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LOGARITHMIC CONVEXITY AND INEQUALITIES FOR
INTEGRALS OF GEOMETRICALLY CONVEX FUNCTIONS

BO-YAN X1, YAN WANG AND FENG Qr1*

(Communicated by I. Peri¢)

Abstract. In the paper, the authors present logarithmic convexity and inequalities for integrals
of geometrically convex functions. These results refine and generalize the celebrated Hermite—
Hadamard’s integral inequality.

1. Introduction

In this paper, we use [ to denote an interval on R and use /° to denote the interior
of the interval /.
We firstly list several definitions and some known results.

DEFINITION 1.1. ([5, p. 15, Definition 1] and [6, p. 1, Definition 1.1.1]) A func-
tion f:1 CR = (—e0,0) — R is said to be convex on an interval [ if

fAx+(1=2)y) SAf)+(1=2)f()
holds for all x,y € I and A € [0,1].

DEFINITION 1.2. ([6, p. 21, Definition 1.3.1] and [7, p. 48]) A function f :1 C
R — R4 = (0,0) is said to be logarithmically convex if

fQx+(1=2)y) <@ FO
holds for all x,y €I and A € [0,1].

DEFINITION 1.3. ([1,4]) A function f:I CR; — R, is said to be geometrically
convex if

FEH) < FEPIFON
holds for all x,y € and A € [0,1].
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In [2, 3], Dragomir et al. established the following integral inequalities of the
Hermite—Hadamard type for the integral mean of convex functions.

THEOREM 1.1. ([2, Theorem 1]) Let f:1 C R — R be a convex function on I°
and a,b € I° with a < b. Then the function H : [0,1] — R defined by

H(t):ﬁ/ahf<tx+(l—t)a;b>dx (1.1)

is convex on [0,1] and increasing on [0,1] with

inf H() = H(0) :f(“”’)

1€[0,1] 2

and

sup H(t) = H(1) = — /bf(x)dx
tE[O?l] b—ala '

THEOREM 1.2. ([2, Theorem 2]) Let f:I C R — R be a convex function on I°
and a,b € I° with a < b. Then the function F : [0,1] — R defined by
1 b b
thi// x4+ (1—1)y)drd 1.2
0= |, [ feer (1 =ny)avay (12

is convex on [0, 1], symmetric with respect to % decreasing on [0, %] , and increasing
on [%7 l], with

1 b
e PO =FO) =F(1)= ;= | e,

) 1y 1 borb x4y
zel[%,fl]F(t) _F<§) B (b—a)z/a /a f(T) drdy,

(457) = (3)

and H(t) < F(1) for t € [0,1], where H(t) is defined by (1.1).

THEOREM 1.3. ([3, Theorem 2]) Let f:1 C R — R be a convex function on I°
and a,b € I° with a < b. Then the function G : [0,1] — R defined by

G(t)z%[f(tcH—(l—t)azj)+f<tb+(1—t)a;b)] (1.3)
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is convex and increasing on [0, 1] with

wp 6() = 61 = AT
1€(0,1]

. a+b
,é[%,fl]G(t):G(o):f< 2 )

1o - 5(“57) < 60 -H0),

and H(t) < G(t) for t € [0,1], where H(t) is defined by (1.1).

THEOREM 1.4. ([3, Theorem 3]) Let f:1 C R — R be a convex function on I°
and a,b € I° with a < b. Then the functions H(t) defined by (1.1) and L:[0,1] — R
defined by

1 b
L) = )/ [f(ta+(1—1)x)+ f(th+ (1 —1)x)] dr

Z(b—a a

are convex on [0, 1] and satisfy the inequalities

6 <2 < 1= 1A +10) & +10)
and
max{H(l —1) H(t)+§l(l _t)} < L(r)
fort €[0,1] with
sup L(1) = L(1) = L9 +/B)
t€[0,1] 2

where G(t) is defined by (1.3).

Several similar integral inequalities of the Hermite—Hadamard type were also ac-
quired in the papers [8, 9, 10, 11] and related references therein.

Let f: I C R, — R, bea geometrically convex functionon /° and a,b € I° with
a<b.Forall t € [0,1], define

Ho(t) = m/j%f(x’(\/a_b)l")dx, (1.4)
Halt) — lb%l [ (e vay s wany)] e as)
Folr) = lnb—lna // x’yl B dxdy7 (1.6)

b 1 —t —t
FB(t)zm/a / ;y[f()(yl )£ (x'y)] " dxdy. (1.7)
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In this paper, motivated by the above results recited from [2, 3], we will present
the logarithmic convexity and establish several new integral inequalities of the Hermite—
Hadamard type for the functions Hg(t), Hp(t), Fs(t), and Fp(z).

2. Main results

Now we start out to present the logarithmic convexity and establish some new in-
tegral inequalities of the Hermite—Hadamard type for the four functions Hg(¢), Hp(t),
Fg(t), and Fp(1).

THEOREM 2.1. Let f:1 C Ry — Ry be a geometrically convex function on I°
and a,b € I° with a < b. Then the function Hg(t) defined by (1.4) is logarithmically
convex and increasing on [0,1] and satisfies

b f(x
F(vab) <o) < ot [T < n(p(a). 1)),

with
inf H =H~(0) = b
IEI[I(I)J] G(l) G( ) f(\/a_)
and
- o b f(x)
tESE)I:)l]HG(Z)_HG(l)_lnb—lna/a x 0

where L(u,v) is the logarithmic mean

u, u=v

L(M7V) — {ln\vz—lunu7 u 7& v 2.1

foru,veR,.

Proof. Forall A,t;,1, €0,1], by the geometrically convexity of f and the Holder
integral inequality, we have

HG(/lt1+(l—7L)t2)
b 1—1; l—tp71—
[ (W (Vab) e (Vap) ) s

- Inb —Ina X

b [ van) )] e van) )] e

g JE—
Inb —1Ina X

<m0 v )] [[ (e ) e]

= [Hp(n))* [Hp ()] .
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Therefore, the function Hg(z) is logarithmically convex on [0,1]. As a result, the
function Hg(t) is convex on [0, 1]. Furthermore, we obtain

He (1) L/flf(xf(\@)‘*’)dx

- Inb—1Ina X

1 b Ina+Inb
= 1 1—t)— | dl
lnb—lna/u fog(t nx+ (1 —1) 5 )dnx,

where g(u) =¢" for u € [Ina,Inb] and fog is a convex function on [Ina,Inb]. Uti-
lizing the convexity of fog on [Ina,Inb] and Theorem 1.1, we see that the function
Hg(t) is increasing on [0, 1]. Consequently, we gain

b f(Vab)

X

1

inf He (1) = Ho(0) =
i Ha(t) = Ho(0) lnb—lna/a

dx = f(Vab)

and

1 b f(x)
t:}éﬁ] G(t) 6(1) lnb—lna/a X

= [ ar< [ @) r6) @ =107, 5 ).

The proof of Theorem 2.1 is complete. [l

THEOREM 2.2. Let f:I C Ry — Ry be a geometrically convex function on I°
and a,b € I° with a < b.

1. The functions Fg(t) and Fp(t) defined by (1.6) and (1.7), respectively, are log-
arithmically convex on [0,1] and symmetric with respect to %, decreasing on

[0,%] and increasing on [%, 1], with

DAL
sup Fy(t) = Fg(0) = Fy(1) = { 1 /a” [f ()] 2dx]

1€[0,1] Inb —1Ina X

1 b
S lnb—lna/u fix)dXZ sup Fg(t) = Fg(0) = Fg(1)

1€[0,1]
)

~(3) = g [ [ S e

and

NS}

inf Fg(t) = inf Fg(t) = F
tel[f(l).’l] G(1) tel[f(1)71] (1) G(
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2. Forall t € (0,1], we have the inequality

! b fve)
f(Vab) < (lnb—lna)z/a /a
< Fa(t) < Fo(t) < lnb—lna/ ) <L(f(a),f(D)),

where L(u,v) is the logarithmic mean defined by (2.1).

Proof. Forall A,t,,1, € [0, 1], using the geometrically convexity of f and making
use of the Holder integral inequality yield

Fo(At1+(1=2)n)

: s —t 71—
:W/ [ r(pe o et
i S P ) vy
A b b
11— 1 -
gm[/ [ reasa] [ [ Srest s

= [Fo(t)) [Fo(n)] .

Similarly, we have

-2

Fp(At + (1— A1) < [Fy (1)} [Fa(e2)) .

Accordingly, the function Fg(¢) and Fg(z) are logarithmically convex on [0, 1].
It is straightforward to show that

1 1 1 1
FG<E+I)—FG<§—I) and FB<§+t)_FB<§_t>

forall ¢ € [0, %] .
Employing the geometrically convexity of f yields

hfxtyl t)+f(1tt)
Folt) = (lnb—lna / / 2xy drdy

lnb—lna // FEY) )] axdy

= Fp(1)
> (Inb —llna)2 /ab /ab f(\x/—y)
BitiRea)
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Thus, the functions Fg(t) and Fy() are symmetric with respect to 4, decreasing on
[0,1], and increasing on [1,1].
By the geometrically convexity of f on [a,b], we acquire

F(Vab) = f([(a*6" ) (@b )] [ (@ 0) (@ Ho#)] )
< [F([(a " F) (@ )] ) ([ 0) (@ Hor)] 1)) 2
1

forall A,u €[0,1].

For all A,u € [0,1], taking x = a*b'~*, y = a#b' " and x = a' *b*, y =
a'“HpH  integrating both sides of (2.2) over (A,u) € [0,1] x [0,1], and utilizing the
Cauchy inequality figure out

2.2)

[/ / (a*b'™) (a“bl—ﬂ)]lﬂ)d?tdﬂ} 1/2
U / (a"5") (a l—ﬂbun“)dadu]m
— (lnb_lna)z/a /abf xyxy)dxdy,

O L ]
lnb—lna/u X dx\[lnb—lna/a X dx} ’

N

and

bf(x
lnbilna/u fi Lar < L(f(a),f(D))-

The proof of Theorem 2.2 is complete. [l

COROLLARY 2.1. Let the function F(t) be defined by (1.2). Under the conditions
of Theorem 2.2,

1. if f is increasing on |a,b], then, forall t € [0,1],

(Inb—na)? lna / / V) drdy

1 b
< Fal0) < Folt) < F() < o [ ()

2. if f is decreasing on [a,b], then, for all t € [0,1],

1 b
(Inb—Ina)? lna // VA dxdy < ()gFG(I)gm/a f(x)dx.

THEOREM 2.3. Let f:1 C Ry — Ry be a geometrically convex function on I°,
let a,b € I° with a < b, and let Hg(t), F5(t), and Fg(t) be the functions defined
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by (1.5), (1.6), and (1.7), respectively. Then

1. the function Hg(t) is logarithmically convex on [0, 1], symmetric with respect to
%, decreasing on [0, %] , and increasing on [%, 1] , with

12
sup 15(6) = Hy(0) = 1p(1) — LU PO

1€[0,1] Inb —1na X

and

inf Hy() :HB<1> 1 /b f((x\/c@)l/z) N

1€[0,1] 2 Inb—1na Ja by

2. the inequalities

b f(x
S [ 2 av< st 1)

—5)11/2 Y
f(Vab) <HBG) < Hy(t) < [flflﬁl)n]a /a” [f()z}l ?

1/2
< [F(Vab)]L([F(@)" 2, [F0)2),
hold for all t € [0, 1], where L(u,v) is the logarithmic mean defined by (2.1).
Proof. For all A,1,t, € [0,1], using the geometrically convexity of f and the
Holder integral inequality gives

Hp(Ati+ (1 = A)tp)

b_a/a LU (vaB)' ) e (vap) ]
S (Vo) mxl fz(@fﬂl‘%]”w

! /ab)lc[f(xtl(\/%)lfn)f(xl—tl(\/E)rl)]l/z
I xt2(\/%)lftz)f(xl—tz(\/%)12)](171)/2(1)6
/ub%[f(xn (@)lle)f(xlle (m)tl)]l/zdx}

1-2

A

b—a
A [ L (Vb)) (V)] P

= [Hp(t))* [Hp(12)] .



LOGARITHMIC CONVEXITY AND INEQUALITIES FOR INTEGRALS 349

Hence, the function Hp(t) is logarithmically convex on [0, 1].

For all 7 € [0,1], it is easy to observe that Hg(3 +1) = Hp(3 —1) and by the
geometrically convexity of f, we have

O /f%[f(f(@)‘*’)f(xl—t(\@)f)} 1£2
z m/f%quwa—b)wadx

L)

Therefore, the function Hp(¢) is symmetric with respect to % , decreasing on [07 %] and
increasing on [4,1].

Forall A € [0,1] and x € [a,b], it is clear that ab = a*b'~*a'~*b* for A € [0,1].
By the geometrically convexity of f, we can write

F@ (Vab)'™)f (" (Vab)')

= A @4 ) a5 ) )
< f(O (@ BH)) (1 (@ A61))) )

< [f()g(alblfl)lft)f(xlft(alblfl)[)
Xf()g(al—lbl)l—t)f(xl—t(al—lbl)t)]1/2.

Integrating the above inequalities over (x,4) € [a,b] x [0, 1] and making the change of
variable y = a*b'~* for A € [0, 1], we arrive at

)= /”l[f<f<@>“’>f<xl-f<@>’>}

Inb —Ina

1nb_1na// Ablfz)17r)f(x17z(azb171)z)
Xf( (al lbl)l ’)f(x (alflbl)t)jll/“dxdl

1 b "
s M{/O /a [albllf()g(alblA)lt)f(xll(alblA)z)]l/2dxdl}
12
x {/l/b[allblf(xf(allbl)lt)f(xlt(alAbl)z)]lﬁdxdx}
1) £ (1) ]2
lnb—lna / / xty y)] dxdy

= Fp(t).

1/2
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Similarly, making the change of variable and the Cauchy inequality, we acquire
(Vab)da
([(alblfl) (al—lbl)]l/4(ab)1/4) ar
1
< ) a2 2y ] e )
1 121 .1 |
< [/ f([albll]l/2(ab)l/4)dk] [/ F(la" B2 (ab) 14y A
0 0
L o))

~ Inb—Ina X

/2

dx.

Theorem 2.3 is thus proved. [

3. Conclusions

This paper defined four integral mean functions of geometrically convex functions

and investigated the logarithmically convexity of these four types of integral means.
It also established several related inequalities. These results refined and extended the
well-known Hermite-Hadamard integral inequality.

[1]

[2]

[3]

[4]

[5]
[6]

[7]

[8]

[9]

REFERENCES

M. AVRIEL, r-convex functions, Math. Programming 2 (1972), no. 1, 309-323,
https://doi.org/10.1007/BF01584551.

S. S. DRAGOMIR, Two mappings in connection to Hadamard’s inequalities, J. Math. Anal. Appl. 167
(1992), no. 1, 49-56, http://dx.doi.org/10.1016/0022-247X(92)90233-4.

S. S. DRAGOMIR, D. S. MILOSVIC, AND J. SANDOR, On some refinements of Hadamard’s inequal-
ities and applications, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. 4 (1993), 3-10,
https://www.jstor.org/stable/43666351.

D. GRONAU AND J. MATKOWSKI, Geometrically convex solutions of certain difference equations
and generalized Bohr-Mollerup type theorems, Results Math. 26 (1994), no. 34, 290-297,
https://doi.org/10.1007/BF03323051.

D. S. MITRINOVIC, Analytic Inequalities, Springer-Verlag, 1970.

C. P. NICULESCU AND L.-E. PERSSON, Convex Functions and Their Applications: A Contempo-
rary Approach, third edition, CMS Books in Mathematics/Ouvrages de Mathématiques de la SMC,
Springer, Cham, 2025, https://doi.org/10.1007/978-3-031-71967-7.

J. E. PECARIC, F. PROSCHAN, AND Y. L. TONG, Convex Functions, Partial Orderings and Statistical
Applications, Academic Press, 1991.

K.-L.TSENG, S.-R. HWANG, AND S. S. DRAGOMIR, New Hermite—Hadamard-type inequalities for
convex functions (I), Appl. Math. Lett. 25 (2012), no. 6, 1005-1009,
https://doi.org/10.1016/j.am1.2011.11.016.

K.-L.TSENG, S.-R. HWANG, AND S. S. DRAGOMIR, New Hermite—Hadamard-type inequalities for
convex functions (I1I), Comput. Math. Appl. 62 (2011), no. 1, 401-418,
https://doi.org/10.1016/j.camwa.2011.05.023.


https://doi.org/10.1007/BF01584551
http://dx.doi.org/10.1016/0022-247X(92)90233-4
https://www.jstor.org/stable/43666351
https://doi.org/10.1007/BF03323051
https://doi.org/10.1007/978-3-031-71967-7
https://doi.org/10.1016/j.aml.2011.11.016
https://doi.org/10.1016/j.camwa.2011.05.023

LOGARITHMIC CONVEXITY AND INEQUALITIES FOR INTEGRALS 351

[10] K.-L. TSENG, G.-S. YANG, AND K.-C. HSU, On some inequalities of Hadamard’s type and appli-
cations, Taiwanese J. Math. 13 (2009), no. 6B, 1929-1948,
https://doi.org/10.11650/twjm/1500405649.

[11] G.-S. YANG AND M.-C. HONG, A note on Hadamard’s inequality, Tamkang J. Math. 28 (1997),
no. 1, 33-37, https://doi.org/10.5656/j.tkjm.28.1997.4331.

(Received February 10, 2026) Bo-Yan Xi
School of Mathematical Sciences

Inner Mongolia Minzu University

Tongliao 028043, Inner Mongolia, China

e-mail: baoyintu78@qq.com

ORCID: hittps: // orcid. org/0000-0003-4528-2331

Yan Wang

School of Mathematical Sciences

Inner Mongolia Minzu University

Tongliao 028043, Inner Mongolia, China

e-mail: sellall0@vip.qq.com

ORCID: https: // orcid. org/0000-0002-2774-3547

Feng Qi

School of Mathematics and Physics

Hulunbuir University

Hulunbuir 021008, Inner Mongolia, China

and

17709 Sabal Court

University Village

Dallas, TX 75252-8024, USA

e-mail: gifeng618@gmail .com

ORCID: https: // orcid. org/0000-0001-6239-2968

Mathematical Inequalities & Applications
v .ele-math.com
mia@ele-math.com


https://doi.org/10.11650/twjm/1500405649
https://doi.org/10.5556/j.tkjm.28.1997.4331
https://orcid.org/0000-0003-4528-2331
https://orcid.org/0000-0002-2774-3547
https://orcid.org/0000-0001-6239-2968

