ fa g
)|+
29€R 2 u a a

= 3va () Ul + 1)
= Va() [yl
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Then vy (xy) < va(x)[Ix],. O

Next, in the following theorems we obtain upper bounds for the a4 g)-semi-norm
of the product of two elements.

THEOREM 4. Let x, y € U, and B # 0. Then we have the following inequality:

il , <mind == Y2HB 2L -
S N R Ao p) ' (e p)

Proof. Let f € S,(). Then by Theorem | we have
ol = sup {aIf(axy)\2+ﬁf((xy)*a(xy))}
' feSa(A)
< o () + B ol
< (o) Ixllz 1y ©)
<

40+ B)va () [l
Ol+ﬁ 2
ﬂ

4

N

Vi@ lIylz,

2

4
ﬁ
Therefore,

(10)

2
< —= .

By using /B x], < [Ixl,, , and By, < [l , i ©), we have

vo+pB

< .
nyHa(a‘/}) = ﬁ HxHa(a‘ﬁ) ||yHa(a‘/3) (11)

By using (2) and /& + BV, (x) |xH . Voa+Bv.(y) < Hy”a(a,,;) in (9), we have

4
e € o Pl Dl (12)

Combining (10), (11) and (12) we get our desired inequality. [J

THEOREM 5. Let x, y € U, and B # 0. Then the following inequalities hold:

(i) If xy = yx, then

4o+ 16
ol m{\/T Vet }x||a(a,m||ya(a‘m.
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(ii) If (xy)fe = x*ay, then

[ o 2 1
< i —
||Xy||a(a.[3) ~ a+ﬂ + lmln{ \/m7 \/[—3} H'x”a(a‘ﬁ) HyHa(a B)

Proof. (i) Let f € S4(). Then we have

il = ew{oﬂ f @)+ BF () alw) }
< av(w)+ B o2
<4av2 (Vi) +BIRZIIZ  (by Lemmal (7))

4o

(by Theorem 1)

= min do 2+l,4a+16ﬁ [ H (@ ||YH (@
(@+B) B (a+B) P g

4o+ 16
vl \mm{\/T (x:ﬁ }XIIQM)M(%W

(if) Let f € S,(2(). Then we have

ol = sup {elf (@) + B (o) ale)) |

fE€Sa(A)
v () + B [l
V2 (@) Y2+ B2 b2 (by Lemma 1 (ii))
- Iyl2+ 12, , V12 (by Theorem 1)

Thus,

I3
Ao, )

o+p

2 2
R

) 2
<a+B+1)mm{\/— T} ¢ || aB)HYHfl(aﬁ)

Il
TN
Q

N
IS

Thus,

/ . 2 1
| y|| a—i—ﬂ m{\/TTﬂ’ﬁ} ||x||a(a‘/3) HyHa(aﬁ)~ 0

Now, let us use the Cartesian decomposition to get some inequalities.

A { TatF f} bellZ ) 1912

331
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THEOREM 6. Let x € 2,. Then the following inequalities hold:

(i) HxHi(a,ﬁ) > max{% H% (xﬁ”x—l—xxja) +ij“x

| (xfax + xxta) 4 Bafax

o

1
a’3

(ii) HxHi(am <[4 (xPax 4 xxe) + Bbax

Proof. (i) Itis clearly that (R, (xj“))ﬁ“ =R, (x%), (3a (xj“))u“ =3, (x%), and

R2 (xua) +32 (xﬁa> _ e (xﬁa)ﬁa + (xta) P xta _ (xjaHxxua)ja.

2 2
2
-
Therefore,

sup f(ax)|2>ma><{ sup £ (a%2 (), sup f(aS2 (xna))}

FeSa(A) feSa(2A) FeSa(A)

- s r(208() 1))

By [10], we have

v2(x) = v? (xﬁ“> > max {'

2

R, (%)

34 ()

)
a

i, > swp alf@)P> sup f(Sa(RE () +82(x¥))). a3

feSa(A) feSa(A)

By Theorem 1, we have

X2 > sup f(Bax'x). (14)
(mﬁ) fESg(Q[) < )

Combining (13) and (14), we get
2t > (1 (B3 () 52 ())) s (o)

= s 1 (o5 (8 (%) £ 52()) + b))
= % (‘ﬁi (xﬁ“> +332 (xﬁ“» + Bxfax
_ % (xﬂax ;—xxja ) fa N [3 (ﬂ"x) fla
o
4

(xﬂ”x + xxj“> + ﬁx’j”x

a

a

a
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So,
1o
2 ja ja jjll
|
¥l gy > 3 H 4 <x o >+ﬁx *lla (13)
Again, by using similar arguments as above, we have that
3l > s (oo (3 (45) + 53 () + b))
R
= H— (xj“x—I—xxﬂ") +ﬁxj“x
2 a
Thus
lja
2 ja ja jjll
> || =
HxHa(a)ﬁ) >3 H > (x X+ xx )—i—ﬂx x| (16)

Combining (15) and (16), we get the inequality (7).
(ii) Let f € S,(2A). Then we have

oot = r(on )+ o )
< £ (a2 () + 1 (432 ()
:f<a (933 <x1a>+3§ (xja ))

a9 () +33 () +7 (Barx)
(52 2(5) )
(90 (%) + 52 (%) ) + B
_ (xj“x—kxxﬁ“) +ﬂ<xn“x>j”

=7 ( fa x4 xxta )—i—ﬂxﬁ“x )

Thus,

a\f(ax)| +Bf (x"ax)

o

</
(@

N

a

Taking supremum for f € S,(2(), we get the inequality (ii). O

The following upper bound for the a-numerical radius follows easily from Theo-
rem 6 together with the Theorem 1.

COROLLARY 2. Let x €0,. Then

v;(x) < ian% (xﬂ"x-l-xxja) + Batax
a S up a—'—ﬁ

B
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REMARK 1. In [10, Corollary 3.5], the author concluded

xhax + xxﬁ“

a

If taking o = 1 and 8 =0 in Corollary 2, it is clear that Corollary 2 is an improvement
of [10, Corollary 3.5].

Motivated by the Buzano’s inequality [8], we get the following lemma.

LEMMA 2. Let x, y € g, f € Sa(A). Then

7 6%a) f @) < 5 (I 0Fao)] + v TEa) VT ora)).

Proof. 1t is known that for all a, b, ¢, d € R, we have (ac — bd)? > (a®> — b?)
(c* — d?). By using this inequality and the Cauchy Schwarz inequality, we can get

IF (v'ax) — £ () f (ax)
— |F[0=flay) ax—f(ax)]
< Sl flax) ale—f(@)] £ [~ f (@) aly— £ (ay))]

= (fa) =If (@)P) (10 ay) = I (@)F)
< (VITaVFor@) - If (@) |f (@)

Clearly, |/ (ax)| < /7 (¥'a) and |f (@)] < v/7 (7], then
(VI a7 o) - If (@)]|f (ay)]) >0

So,

|f (v*ax) — f (y*a) f (ax)| < \/f (Fax)/f (yay) = | f (ax)| | (ay)].
Then

|f (v*ax) = f (y*a) f (ax)| < \/f (Fax)\/f (y'ay) = |f (ax)| | f (y*a)| -
Thus,

21f O a) f (ax)| < |f (v ax)| +V/f (x*ax)/ f (v ay).

This completes the proof of the lemma. [
THEOREM 7. Let x € U,. Then

2 g J— ja ﬂa) ja
”x”u(mm 2va +H ( X+ xx +ﬁxx
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Proof. Let f € S4(2). Then we have
@) =7 ((¥) a) £ (a)|
< % (‘f ((xﬂa>*ax> ) + \/mm> (by Lemma 2)
= S 1F (@) + 3/ (o) f (o)
< % If ()| + % (f <axj“x> +f <axxj“>>

(by the arithmetic-geometric mean inequality)

= % |f(ax2)’+ %f (a (xj”x—kxxn“)) )

Hence,

o|f (ax)[* + Bf (x"ax) < |f (ax)|—|— f( (ﬁ“x—i-xxj”))—i-ﬂf(axj”x)

3
:%| (ax)|—|—f( (4( ax 4 xxa ))—Fﬁxj“x)
SV

< (x?) + H 1 <x’j“x—|—xxj“> + Baax
a

Taking supremum for f € S,(2), we get

O

2 @ fa ) fa
Felle g, ) < 5 Valx +H4( e B

The following upper bound for the a-numerical radius follows easily from Theo-
rem 7 together with the Theorem 1.

COROLLARY 3. Let x €,. Then

v (o) + || % (wbx + xxba) 4 Bafax]|
o+p '

v2(x) < inf
a.p

REMARK 2. In [10, Theorem 3.3], the author concluded

1 1
v2(x) < Eva(x2) + ) Hxﬁ“x—kxxﬁ“

a

If taking ¢ = 1 and B = 0 in Corollary 3, it is clear that Corollary 3 is an improvement
of [10, Theorem 3.3].

LEMMA 3. Let x, y €Uy, f € Sa(A). Then

70%a) f (@) < 27 (0 a) £ (6" ay) + 3 VT Foran | (7).
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Proof. By the Schwarz inequality, we have

21 (v ax)* = |f (" ax)” + |f (v ax)?
< f(ax) f(y'ay) +/f (xax) f (y*ay) |f (v ax)].

Therefore,
* 1 * * % * *
)P <5 (fa) £t an) + VI a) [0 If (ad]) . (7)
By Lemma 2, the convexity of f(¢) = > and the inequality (17), we obtain

£ (7a) f (@)
_ ( f e+ VT a) VT a) ) ’
= 2

a4 f (e f (' ay)
= 2

< % (% (f (x"ax) f (yay) +/f (x*ax) f (y*ay) | f (y*aX)\) +f(xax) f (y*ay))
= 2 r e s + VT F R |f (]

This completes the proof of the lemma. [

N

THEOREM 8. Let x € U,. Then
302 4
4 S0 4 fa 2.4
W gy < 25 (it o [0) + 28710
Proof. Let f € S,(). Then we have
4 § * 2
fax)l = £ ((¥) a) £ (ax)

Srtwans () w) « b an | () w)

(by Lemma 3)

21 (ab2) () oo (alef) 1 (a2 17 (@)
<§<f2(a|x|a>+f2<ax“a)> ( ( IXI)+f< ‘W))lf (ax?)]

(by the arithmetic-geometric mean inequality)

() (1)) () 1) e
=37 (a <|x|j+ M)) v (a <|x|3+|xﬁa|u>) £ (@?)]-

2 5 ! 2
o | e

Va(?).

a
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By the convexity of f(¢) =t? , we have
2 * 2
(el (@x)P + B (x"a))
<2 (o2 [f (@)l + B2 (v"ax))
2 4 2 2
< %f (a <|x|2+ )xj“ )) + %f (a <|x|§ + )xﬁ“ a)) ’f(axz) | +2B%f (a (|x|§)>
o? 2
A ) ) Sl
o>

3a? 2
\' (x o+ | )+2B il + [l e vat).
a a
Taking supremum for f € S,(2), we get
302 4 2
Il < H— <|x|4+‘xﬁa >+2B2|x|4 |x|2+‘xﬁa Vo). O
a(arﬁ) 4 a a a a a u

The following upper bound for the a-numerical radius follows easily from Theo-
rem 8 together with the Theorem 1.

COROLLARY 4. Let x €0,. Then

2
Vi (x) < inf 5 (e o) +28° el el )
x)<i
“ g @+ p7
REMARK 3. If taking o = 5 L and B =1 in Corollary 4, we have
3 4 1 2
2 (x) < HE <|x|;‘ - )xj” ) + 5 g 7 + )xﬁa Va(2?)

HXH +3 IIXII 2 (x)
Therefore, it is clear that Corollary 4 is an improvement of the right side of inequality
).
THEOREM 9. Let x € U,. Then

[lx || Haxxﬁ“ —|—[3xj”x
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Proof. Let f € S4(2(). Then by Cauchy Schwarz inequality, we have
*
olf (@) +Bf (ax) < af () k) +Bf (v"ax)
=of (axxﬂ“> +Bf (ax“x)

< Haxxj“ + ﬂxﬂ“x

a

Taking supremum for f € S,(2), we get

2 a a
||x||u(a#ﬁ) < Hocxxj + Bxfax O

a

The following upper bound for the a-numerical radius follows easily from Theo-
rem 9 together with the Theorem 1.

COROLLARY 5. Let x €U,. Then

B

ﬁa ja
oxxtt + pxtex
v2(x) < ian—B
o, O(—l—ﬁ

REMARK 4. In [10, Corollary 3.5], the author concluded

1
v2(x) < 3 ij”x—kxxﬁ“

a

If taking o = % and § = % in Corollary 5, it is clear that Corollary 5 is an improvement
of [10, Corollary 3.5].
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