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Abstract. The focus in this paper is on convexity (see [17]) related to continuous inequalities as
described in the new and only book [19] on the subject. In particular, we complement the results
in these books by proving some new continuous power mean inequalities in refined forms. In
particular, some new applications related to heat conduction in composite materials are pointed
out.

1. Introduction

It is well-known that Convexity implies more or less directly most of the classical
inequalities (see e.g. the Lecture Notes [23], the paper [26] and the new well cited
book [17]. But this fact can also partly be seen in many other publications, e.g. in the
more than 50 monographs (including the first most important one [ 10] with main focus
on Inequalities. In this paper our main reference is the new book [19], which is the
first and so far only book with main focus on so called continuous forms of classical
inequalities. Concerning the main idea of these continuous inequalities we refer to
Preface and Chapter 1 of the book [19], see also [12].

Inequalities is a very fascinating and creative research area in itself, but also, and
most important, it is very important for the development of other areas of mathemat-
ics, such as Fourier Analysis, Interpolation Theory, Approximation Theory, Harmonic
Analysis, Function Spaces and even Engineering Mathematics and its applications.
Concerning applications of continuous inequalities we pronounce that in an Appendix
of the book [19] it was pointed out that a continuous form of the Holder inequality was
crucial for the development of a real interpolation theory between infinite many, even
scales of, Banach spaces (see [18] and [7]). Note that classical interpolation theory,
as described in several books on the subject, only concerns interpolation between two,
or at most finite, many Banach spaces. Also some applications concerning Hardy type
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operators were pointed out (see e.g. the book [14], especially Chapter 2 and Section
7.5).

In this paper we state and prove some new contributions in this fascinating new
inequality area. For example, we prove some new power mean inequalities in refined
continuous forms. And we also present some new applications of our results connected
to material science and so called homogenization theory. There are also several mono-
graphs in these areas but as far as we know these applications are new also there.

The paper is organized as follows: For the readers convenience we use Section 2
to illustrate the usefulness of some old and new ideas and facts described above in the
case of Holder type inequalities. In Section 3 we discuss power mean inequalities and
in particular state and discuss a continuous power mean inequality (see Theorem 3.1).
Partly inspired not only of the book [19] but also by some new results on refined discrete
power mean inequalities in [5], in Section 3 we also derive some new refinements of
Theorem 3.1 by using the concept of superquadratic functions (a variant of convex
functions), see Theorems 3.9 and 3.13.

In Section 4 we present a new application (in addition to the interpolation and
Hardy type operator applications mentioned above) of continuous inequalities. This
application is illustrated in the case of heat conduction in composite materials and ho-
mogenization theory (see e.g. the books [8] and [25]). However, for researchers in
these areas it is obvious that the same ideas can be used also to solve other problems
connected to composite materials, e.g. to estimate elasticity and effective strength prop-
erties, see Remark 5.4. Finally, Section 5 is reserved for final remarks, results and open
questions of interest both in mathematics and engineering sciences.

Conventions: In this paper (Q, 1) denotes a o -finite measure space, f and g are
measurable functions on (, 1) and p > 1.

2. Holder’s inequality as an example how convexity can be used to prove
inequalities even in the continuous case

As a simple introductory example of the fact that convexity implies classical in-
equalities we show that even the fact that the exp function is convex indeed more or less
immediately implies Holder’s inequality:

[ reiant) < ( / f”(X)du(X)) v ( i gq(x)du(x)> e

1 1
—+-=1, p>1
P 4

Indeed, we note first that the homogeneity implies that it is sufficient to prove (2.1)

with | |
(/pr(x)dll(x)> " = (/ng(x)dy(x)> o 1

By using that y = ¢, convexity of the exp function and standard rules for inte-
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grals and logarithms we have that

| r@s@duo = [ Oau ()
Q Q

_ / VPP /aing () g ()
Q

</ (1 ) 4 Lot )du()
q
/f” Y (x) + /g Y (x

=1
Pq

It is remarkable that this main fact above is also true concerning the more general
continuous version of Holder’s inequality as described in [19]. We illustrate this fact
by again considering Holder’s inequality (2.1). First, we note that by substitutions (2.1)
can be written on the form

/Q(fl(x))a(fz(x))l “du(x) (/fl )du(x ) (/fz Y (x )l_a, 0<a<l,

(2.2)
with a = 1/p, i.e. as an inequality between two standard geometric means. In (2.2)
the index set contains only two numbers 1 and 2 but of course it holds in obvious form
also if the index set is 1,2,...,N (see (2.3)). But what can happen if the index set is
infinite or even if the index set belongs to some general measure space? This is one
basic idea behind the new theory for continuous forms of classical inequalities. Indeed
the following form of Holder’s inequality (2.2) holds (see [19], Theorem 1.1 and also
[12D):

THEOREM 2.1. Let u and v be weight functions on the measure spaces (Q, L)
and (W,y), respectively, such that [qu(x)du(x) =1. Let f be a positive function on
Q x V¥ and measurable with respect to the measure (Q x W, x y). Then

[ exe [ sty au o) <exp ([ [ o) ) uriauc.

EXAMPLE 2.2. Let N =2,3,..., Q=[0,1], du(x) =dx, u=1, p; > 1 for
i=1,2,...,N, with ¥ 1/p; =1 and

M), 0<x<

P2 (y), —<x\ +—
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Then Theorem 2.1 implies that

/ ﬁmy)v(y)dv <11 (f srowe) " 23

i=1
Next we state Jensen’s inequality in a little more precise form connected to con-
vexity.

THEOREM 2.3. Let (Q,u) be a measure space and let [ be a W -measurable
Sunction on (Q, 1) such that ¢(f(x)) C Q. Then the inequality

o ([ rmane) < [ ottnaue 4

holds for all probability measure spaces (Q, 1), i.e. W(Q) =1, satisfying (2.4) if and
only if @(x) is convex.

Proof. If ¢ is convex, then (2.4) holds in view of the standard form of Jensen’s
inequality. On the other hand, by applying (2.4) on the measure space, (R,A,0; +
&), with A1+ A, =1, 41,4, 20, f(1) =x1, f(2) =x, we find that

(p(?lel +A«2x2) < ll(p(xl) —|—7Lg(p(x2),

which means that the function ¢ is convex. Here, as usual, d; and &, denote the Dirac
delta function at x = 1 and x = 2, respectively. U

REMARK 2.4. A similar result as that in Theorem 2.3 obviously holds with (2.4)
reversed and convex functions replaced by concave functions. Indeed, this fact indicates
that Jensen’s inequality (reversed Jensen’s inequality) is more or less equivalent to the
concept of convexity (concavity).

3. Old and new on power mean inequalities via convexity and superquadraticity

First we define the standard scale of discrete power means pg, —oo < O < oo as
follows: »
(S mid)' 2, a0
= pa(m,A) = !
P =PalmA) {Hf’:lli’", a=0,

where m= (my,ma,...), A=(A1,A2....) withm;,A; >0 fori=1,2,... and 3>, m; =
1.

(3.1)

There exists also a similar definition for the continuous case with the Lebesgue
measure involved. More generally, we define the following more general scale of power
means Py = Py (Q, U, f), —oo < o < oo as follows:

essinf f(x), o = —oo

Pa = (foa(x)d‘u(x))l/Oﬂ, —oo o< 0, o 7é 0 (32)

exp foInf(X)du(x), o =0
esssup f(x), o =oo,
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where f(x) > 0 for the case o0 < 0.

Next we state the following continuous form of the well-known standard power
mean inequality, i.e. that Py defined by (3.2) is a non-decreasing function of o (see
e.g. [5,6,22,23,26] and the references given there).

THEOREM 3.1. The scale of generalized power means Py, —oo < 0L < oo, as de-
fined in (3.2), is non-decreasing in o.

REMARK 3.2. There are many proofs of this Theorem in the literature. Indeed,
one such standard proof is just to apply the Jensen inequality (c.f. Theorem 2.3) to the
functions @;(u) =u”, p>1, p <0, and @(«) = expu in an appropriate way.

EXAMPLE 3.3. By applying Theorem 3.1 for the case Q=R , du =¥~ m;&;,
where §; is the Dirac delta function at x =i, f(i) = A, i =1,2,..., and X2 m; =
1, we obtain the standard power scale of power means defined in (3.1). Hence, in
particular, Theorem 3.1 is a genuine generalization of the standard discrete power mean
inequality: This, in its turn, is a generalization of the Harmonic-Geometric-Aritmetric
(HGA) inequality H < G <A where H=p_|, G=pg and A = p;.

REMARK 3.4. In particular, the HGA inequality between harmonic, geometric
and arithmetric means is just a special case of Theorem 3.1, see Example 3.3. Indeed,
Theorem 3.1 implies the following generalized HGA inequality: P_; < Py < P;, which
is of special importance in our applications in Section 4.

The main aim is to prove some new refined forms of the power mean inequality
in Theorem 3.1, but first, we need some preliminaries on superquadratic/subquadratic
functions.

DEFINITION 3.5. A function @ : [0,00) — R is superquadratic provided that for
all x > 0 there exists a constant Cyx € R such that, forall y > 0

@) =) — oIy —x[) = C:(y —x). (3.3)

We say that ¢ is subquadratic if —¢ is superquadratic.

EXAMPLE 3.6. If ¢ is continuously differentiable with ¢(0) < 0 and ¢’(x) is
superadditive or ¢’(x)/x is non-decreasing, then @(x) is superquadratic. For example
the function ¢ (x) = x* is superquadratic if o > 2, and it is subquadratic if 1 < o0 < 2,
(see [1] or [19, p.65]). In this case C, = pxp‘l. Moreover, if p =2, we indeed have
equality in (3.3) in this case.

The following variant of Jensen’s inequality, or more exactly, our more precise
version in Theorem 2.3, holds (see [1, Theorem 2.2]).
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LEMMA 3.7. Let (Q,1) be a probability measure space (i.e W(Q) =1). Then
the inequality

o( [ rwant) < [ otrwane [ o(1r0)- [ rwaucol)aut. ¢

holds for all non-negative [L-measurable functions f(x) if and only if @(x) is su-
perquadratic. Moreover, (3.4) holds in the reversed direction if and only if ¢(x) us
subquadratic.

EXAMPLE 3.8. The following special case of (3.4) is of special interest: if
f: Ry — R is superquadratic, then the inequality

f (imi%) < imif (li— imjf (Mj— imh)) (3.5)
= = =1 =1

holds for all sequences {A;}7> ; and {m;}?* | of non-negative numbers such that Y7 | m;
=1 (see also formula (6) in [5] for a finite version of (3.5))

Next we formulate the following refined version of Theorem 3.1:

THEOREM 3.9. Let (Q, 1) be a probability measure space (i.e. 1(Q)=1).
(a) If g =204 >0, then

= ([ <>)Wl (3.6)
< (foreseout = [ro - [ o autlduts >)m
< ( IR (x)du(x>> "

(b) If 0 < oy <o <204, then
o 1/
(freeauto = [ - [ @aneiFdue ) <Py < P
3.7

Proof.

(a) We use Lemma 3.7 for the superquadratic function ¢(u) =u®*, a = o/ > 2,
see Example 3.6, and replace f(x) by f* (x) in (3.4) and obtain that

(f,rewauts ) < [rewdue - [ 1w - [ o mdueo)



CONVEXITY AND SOME NEW POWER MEAN INEQUALITIES 359

i.e. that

([ (x)du(x>> - G8)
< ([ wano [ [ s wanc faue)

and the first inequality in (3.6) is proved. The second inequality in (3.6) is trivial
s0 (3.6) is proved.

(b) In this case we use Lemma 3.7 for the subquadratic function @ (u) = u%, o =
0p/0q, 1 < o <2 and find that (3.8) holds in the reversed direction so the first
inequality in (3.7) holds and the second inequality follows from Theorem 3.1 so
also (3.7) holds and the proof is complete. [

REMARK 3.10. Inview of Example 3.6 for the case 0 =20 > 0 we have equal-
ity in the first inequalities in both (3.6) and (3.7).

EXAMPLE 3.11. Inspired by some recent results in [5] we note that the first in-
equalities in Theorem 3.9 can be rewritten as

P> [0 - [ 7 @)@ ap, (39)
when op > 20 > 0 and as
P < 150 = [ 7 @] M dpa (), (3.10)

in the case of 0 < o < o < 203 .

REMARK 3.12. Another estimate than that in (3.9) in the special case of discrete
power means (see (3.1) and Example 3.3) was proved in [5]. However, it should be
interesting both to compare the estimates and to generalize the results in [5] to this
more general situation. See especially [5, Theorem 5, estimate (12)].

Theorem 4 in [5] also covered the situation op < 20 < 0 where the same esti-
mate was proved to hold. We finish this Section by stating a continuous power mean
inequality covering also this situation.

THEOREM 3.13. Let (Q, ) be a probability measure space (i.e. L(Q)=1).
(a) If o <204 <0, then

Py = ( [ 7 wan <x>) o

(/ FE@du(x /‘fa' /f"” )l (x)| % dp (x ))l/az. G.11)

< ([ oauc) R
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(b) If 200 < op < ay <0, then

(/ SR /‘fa' /Qf“‘(X)du(X)g%du(x))l/az (3.12)

<PO(2<PO(1'

Proof.

(a) Since o < 2a; < 0 is equivalent to that —op > 2(—0y) > 0 we can use (3.6) to
find that

(/Q f ()du (x)) o
</f = (x)aux) [ 1 )—/Qf"‘l(x)du(x)g?du(x))1/“2
< ([rowane) "

By now replacing f(x) by 1/f(x) we obtain that

- ( A f“%x)du(x))l/az (3.13)
( [ rs@anto~ [1ree - [ 5 (x)du(xng?du(x)) "
< ([, (x)du<x>) l/al

so (3.11) is proved.

(b) In this case the first of the inequalities in (3.11) holds in the reversed direction
since the function @(u) = u®*, o= o0p/ay, 1 < a < 2, is subadditive. See
Example 3.6 and Lemma 3.7. The second inequality follows from Theorem 3.1
so the proof is complete. [J

REMARK 3.14. Note that Theorem 3.13 (a) implies that estimate (3.9) holds also
for this case. This means that we have an estimate of the same type in both cases
covered in Theorem 4 in [5] for the special case with discrete power means studied in
this paper. However, no estimates of the type covered by our (b) parts of Theorem 3.9
and Theorem 3.13 can be found there.
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4. Some illustrations and applications related to material science and
homogenization theory

First, we consider the simple situation where we mix two materials in proportions.
m;, i=1,2 i.e. m; +my =1 and heat conduction numbers A;, i = 1,2. The effective
. . 1
heat conduction number A.;; will then be some power mean pg = (21-2:1 mi/li“) /e
for some o, —1 < o0 < 1, see e.g. [25]. The extreme situations will be the “laminate
situation” in parts a) and b) in the following figure:

Heat b) Heat
% Aepf = miaq + moay % Aesp = 1/(miay + maas)
c) Heat Heat
d)
g Aesp = P, for some a,
Nopr— AT eff = Pa
eff =% —“l<a<l

e

Figure 1: Heat flow through material with different heat conduction numbers.

REMARK 4.1. The situation above can easily be generalized to the situation with
n, n = 3,4,... materials involved. The investigations in this paper show that we can
even have infinitely many materials involved and we get the conclusion that in this case
we have that

Py <Agp <P,

with P, defined in (3.2), see Remark 3.4 and the corresponding more detailed explana-
tions in [11].

The description above can be applied also in several other physical situations (see
Remark 5.1) but as in the introduction of the homogenization books [8] and [25] we
continue to concentrate on the heat conduction case. For example the situation in Fig-
ure 1 b) can even be illustrated in one dimension via the equation:

d du

S0 = ) @1
where y(x) is called thermal conductivity (see e.g. introduction of the book [8]). The
equation (4.1) can be interpreted as the one-dimensional heat equation when the steady-
state situation appeared i.e. when %u(x,t) = 0. Moreover, f(x) is a so called internal
heat kernel which forces the heat distribution. In the simplest situation in [8] the bound-
ary conditions u(0) = u(1) = 0 are used. However, here inspired by the introductory
example in the book [25] we do not force the heat distribution by the source term f(x)
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and instead force it with a left boundary condition. More exactly we study the problem
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& (1) E) =0
—y(0)% =

u(l)

Steady-State Temperature: Composite vs Effective Homogeneous Rod

1
0.

Steady-State Temperature: Composite vs Effective Homogeneous Rod

12 —— Composite rod (3 materials) 12 —— Composite rod (3 materials)
s --- Effective rod (1 = 0.857) - -~ Effective rod (A = 0.857)
1.0 1.0
08 08
z S
206 206
9 ]
g g
£ £
& &
0.4 04
02 02
0.0 00
00 02 04 06 08 10 00 02 04 06 08 10
Position x Position x
(@) e=1/4 b e=1/8
Steady-State Temperature: Composite vs Effective Homogeneous Rod Steady-State Temperature: Composite vs Effective Homogeneous Rod
12 — Composite rod (3 materials) 2 — Composite rod (3 materials)
b -~ Effective rod (A = 0.857) -~ Effective rod (X = 0.857)
10 10
08 08
206 206
g 2
£ £
& 8
0.4 04
02 02
0.0 00
0.0 02 04 06 08 10 00 02 04 06 08 10
Position x Position x
(c)e=1/16 e=1/32

Figure 2: Steady-state thermal converges as € — 0 (in blue) vs. homogenized rod (in red
dashed).

In a periodic distribution situation related to homogenization theory this was illustrated
in [25] in a concrete situation with two materials involved. However, here we do a
concrete illustration with three materials involved: This can be done as a transmission
problem.

, onl;, j=12,...n,
YL (x) =y (x) 2 (x),
)=u"(x), ji=1,2,..n—1.

neven, Ij = ()ijl,xj'),

X =Xj,
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In Figure 2 we illustrate this in a typical way in homogenization theory: We in-
troduce a parameter € = 1/n, where n is the number of periods of equally distributed
materials in each period.

REMARK 4.2. In the example above it is obvious that we get the usual conver-
gence even pointwise in this “homogenization procedure” when we let € — 0, i.e. when
n — oo, In more advanced situations in more dimensions, more advanced technical sit-
uations, (e.g. fibre composite materials), we need more advanced types of convergence
in homogenization theory. For example, in a little more advanced situation of our ex-
ample above we get only so called weak-type convergence (see e.g. [8, Theorem 5.5]).
In other cases we have strong convergence but in homogenization theory even more ad-
vanced types of convergence are used e.g. I'-convergence, G-convergence, two-scale
convergence, etc. See [8], [25] and other books in homogenization theory and the ref-
erences therein.

REMARK 4.3. One novelty of this paper is that the homogenization procedure in-
volved above with three materials involved can be performed not only with finite many
materials involved but also with even formally infinitely many materials involved. We
believe that this fact has not been clearly mentioned so far in the vast homogenization
literature.

5. Final remarks and results

REMARK 5.1. First time we discovered the importance to prove a Holder inequal-
ity on continuous form was when we started to develop our theory for real interpolation
between infinite many (indeed continuously many) Banach spaces, see [ 18] and c.f. also
[7]. Our simple first idea was to put our Banach spaces on the unit circle in the complex
plane and consider the “intermediate” interpolation spaces inside the unit circle and try
to work like in classical harmonic analysis via Poisson kernels etc. In classical interpo-
lation theory there is only two Banach spaces involved which are put e.g. to the points
0 and 1 att the real line and the “intermediate spaces” are those with main index strictly
between these points. For a popular description of interpolation theory between infinite
many spaces we refer to Appendix of the new book [19].

REMARK 5.2. We pronounce that the results in our Theorem 3.9 and Theorem 3.13
we have equality for the case o = 2. Hence, for this case our result can not be im-
proved and this fact is also of interest for our next remark.

REMARK 5.3. We have pointed out that some estimates in the special case studied
in the recent interesting paper [5] (discrete power means involving finite sums) can be
compared with our estimates (see Remark 3.12 and Remark 3.14). It is not clear which
of the results are more sharp in various situations. However, for the case ay = 2a; the
situation is clear (see Remark 5.2). It seems to be an interesting open task to try to
generalize also some other refined power mean inequalities in [5] to the more general
continuous form studied in this paper.
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REMARK 5.4. Concerning the illustrations/applications pointed out in Section 4
we have only considered heat conduction. However, it is obvious that such illustra-
tions/applications can also be given for other important engineering problems, such as
effective properties of optimal design, cellular solids, elasticity and strength of compos-
ite materials — for previous such results see e.g. [24], [25] and the PhD theses [15], [16],
[28] and [4]. In [1 1], we complement Section 4 by giving similar concrete illustrations
of various kinds, e.g. to chosen results in these and related PhD theses. Concerning the
importance of inequalities in Mechanics and Physics, we also refer to the book [9] by
Duvaut and Lions.

REMARK 5.5. The Hardy operator H : H f(x) = % Jo f(t)dt is an arithmetic mean

operator but replacing f(x) by (f(x))* and H (f(x)) by (Hf (x))l/ “ we get a scale of
power mean operators which, together with the power mean inequalities given in this
paper, can alternatively be used in all results in Hardy-type inequalities, see e.g. the
well cited book [14] and also [27] and the references therein. By using also the results
in this paper we can obtain new and well known results. We will return to this question
in a forthcoming paper. Here we also remark that Hardy type inequalities are also of
interest in Homogenization Theory, see e.g. the PhD thesis [13], and in the theory of
continuous inequalities, see the book [19].

REMARK 5.6. In Section 3 we used the concept of superquadraticity/subquadra-
ticity to derive our refinements. However, there are many other techniques e.g. to use
strong convexity, y-convexity, y-superquadraticity, and even superterzatic functions
as developed by S. Abramovic and L. E. Persson, see e.g. [3, Theorem 2], where
the critical turning point in Jensen’s inequality is p = 3 instead of p =2 as in the
superquadratic case (see Lemma 3.7). In this connection we also refer to the book [19]
and papers [2], [20] and [21].

Acknowledgement. We thank the careful referee and Professor Sanja VaroSanec for
some generous and perfect advice, which has improved the final version of this paper.
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