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APPROXIMATION BY PARTIAL INTEGRALS
OF DOUBLE FOURIER INTEGRALS

PRINCE ASHVINBHAI BHUVA

(Communicated by C. P. Niculescu)

Abstract. In this paper, by giving rate of convergence under certain conditions we approximate
the function of two variables by partial integrals of its Fourier integral. Also, in particular as a
corollary, we get a two-dimensional analogue of the Dirichlet-Jordan theorem for Fourier inte-
grals.

1. Introduction

The Dirichlet-Jordan theorem (see, e.g., [16, p. 57, Theorem 8.1]) asserts that the
Fourier series of 2m-periodic function f of bounded variation on [—7, 7| converges
at each point and the convergence is uniform on closed intervals of continuity of f.
R. Bojani¢ [4] quantified this result by estimating the rate of convergence of the Fourier
series at that point. Later on, R. Bojani¢ and S. M. Mazhar [5] proved a similar result
for Norlund means of Fourier series of functions of bounded variation. Furthermore, F.
Moéricz [9] obtained a two-dimensional analogue of the result established by R. Bojani¢
[4]. Also for non-periodic functions, the Dirichlet-Jordan theorem for Fourier integrals
was given in (see, e.g., [15, p. 13, Theorem 3]). Recently, P. A. Bhuva and B. L. Gho-
dadra [3] have quantified this result by estimating the rate of convergence of the Fourier
integrals of functions of bounded variations over R := (—oo, o) at that point. Further,
they [3] have given the rate of convergence of Norlund means of Fourier integral of
S, where f is of bounded variation over every finite interval [a,b], —e0 < a < b < eo.
Here, we are going to establish a two-dimensional analogue of the result of P. A. Bhuva
and B. L. Ghodadra by giving the rate of convergence of partial integrals of double
Fourier integral of f, where f is of bounded variation over R?. This result also serves
as the Fourier integral analogue of the theorem of F. Méricz [9].

Mathematics subject classification (2020): 42B10, 41A25, 26B30, 40A10.
Keywords and phrases: Rate of convergence, pointwise convergence, function of bounded variation on
R?, double Fourier integral.
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2. Notations and definitions

First, we recall the definition of Fourier series of f. Let f be a Lebesgue inte-

grable function over L!(T); T := [~x, 7). Then its Fourier series is defined as
1 < .
a0+ Y (ancosnt + bysinnr),
n=1

where a, and b, are given by the usual Euler-Fourier formulae. If Sy is the kth partial
sum of Fourier series of f then,

1 k
Se(f3x) :=Sk(x) = an—l— Y (ancosnt +by,sinnt), k€ NU{0}.
n=1

The double Fourier series of a function f(x1,x;) € L'(T?), T := [~7,7), is given
by (see, e.g., [12])

oo oo oo oo

3D Anmnx1,x2) = Y, D An[ Oy OSMXT COSNXy + Py sinMX| COSTX,
m=0n=0 m=0n=0

+ YimnCOSMX] SINNXY + Oy SINMX] SINNXD),

where
Om,n / f(t1,12) cosmty cosntrdt dty,
Binn = —2// Sf(t1,12) sinmty cosntrdtydry,
: 72 ) )
1 .
Ynn = —5 f(t1,12) cosmt sintydrdty,
: 72 )
1 . .
Omn = — zf(t17t2)smmt1 sinntydtdt>,
T
and

1 1
2'm.,r1:l7 A'm,():lﬂ,n:§7 mvnENa 2’0,0:1'

If S, is the mnth partial sum of double Fourier series of f then,

S (f3X1,%2) := Spn(x1,X2) EEAJ x1,x2), m,n€NU{0}.
i=0j=0

The Fourier integral of a function f(x) € L'(R), is given by (see [15, p. 1])
/ (a(u)cosux+ b(u) sinux)du = / A(u,x)du, say,
0 0

where

:%/Rf(t)cosutdt and b(”):%/Rf(t)Sinutdt.
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If S(f;y,x) is the yth partial integral of the Fourier integral of f then,
S(f53,x) = S(,x) /Aux u, ycR".
The double Fourier integral of a function f(x1,x;) € L!(IR?), is given by

/ / (u,v) cosuxy cosvxy + B (u,v) cosuxy sinvxy + y(u,v) sinuxy cosvxy
+ 8(u,v)sinux; sinvxz)dudv:/ / A(u,v,x1,x2)dudv, say,
o Jo

where |
(X(u,\)) = ?//zf(tl,tz)cosutl cosvtrdtdty,

ﬁ(u v // ftl,l‘z)COSutlSlnvl‘zdl‘ldl‘z,
)/(u v // ftl,t2)51nut1COSVl‘le‘ldtz,

8(u) = = / /R f(tn, ) sinun sinvisdiydry,

If S(f;y1,y2,X1,X2) is the y;y,-th partial integral of the Fourier integral of f then,

Y1 y2
S(f;ylay2axlax2) = S(Yl;)’27x17x2) = /0 0 A(u,v,xl,xz)dudv, YiL,y2 € RJr'

It is important to note that the double Fourier integral may not exists in Lebesgue’s or
other sense, (e.g. as an improper integral).

Now, we recall the definiton of functions of bounded variation over R. For that,
first we give the definition of functions of bounded variation over [a,b], —eo <a < b <
oo,

A function f: [a,b] — R is said to be of bounded variation over the interval [a,b],
in symbols: f € BV[a,b], if

Vi(f.la.b)) —sup{zvxk <xk1>}<w,
k=1

where supremum is taken over all partitions a = xg < x| < ... <x, = b of [a,b]. The
total variation function Vy(x) of f(x) on [a,b] is defined by

Vf(x) = Vl(f7 [a’x])’ RAS [a’b]'

A function f: R — R is said to be of bounded variation over R, in symbols:
fe€BV(R),if

i/ R) = sup { S1700) —f(xn)} <o,
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where T is a finite collection of non-overlapping subintervals [x;,y,] in R.

It is clear that above definition of bounded variation over R can be reformulated
equivalently as follows. A function f: R — R is of bounded variation if f € BV|[a,b]
forall —eo < a < b < e and sup{V;(f,[a,b]) : —e> < a < b < e} is finite. Furthermore,
if this is the case, then the total variation V;(f) := Vi(f,R) is given by

Vi(f) = sup{Vi(f,[a,D]) : =00 <a < b < eo}.

Similarly, we can define functions of bounded variation over [a,), for any a € R.
Now, we recall the concept of bounded variation in the sense of Hardy over R?
(see, e.g., [7]). For that, first we give the definition of functions of bounded variation in
the sense of Hardy over R := [ay,b;] X [az,b;].
A function f(x,y) defined on R is said to be of bounded variation over R in the
sense of Vitali, in symbol: f(x,y) € BVy(R), if

( ) = Ssup Zz‘f xlayj xl layj)_f(xiayjfl)+f(xi717yj71)|<°°7
01 XD =1 j=

where the supremum is extended for all finite partitions Q1 :a; =xp <x; <x < ... <
Xm=by and Qr:a, =yo <y; <y2 <...<yn=by of the intervals [a;,b;] and [az,b3],
respectively. A function f in the class BVy(R) is said to be of bounded variation over
R in the sense of Hardy and Krause, in symbol: f(x,y) € BVy(R), if the marginal
functions f(-,ay) and f(ay,-) are of bounded variation over the intervals [a;,b;] and
[a2,by], respectively. The total variation function v¢(x,y) of f(x,y) on R is defined by

Vf(x7y) = V2(f7 [alax] X [a27y})7 X e [ahbl]’ ye [a27b2}'

A function f:R?> — R is said to be of bounded variation over the real plane R?
in the sense of Vitali, in symbols: f € BVV(Rz), if

Va(f,R?) =

||Ms

Z (k) = fOc—1,06) — F(xy—1) F f (1, %-1)| < o0

where the supremum is extended over all finite sequences —oo < xp < X1 < ... <Xy < oo
and —oo < yg < y; < ... <y, < oo, where m,n = 1,2,...; while V5(f;R?) is called
the total variation of f over R”. Similarly to the case of functions f € BV (R), the
above definition can be also equivalently reformulated as follows. A function f : R? —
R is of bounded variation over R? if and only if f is of bounded variation over all
finite rectangles [ay,b;] X [az,b;], —o0 < a; < by < oo and —eo < ap < by < o0; and in
addition, the set of the total variations of f over all bounded rectangles [a,b] X [az, b2]
is bounded. Furthermore, if this is the case, then the supremum of the set of these total
variations over all bounded rectangles [a,b;] X [as,b,] is equal to Va(f;R?) defined
above. A function f € BVy(R?) is said to be of bounded variation over R? in the sense
of Hardy, in symbols: f € BVy(R?), if the marginal functions f(-,y) and f(x,-) are of
bounded variation on R for any fixed value of y € R or x € R, respectively.

In a similar way, one can define the notion of bounded variation in the sense of
Vitali and in the sense of Hardy over [0, o) X [0,00).
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Next, we recall the definition of the double Riemann-Stieltjes integral (see, e.g.,
[7]). We say that a function g(x,y) is integrable with respect to the function f(x,y) in
the Riemann-Stieltjes sense over R if the limit of the approximating Riemann-Stieltjes
sums

S 1= ;Z g(&i.mj)[f (xisy;) — fxic1,yj) — f(xisyj—1) + f(xiz1,yj-1)]

exists, as the partitions Q :a; =xg<x; <x <...<xy=byand Qr:ay =y <y <
y2 < ... <y = by, get finer and finer in the sense that the mesh size

p(Q1 X Qy):= max{ max (x; —xi_1), Igax (yj—yjl)} —0

1<i<m 1<j<n
while the intermediate points
xio1<&E<x oand yjo <n;<y;, i=12,...m; j=12,....m

are arbitrary. The Riemann-Stieltjes integral of g(x,y) with respect to f(x,y) over R,
in symbol:

b1 by
/ g(r,y)dudyf(x,y) or /gxyddyfxw

is defined as the limit of the sums sy, , as p(Q1 x Q2) — 0 (provided this limit exists).
We note that if f is of bounded variation over R, then f(x+0) and f(x —0)
exist at every point x € (—oo,00). Similarly, if f is of bounded variation in the sense of
Hardy over R?, then f(x+0,y+0), f(x—0,y+0), f(x+0,y—0), and f(x—0,y—0)
exist for (x,y) € R2.
We use the following notations:

f(x,x) = %[f(xl +0,x+0)+ f(x1 —0,x24+0) + f(x1 +0,x0—0) + f(x; — 0,x2 - 0)],

M(g) =lubyep(|g(x)]), D isthe domain of g,
Vi(f,la,b]) = M(f)+Vi(f,]a,b]),
V2/(f7 [a’b]7 [C,d]) = 3M(f) +3V2(f7 [a’b] X [C’d}) +V1(f(',C), [a7b]) +Vl(f(a7')’ [C’d])
For x € R, we define

0ul0) = {g 4 fle—o) = flet 0)= fz=0), £ € (0)
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and for (x1,x;) € R?, we define

f(x1 +tl,xz+l2) +f()C1 +11,x2 —lz) +f()C1 —11,X2 +t2)
+f(x =110 — 1) = 4f"(x1,x2), 11,12 € (0,00);

S 4+0,x+0)+ f(x1+0,x00— 1)+ f(x1 — 0,00 +12)
¢x1x2(tl7t2) = —|—f(x1 —0,x2—l‘2) —4f*(X1,XQ) tiy1=0andt, € ( ),
O +t,x040) + fx +1,00 — )+f(x1—t1,X2+0)
+f(xp—11,00—0) —4f"(x1,x2), 1 € (0,00) and 1, =

0, H=r=0.

and
8x1x; (tl’t2) = ¢X1X2 (tlat2) - ¢x1xZ (0,1‘2) - ¢x1x2 (tlao)a 11,0 € RT.

Jordan proved that if f is a 27-periodic function of bounded variation on [—7, 7],

then its Fourier series converges to 3[f(x+0) + f(x — 0)] at each point of x (see,

e.g., [16, p. 57, Theorem 8.1]). R. Bojani¢ [4] give the quantified version of Jordan’s
theorem for Fourier series as the following theorem.

THEOREM 1. If f is a 2;-periodic function and is of bounded variation on [—n, |,
then for x € [—m, 7] and n € N we have

S.(f20) — 3/ (x+0) + (x—0) 0’ ZVI(@,{,—D.

Also, FE. Méricz [9] established a two dimension analogue of above theorem, which
is stated as follows.

THEOREM 2. If f(x,y) is 2;-periodic in each variable and is of bounded varia-
tion over |[—T,Tt| X [—7, 7| in the sense of Hardy and Krause, then for all m,n > 0, we
have

41+2+2%

mzz 20 [0.5] < 05])
S oo b2

B S0 p3])

For non-periodic functions, Jordan’s theorem for functions of bounded variation is
as follows (see, e.g., [15, p. 13, Theorem 3]).

|Smn(f;xl 7)62) - f*(x17x2)‘ <

THEOREM 3. Let f € L'(R). If f is of bounded variation in an interval including
the point x, then

;[f(x+0)+fx 0)] //f cosu(x —1t)dtdu.
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If f is continuous and of bounded variation in an interval (a,b) then

_ %/Ow/:of(t)cosu(x—t)dtdu

the integral converging uniformly in any interval interior to (a,b).

Recently, P. A. Bhuva and B. L. Ghodadra [3] have quantified above result by
giving rate of convergence of Fourier integral of functions of bounded variation over R
as the following theorem.

THEOREM 4. Let f € L'(R)NBV (R). Thenforany a,y € R* withn<y<n+1;
n € NU{0} and for any x € R, we have

S0 = g7e+0) + G =0)] < 57 30 (o 0. 2] ) + 5

where A denotes a positive constant not necessarily the same at each ocurrence.

In this paper, we present a two-dimensional analogue of the above theorem by
establishing the rate of convergence of the double Fourier integral of functions of
bounded variation over R? in the sense of Hardy. This result can also be regarded
as the Fourier integral analogue of Theorem 2. Consequently, our theorem shows that
any non-periodic function of two variables with bounded variation can be approximated
by the partial integrals of its Fourier integral. As a corollary, we obtain Fourier integral
analogue of Jordan’s theorem for functions of two variables.

3. Results
Our main results is the following theorem.

THEOREM 5. Let f € L'(R*)NBVy(R?). Then for any a,b,y;,y; € RT satisfy-
ingm<yy <m-+1and n<y, <n+1, where myn € NU{0}, and for any x;,x; € R,
we have

SO1,y2,x1,%2) — [ (x1,%2)
Ko )

L)l ,-z()vl <¢XIX2(-70)7 {0’ erLlD

o(1) ! b o(1) o(1) o(1)
+1%Vl<¢xlxz(0w)7 [07j+1]>+ + + (D

+

n yiy2 i »
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Since continuity of @y, (f1,72) at ; = 0 =1, implies that (see e.g., [9, p. 349])
s l(iszm OV2(¢X1X2a [0761] X [0,52}) = lim Vl(¢x1XZ('a0)a [0751])
1, —>

= 812121 V1(¢x1x2( )7 [0762]) =

the right hand side of (1) tends to 0 as y;,y, — o and hence, we get the following
corollary from above result.

COROLLARY 1. Let f € L'(R?)NBVy(R?). Then the double Fourier integral of
f is converges to f*(x1,x2), for every (x1,x2) € R?.

4. Proof of the results
We need the following lemmas to prove our theorems.

LEMMA 1. Consider n € N. For j=0,1,...,n, let aj and b be real numbers.
Let Bj =Y}_ ;b and B =3/ _obi. for j=0,1,....n. Then

n n
Y ajbj= Y laj—aj-1]Bj+aoBi, 2
j=1 j=1
and
n—1
Zajb = Y (aj—aj1)B;+a,B,. (3)
Jj=0

LEMMA 2. Consider (m,n) € N>. For j=0,1,....,m and k=0,1,...,n, let ajx
and bjy be real numbers, and let By, , = ;'n=0 Y0 bjk. Then

m n m—1n—1

N> ajibjx=amnBmn+ D, 2,(@jx—ajs16—ajpr1+aj01041)Bjx
Jj=0k=0 J=0k=0

n—1
+ Z Ajn— a]+1n jn"’Z Amk — amk+1)Bmk 4)
J=

Also, if we assume that Bjy = Xy_; Xy by and Byyi 1 = Bjnt1 = Bui1k =0,
for j=0,1,....m, k=0,1,...,n, then

ﬁ

j:

n

m
/ykbj.,k Z Z ajk—aj-1k—ajj1+aj1k-1)Bjx

I M=

m

Z —aj_10)Bj1+ Y, (aox—aox—1)Bix+aooBi1. (5)
= =1
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LEMMA 3. ([10, Lemma 2]) If g(t1,t2) is continuous on the rectangle R and

f(t1,t2) € BVy(R), then f(t1,12) is integrable with respect to g(t,t2) over R in the
Riemann-Stieltjes sense, and

by by by by
/ f(tl7t2)dt1dt2g(tlat2) :/ g(tlatz)dtldtzf(tl7t2)
ap az ap az

ajy a

by by
+ | f(t,b2)dy g(t1,02) — | f(t1,a2)dy g(t1,a2)
1

by by
+ / F(or,02)dig (b, 12) — / Flar2)dnglar i)
ap az

_f(blabz)g(bhbz) +f(a1,b2)g(a1,b2)
+ f(b1,a2)g(b1,a2) — f(a1,a2)g(ar,az). (6)

LEMMA 4. ([10, Lemma 3]) If f(t1,52) € BV (R) and
51 15
st = [ [“heydsay+C. () € R
ajy a
for some function h(ty,t2) € L'(R) and constant C, then
by by by by
/ f(t1,02)dy dig(t1,0) = / f(t,0)h(t,t2)dtdty.
ap a ap a
LEMMA 5. (see [6]; see also [10, Lemma 1]; and see proof of [7, Lemma 3.5]) If

g(t1,12) is continuous on the rectangle R and f(t1,t2) € BVy(R), then g(t1,12) is inte-
grable with respect to f(11,12) over R in the Riemann-Stieltjes sense and

by by
/ / g(tl7t2)dt1dt2f(tlat2)
ay Jap

by ba

</ / |g(t17t2)|dt1dt2vf(tl7t2)7
ag an

where v¢(t1,0) = Va(f, [a1,n] X [az,12)).

LEMMA 6. Suppose y,a € RT. Then for any a < ¢ < o, we get

/C sinyt
a t
1

Proof. Let a,y € RT be fixed. Since + Is a non-negative and non-increasing

function, using second mean value theorem (see, e.g., [2, p. 3]) there exists k € [a,¢]
such that

2
<= @
ay

< sinyt 1 [k 1
/ I g = —/ sinyrdt = —[cosya — cosyk].
a t aJa ay

Hence, for a < ¢ < o,

/C sinyt
a t

1 2
= '—[cosya—cosyk] < —. (8)
ay ay
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If ¢ = oo, then using (8) we get

/ Smytdz’ — lim
a t

Cl—°

1 sinyt 2 2
/ Sy dt‘g lim = =2, O
a t cr=ee @y Ay

LEMMA 7. Let g(t) € BV[a,) with a > 0. Then for any y € R*, we have

2

[ e ™| < 20+ ile o] = 2V )

Proof. Let a,y € R™ be fixed. Observe that

- v . -
/ g(t)sn;y dt = lim g(t)SH;y dr.
a

c—oo Jq

Since g € BV]a,) and by Lemma 6,

.
/ Slny”d”’ < 3 < oo,
a H ay

we get (see e.g., [1, p. 158, Theorem 7.26]),

o N c Q1
/g(t)S“;ytdz lim g(t)d,</ %duﬂ. ©)

Since g() and [} Si"Ty“du are of bounded variation on [a,c] and [’ SinTy“du is contin-
uous, by partial integration formula (see e.g., [14, p. 122]), we have

[
. ¢ sin a gin ¢ ! sin
tim [st0) [ au o) [T [ [ g

C o1 C 1 Q1
/ S“Ly”du’ﬂim / ( / S“Ly“du)dg(z)

C—o0
Using Lemma 6 and the fact that, a function of bounded variation is bounded, we get

< lim |g(c)] ) (10)

lim |g(c)|

C—0

¢ sinyu 2
du| < M(g)=. (11)
[ u| 0=

Since g(t) € BV[0,) and [! Si"Ty“d;,L is continuous, using [14, Theorem 6.29] in the
second term of the right hand side (10), we get

[ ( [ Si‘%”du)dg(t)

C
< lim

Cc—ro0

lim

C—o0

.
/ S“Ly” du‘dVg(t).

a
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Using Lemma 6 and then as g € BV[a,e0) and 1 is a continuous function, using (see
e.g., [L1, p. 232, Theorem 1]), we get
c 1 Q1
fim / ( / S“Ly“ d,u)dg

C—o0

hm—/dvg < lim — Vl( Jla,c))

c—eo (Y C—)nx) ay

2
— a_yVl(gv[a7°°))' (12)
Using (11) and (12) in (10), we get

[ s ™| < 2 )+ e e ©

LEMMA 8. Let f € BVy(R), with ay,ay > 0. Then for any y1,y2 € RT, we have

/ /b2 smym siny»t) syt
ap 15}

< 7[3M(f)+V1(f(',b2)»[al,bl])Jer(f(bu'%[a27b2})+V2(f» [ar,b1]x[az,b2])].
aazy1y:

Proof. Let ay,a,y1,y2 € R be fixed. Using Lemma 6,

/b1 /b2 siny; 1 sinyzvd“d ‘< 2 2 _
a u v aiyi azyz

Since f € BVy(R) and Si“tylt‘ smtﬂ € L'(R), using Lemma 4, we get

b2 sm 11 sinyot
/ / oty S y;7; sinyy zdt dts
ay 131 15

by by 5] D Q1
= f(tl,tg)dtldQ(/ Slnzludu/ Smjzvdv)

ay Jay ay az

Since f € BVy(R) and f Jo 2 “ny S i gmvzVdudv is continuous over rectangle R, using
Lemma 3 in above equality, we get

by rb2 siny t; siny»t,
[ [ s,
a 1 15}

by by 1 sin 2 siny, v
_ [/ / (/ yl“dy/ 2 dv)d,ldtzf(thtg)
ay Jay aj u az v
b1 1 g1 by i \%
+ f(zhbz)dn( [ | S“‘idv)
aj aj u az v
by by g 2§ \%
+/ f(bl,tz)dt2</ smylﬂd”/ siny, dv)
az aj u az v

b1 sin b2 giny,v
ot [T gy [ gy

ay

=1L(y1,y2) +L(y1,y2) +B(y1.y2) +1a(y1,y2), say. (13)
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Since [;! [;2 “nyl” SV dudv is continuous over rectangle R and f(x1,x2) € BV (R).

using Lemma 5 we get
/11 Sinyl‘udu’ /lz sinygvdv
ap u a \4

by by
nowl< [
ajy a

Using Lemma 6 and then as f € BVy(R) and the constant function 1 is continuous and
bounded, using [7, Eq. (19)], we get

L(, // dth,t
1L (v1,y2)] A Al 1L 7(11,12)

Va(f,lai,b1] x az,bs]). (14)

d,l dIZVf(tl,l‘z).

alaz}’ly

Since f(11,b2) and [,! Smy‘“du fhz 302V dy are of bounded variation on [a;,b;] and

Jat SV gy % Jas by Sln\fzvdv is continuous on [ay,b;], by partial integration formula

(see [14, p. 122]), we have

b1 sin b2 siny, v
1Ly y2)|l = ’f(bl,b2)</ i'udu/ idv)
ai lJ' an \%
41 sin b2 siny, v
—f(al,b2)</ ﬂdﬂ/ idv)
ay lJ.
bl 11 Sln 5 S]n v
_/ (/ yl.u / y2 dV)dtlf(tl7b2) .
ajp ay

Using Lemma 6 and the fact that a function of bounded variation is bounded, we get

il <M 2 M2 2y
’ ~ T — —__av N
B ayi @y Jo ayiazy,” TP

i) 4
ajazy1ya  a1ay1y2 Ja

<

d"f(-,bz) (t) .

Since f(-,b2) € BV|[ay,b;] and 1 is continuous, using [14, Theorem 6.29] we get

4M(f) n 4
ajazy1y2 - aiazy1y2

|I2(y17y2)| < Vl(f('7b2)7[alabl])' (15)

Similarly, we can prove that

4M(f) n 4
ajazy1y2 - aiazy1y2

\B(y1,y2)] < Vi(f(b1,-),la2,b2)). (16)
Also, using Lemma 6 and the fact that a function of bounded variation is bounded, we
get

AM(f)

. (17)
aiazyi1y2

[L4(y1,y2)] <
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Using (14)—(17) in (13), we get

b2 sm Y1ty siny;tp
/ / i1, ———dtdt
ap 4] [5)

< 7[3M(f) +Vi(f(-,02),[a1,b1]) +Vi(f(b1,), [a2,ba])
ayazyiy?

+Va(f,[a1,b1] x [az,b2])]. O

LEMMA 9. Let f € BVy(R) with a; =0, a; > 0. Then for any yi,y» € RT, we
have

/b1/ smyltl Slnyzfzdt d
a )
s 2;21;’21 BM(f)+Vi(f(,02),[0,61]) + Vi(f (b1, ), a2, b2])

+V2(f7 [07b1] X [a27b2D]'
Proof. Let y1,y2,a3 € RT. Then

b b sinyjt; sinyzt)
/ / f(t,n) ———=dndnt
0 Jap 151 15}

by b sinyjt; sinyzt)
/ / f(t1,1) ———dndn|.
u’l ap (5]

= lim
ay—07t

1

Using the same technique as that used to prove Lemma 8, but using the following

estimate
bi siny, 1 bryin
/ ——dt S/ —dty < y1by,
d 151 dp h

instead of the previous one, we obtain

by b sinyt; sinytp
/ / f(t1,1) ———dndn,
dy Jay 1 15}

2;21;)21 [3M(f) +V1(f('7b2)’ [allabl]) +V1(f(b1")’ [az’bz])

+V2(f7 [a/hbl] X [a27b2])}'

<

Hence

by rba siny#; siny»t,
L s
1 2

< 2y1by
a

[3M(f)+V1(f(-,b2),[0,b1])+V1(f(b1,~),[a2,b2])
+V2(f, [07191] X [az,bﬂ)]. O
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LEMMA 10. Let f € BVy(R) with a; > 0, ap = 0. Then for any y1,y; € RT, we
have

bl b2
/ / Slnym sinyaty
ay t2

2y2b2
< am BM(f) +Vi(f(-,b2),lar,b1]) +Vi(f(b1,-),[0,b2])

+Va(f,[a1,b1] x [0,b2])].

Proof. Proof is similar to Lemma 9, we only use the following estimates

b1 siny;t 2 b2 siny, Vv by
/ SV Gl < —2— and / 2 4y g/ yadty <yaby. O
ay 1 ayi 0 \% a

LEMMA 11. Let f € BVy(R). Then for any d, € |ay,b,] and dy € [aa,b3], we
have

Vl(f('7d2)7[alabl]) < V2(f7 [al’bl} X [a2’d2])+V1(f('7a2)7[a1’b1]) (13)

and
Vl(f(dlf)v [a2vb2D < V2(f7 [ahdl] X [a2vb2]) +Vl(f(a17')v [a2vb2])' (19)

Proof. Let aj =t} <t < ... <t, = b be partition of the interval [a;,b;]. Then
observe that

> 1f(t da) = [t 1, da)|
i=1
= Z |f(tz/ad2) _f(ti/fl7d2) _f(ti/aaZ) +f(ti/717a2)+f(ti/7a2) _f(ti/flaaZ)|

Z|f tz7d2 li- 17d2) f(ti/va2)+f(ti/—lva2)|+z‘f(tz'/7a2)_f(ti/—lva2)|

i=1

—

<Wa(f, a1, b1] X [a2,da]) + Vi (f(+,@2), a1, b1]).

Taking the supremum over all partitions of [a;,b;] on both sides of the above inequality,
we get

Vi(f(-,d2), [a1,b1]) < Va(f,[a1,b1] X [a2,da]) + Vi (f(+,@2), a1, b1]).
Analogusly, we can prove that

Vl(f(d1,~),[az,b2}) < V2(f’ [al’dl] X [a27b2])+vl(f(al">7[a27b2})' U
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Proof of Theorem 5. Let x1,x; € R and a,b,y,y» € RT be fixed. Using the
formulas of o (u,v), B(u,v),y(u,v), and 6(u,v), we have

S(y17Y27X17x2)
yIV2

:/ A(u,v,x1,x2)dudv
0 0

Yoy2
= / / [a(u,v) cosux| cosvxy + fB(u,v) cosux sinvxy + y(u, v) sinux; cosvxy
o Jo

+ O (u,v) sinux; sinvx;|dudvy

i /1 e e
- / / [(ﬁ/ / f(t1,12) cosuty cos Vtzdtldt2> COSUX| COS VX2
o Jo oo oo

1 1) 00 . .
+ <?/ / f(t1,12) cosuty sin vtzdtldtz) cosuxy Sinvxy
1 oo 00 . .
+ ) f(t1,12) sinuty cosvipdtydty | sinuxy cosvxy
| O A . . . .
+ = f(t1,12) sinuty sinvipdt di | sinux sinvxy | dudy
i1 e o
:/ / ﬁ/ / f(t1,12) cosuty cosuxy(cosv(tr — x2))dtydty | dudv
o Jo | —o0 oo

i | 1 oo oo
+/ / |:?/ / f(t1 ,l‘z) sinut; sinux; (COS V(l‘z —)Q))dtldl‘z:| dudv
0 0 —oo0J —oo

1 e e
ﬁ/ / f(thtg)cosv(tz—xz)cosu(tl—xl)dtldtz}dudv

/yl/yz
0 0
yio2 [ 1 e e
/ / ﬁ/ / f(t1 +x1,12 + xp) cosut cosvtzdtldtz] dudv
0 Jo | Jw)we
i1 e e
/ / —2/ / [f(x1+t,00+0) + f(x1+11,x — 1)
o Jo |mJo Jo
—|—f(x1 —11,X2 —|—t2) —|—f(X1 —11,X2 —1‘2)} cosuty cos Vtzdtldl‘z] dudy

1 YL 2 o0 oo
-~/ /0 [ /O /O q);lxz(tl,tz)cosutlcosvtzdtldtz]dudv, (20)

where ¢ (t1,12) = f(x1 +t1,00+12) + f(x1 + 11,00 — 1) + f(x1 —t1, 02 +12) + f(x1 —
t1,%2 —13). Since @, (11,12) is integrable over R* x R and 1 is integrable over
[0,v1] % [0,y7] as it is continuous, using (see, e.g., [13, p. 423]), we have

YL Y2 oo
/O /O /O /O ‘(ﬁ;lxz(ll,tz)ﬂCOSul‘lHCOSVtz‘dudvdtldlz
YL (Y2 oo [ N
g/ / / / ‘¢x1xZ(tlat2)|dudthldf2
0o Jo JO JO
T V12
= (/ / ¢x1x2(t1,tz)ldt1dt2) X (/ / dudv) < Aypy).
0 Jo 0 0
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Hence, using Fubini’s theorem in (20), we get

1 oo oo i [y2
S(yl,yz,xl,xz):P/O /0 q);‘lxz(tl,tz)[/o /0 cosut| cosvirdudv |dtdt,

1 R sinyjt; sinyst)
== 1,t ———=dudt. 21
7.[2‘/0 ‘/0 q)xlxz( 15 2) fn IR 1an 2D

Since y;,y» € R, there exist m,n € NU{0} suchthat m <yy <m+1and n <y, <
n+ 1. Now, using (21) and the fact that [ 2%dr = % for y € R*, we have

S(yi,y2,x1,x2) — [ (x1,%2)
1 R A sinyt; sinytp
= — t,t ————dtdt
77:2/() /0 q)xlxz(l 2) tl t2 1 2
4

2
iy % [f (x14+0,%2+0)+f (x140,x2—0)+ £ (x1 —0,%2+0) +f (x; —0,x2—0)]

| O Al sinyjt; sinyyt; 1 /°° /°°
= — t,h) ——— ———=dtjdtr — — 0, 0
2 /0 /0 (lexz( 1 2) f f 1atz 2 o Jo [f(xl +0,x + )

siny;#; siny»fp

+ f(x1 40,20 — 0) + £(x1 — 0,x0+0) + f(x1 — 0,x2 — 0)]
e [ Bun02) 01,0 — G 0,02
%/Ow /Ow ¢x1x2(11,0)smt%tlmlt%t2dt1dt2
+ %/Ow /Ow ¢x1x2(07t2)sin51t1 Sint%tzdtldtz

= %/“’ /nglxz (11712)Sinty1t1 Sin¢t2cz'tlclt2
zn/ by (11,0 )smymd +_/ Brrns (02)

1 (= [att sinyjt; sinysts
:p/ / gxlxz(t17t2)—1—dtldt2

smym smy2t2
/ / gx1x2 tl7t ) d dl
n+1

dtidty
151 (5]

sinyj#; sinyt
yit 2 2d 1di
1 (5]

Slnyztz dn

n

sinyjt; sinyt)
— 1 ,ty) ——— ———=dtdt
71'2/0 /b i, (11,12) f n 1an
1 /°°¢ t O>siny1t1 di 4 1 /°°¢ (0.1 )sinyztzdt
7 Jo x1xo \I1 s fn 1 o 0 xpxo \Ys 12 P 2

b . .
1 [mF1 f7 sinyit; sinysts
= — t,hh)——— ——=dtdtr
TL'2 / gxlxz( s ) P P

sinyz; sinyzt
+ 71'2/ / 8x1x) (tlat ) ty l‘y dtdty

m+1 1 2
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b . .
1 /= [wr siny;t; sinystr
+t 3 / / gx1x2(117t2)—1—dt1dt2

1 [mi sinyjt; siny;t;
+ = / 1,1 ——==dtidt
7'52 gxlxz( ’ ) tl 1

sinyit; s1ny2t2
+ 2/ / 8xix, (11,12) —==dndt
T T 4l

m+I " n

sinyit; Slny2l2
/ / gx1x2 tlat ) t d dt2

n+l

1 fwfT sinyjt; sinyt)
+ / gX1X2 tlat ) t d dt

n2 Jo 1 1)
siny ?; sinyst
+ 2/ / 8xyx, (t1,12) —— J YRR 4 1dty
T m+1 n 17

s1ny1t1 smy2t2
+p / / g (f1,02) = — — =dndny

s1ny1t1
ZTC/ ¢x1x2 1 ) d +_/ ¢X1X2 72)

=S1(y1,y2,x1,X%2) + 52(y17y27x17x2) + S3(v1,¥2,x1,%2) + S4(y17y27xl7X2)
+85(y1,¥2,%1,X2) + Se(V1,¥2,%1,X2) + S7(y1,¥2,%1,X2) + S8(V1,y2,%1,X2)
+So(y1,y2,X1,%2) + S10(y1,X1,%2) + S11(y2,%1,%2), say. (22)

smy2t2 dn

Note that, ¢y, € BVy([0,0) x [0,%0)) as f € BVy(R?). Since ¢y,,(0,0) =0 and
[sinf] <t for > 0, we have

1|t pamn sinyi#; sinyats
S1(y1,y2,x1, = — t,h) ——— ——=dtidn,
IS1(v1,y2,%1,%2)| p= /0 /0 8xix, (11,12) . tz
1wt et
S LT LT 1001, = 000 1.0) = 001, (0.2) +001,(0,0)
iny;z iny,t
y [siny ;| |siny, 2‘dt1dt2
1 15
1 [t fatr
m+ n+
<5 Va(9x,x,5[0,11] X [0, 2] )y1y2dt1di
n2 Jo 0
1 a b a b
< =Vof Oy x5 |0, x 10,
n? 2<¢”{ m+1} [ n+1Dy1y2m+1n+1

ab a b
< V2<¢x|x2a|: ) +l:| X |:O7n+l:|>

ab 1 nlncl a b
_nzmnzzv2<¢xlxz7|:y +1:|X|:0’n+1:|)

i=0 j=0

m—1n—1 b
< m z 2V2<¢x1x2a|: s +1] |:0;]+—1]> (23)

i=0 j=0
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Further, observe that

sinyjt; sinyt)

n+1
S (y17y27x17x2 2/ / gxlxz( 17t2) —dt dt2
T m+1
(i+1)a t "
m+T n+l smyl 1 smy2 2
— Z/ / Gy (11, 12) ——— ——==dt1d1,
ﬂ: nH»l tl

(i+1)a b

i/m+l/n+lg (t1.12)—g ) te ia t
~ xpxo \L1512 XX +1 2 X1X2 m+l’2

y smyltl smy2t2

dtdt
" s 1an
(i+1)a b .
1 & [ wrt [T ia sinyjt; sinyt)
= — t,t) — — b || ——— ——=dndn,
n? lzi/m"il /0 [gxm(l 2) = &nn <m+1 2” f n
mo L =t ia siny;t; sinyot
m 111 212
N drdt
2’/mJrl / Exx (m—i—l 2) h %) 1452
= 821(y1,y2,%1,%2) +822(y1,y2,%1,%2), say. (24)

Since |sinf| < 1 for 7 € R and |sinz| <t for r > 0, we have

|S21(yl y¥2,X1 7x2)|

1o S ia siny t; sinyst,
m n 1 1
= E ) 11,1r) — —., ——==dtdt>
TL'2 ~ | a. /0 [gxlxz( ) ) 8x1x; (m 1 P P

(i+1)a b

<Li/,mﬂ /n+l
= ia 0
ia
X1X 70
+¢12<m+1 )

CF e ia 1
" v — 11| x[0,85] | —vpdt,dt
/ /O 2<¢x1x27 |:m+17 1:| [ ) 2]) t1y2 1al2

. . (i+1)a b
ia (i+1)a b mrT /ml
XXa ) 07 . - dt dt
12|:m+1 m+1}><|: n—i—l]) o 0 tl}’z 14l

ia (i+1)a <o b
T2 1 m+1 "n+1

" m+1[(i+1)a ia | by
ia m—+1 m+1|n+1

< ia (i+1)a b
_2§ <¢x1x27 {m—!—l’ m+1 ] * [O’n_p]})' (25)

Oryxs (11,12) — Bayy (11,0) — ¢x1xz< e )

[siny;t1] [sinyst]
4]

dtidt

/N
=|N| —_
T Mg

*‘I
N|'_ o T

T Mg T M§
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Also, note that

(i+1)a b

1 & [t [l ia sinyjt; sinyst)
S V2,X1,X0) = — / / N drdt
22 (V1,¥2,X1,X2) = Zi w o 8xxy (m—i—l 2) ; 1‘2 1dt
b . (i+1)a
1 [ & ia il sinyity sinyst
=— , dt dr
7‘[2,/0 ; |:gX1X2< +1 2) /ﬂ+l tl 1 t 2
(26)
Using (2) of Lemma 1, we have
i ia , ) /(’mili“ sinyfy "
= 8x1x; m+17 2 m’il 1 1
u ia (i—1a m+1 smy1t1
= Z 8x1x) <—7t2> _gx1x2< ’ 2):| Z/ tl
i=1 |: m+ 1 H=1" m+1
m+1 s1ny1t1
o) E L
m+1
o ia i—1)a i l;ntrla smy1t1
g Z 8x1xo <—at2) — 8x1x2 ( ) 2) Z/ 1 ) (27)
i=1 : m+ 1 : H=1" m+1

as gxx, (0,12) = @xx, (0,12) — Oxyx, (0,12) — Py,x,(0,0) = 0. Since m’frl ,y1 € RT and
sy <afori=1,2,3,...,m; by using Lemma 6 we have

m+l smym
3/, dn| =

u=i m+l

a  siny;t 2 1 4
/_ S“‘y“dnk—ﬂs—. 28)
ia a a

m+1 gl

Using (28) in (27), we get

= ia e sinyt
m+1 111
XX —,1 ———dt
izi[g'2<m+1 2>/"“ g 1”
ia , (i—1a ,
8x1xp m+172 8x1xp m+1a2
ia ia (i—1a
¢x1x2 (m——|—1’t2> - ¢x1x2 <m+1 ) ¢X1X2< m+1 7t2)
(i—1a
+¢x1x2< m+1 70

(i—la ia
V2<¢x1x27|: m+ 1 7m+1:| X [07t2])' (29)
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Using (29) in (26), we get
1S22(y1,32,%1 ,X2)|

T i—1)a ia sinysts
ClTC2/ Z V2 <¢x1x27 |:( i 1:| X [07t2}> %dlé

m—+

m-+
n 1 n+1 d
aﬂ:zlzll <¢x1x27|: m+ 1 7m+l:| |: :|> yadis
4b &1
Z V2<¢X1X2’|:Tﬂ’m+1:| |: :|> (30)

tll

Using (25) and (30) in (24), we get

21 ia (i+1a b
‘SZ(yherxler 2 V2 <¢x1x27 [ja m+ 1 :l X |:O7n+l:|>
1 (i—Da ia b
+—22 V2<¢x'x2’[m+l ’m—i—l}x[o’ —i—l])

4b L

n
2 218 1 ia (i+1)a b
<= 1 - —V I R 07 .
n2[+a]2g+12<%m LHJ m+1]x[ n+J>

i
Using (3) of Lemma 1, we get

\52(Y1,)’2,X1,X2)|
Rl e ] b )
+ +1V2<¢x1x2»[oa |: :|
[ 2B L e (o p ] <]
+m+1vz<¢x1xz,[o « { }
AP )
+
o
4

)
|

% 0 0
m+12<%WJ ] X _’n+L)

|
ik
|
{
}b

+1
5 [ s (00 i |
{0H

- b
+1V2<¢x1x27[0 Cl] O’I’l—f—l )}
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2L ] bt
+m+lvz<¢m,[00} {Onbﬁ)}
<Hl g e P )
+m+1V2<¢x1X2v[0a} [On—lf-l)}
-F e

m+ 1)n Z ZV2<¢x1xz,[ ’ﬁ] X

i=0 j=0
1

|
)
|
|

2§ Evlonlot) b

i=0 j=0

1 b
T zvz(@m,[o dx o7y

8b 2 1 m—1n—1 a b
<a e & Ze (e i o)) e

Analogously, we can prove that

1S4(y1,y2,%1,%2)|

8a 2 1 — a b
< +E}W%JZV2<"’X”‘”[’ m)xlor]) @

Next, we note that

b . .
1 [ [ar1 sinyqty sinyztr
1S3(y1,y2,%1,%2)| = ‘—2/ / gxlxz(tlat2)—tl —dtldlz

smym smy2t2
/ / (lexz( 17t2) fn ———dndn

(5]

< 1
)

smym smy2t2

dtydr

([1,0)

b . .
1 < [T sinyqt| sinyztr
) / / ¢x1x2 (0,1‘2) dndt
a JO [5)

1

= 831(v1,y2:X1,%2) +S32(y1,y2,X1,X2) + S33(y1,¥2,X1,X2), say.
(33)
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Using Lemma 6 and ¢y, (0,0) =0, we get

siny2t2

1 > siny;t 2T
533(y17y27x17X2)=; / ¢dllH/ . [0x1x,(0,22) = Py, (0,0)] s dty
l 2 n+l
_a_yly2 A Vi(¢xx,(0,-),[0,12])dr>
2b b
< 0,——1 ). 34
Clylﬂz 1<¢x1)€2( )»|: 7n+1:|> ( )

Since ¢y, x, € BVi([0,00) x [0,0)), ¢y,x,(+,0) € BV[0,00). Therefore, using Lemma 7
and also using the fact that, |sinz| < ¢ for t > 0, we get

b .
1t nt 15
S32(y17y27x17)€2 )Slnyl ld / Sy 2dl2‘
0 15
1 2 by,
< ;a—yl[ (91152, 0)) 4 Vi 9y (-0l o)) 5
2b

ay a2 1(¢X1X2(7 )»[a7°°))' (35)

Since ¢y, € BVy([0,00) x [0,00)), using Lemma 10 we get

b . .
1 [aFT siny;f; sinyst
/ / ¢x1x2 (tl 7t2) —dlldlz
0 1 15)

Dyo (=L
1 lim {M[3M(¢xlx2)+V2<¢x1xz,[a,cd>< [0, nb?D

7'[2 cl—oo ay

+Vi <¢x1x2 (', nb?) , [0,010 +Wi (q)xlxz(cla')? [0, nL—H})] }

Again, since ¢y, € BV ([0,00) X [0,00)), using (18) and (19) of Lemma 11, we get

1
S31(y17y27x17x2) 7'E_ lim

C|—°

1 2b b
S31(y17y27x17x2) < ) hm { |:3M(¢x1x2) +3V2 <¢XIX27[a Cl] X |:07 n+ 1:|>

=l

o
[3M(¢m)+3Vz (q)xlxza[a’”) X [O’nb D
R (WA )]

2b b
= Clylﬂz 2 <¢x1x27 [a,oo)7 |:07 n_|_—1:| ) . (36)

+Vi (¢X1x2 (-,0),[a,c1]) + W1 <¢X1X2 (a,

2b
ay 2
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Using (33)-(36), we get

&mmenn<—%—ﬁ(@mw»[a 2 ]) i 0l

ay 2

e o))

Analogusly, using Lemma 9, we get

e e L T P ) R AR I

by, m? m+1
a
+V2/ <¢X1X27 |:07 m——|—1] ) [b7°°)>:| . (38)
Now,
(i+1)a (j+1)b . .
1 & & [ [Tart siny;f; sinyst,
S (y17y27x17x2 _22 Z/ /’b gxlxz(tlatz)ﬁidtldlé

T i=1j=1" m+I # n t2

1j
(i+D)a  (j+1)b

1 n m+1 ntl1 ia jb
B EZZ/M b { |:gxlx2(tlat2)_gx1x2<m—+1,t2> — &xixy <t1’n—-|-1>

i=1j=1" m+1 n+l

n ia ]b n ia ; ia jb
gxlxz m+1 n+1 gxlxz m+172 gxlxz m—l—l’n—i—l
jb ia jb ia jb
t - J— - -
+ {gx““z(“ +1> gx1x2<m+1’n+1>} +g"1x2<m+1’n+1)}

sinyjt; sinyst
% yin y”ddt

151 153
= S51(v1,52,%1,%2) +S52(y1,y2,X1,X2) + S53(y1,¥2,X1,X2)
+Ss4(y1,y2,%1,x2), say. 39

Observe that

ia jb ia jb
gxlxz(tlat2) — 8x1x0 m—_Hat2 — 8x1x I, — n+ 1 +gx1x2 m——|—1’ n+1

= ¢x1x2 (11712) - ¢x1x2 (0712) - ¢x1x2 (Zh ) ¢x1x2 ( e ) + ¢x1x2 (0712)

ia jb jb
+ ¢x1x2 <m—-|—l’0) - ¢x1x2 (tla m) + ¢x1x2 (t170) + ¢x1x2 (0 n+ 1)

ia jb jb ia
X1X: 4 — Yxix O X1X: 0
+¢'2<m+ln+l> ¢'2< +1> ¢'2< +1’ )

ia jb ia jb
:(lexz (m—_H7n+1> _(lexz <m+1 ) ¢X1X2 (tla +1) +¢x1x2(t17t2)
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and hence we have

1S51(v1,¥2,X1,X2)|

(i+1)a )b

nzzz/"’“/"*‘{

i=1j=1"m+1 RS

(i+1)a (j+1)b

P. A. BHUVA

ia
8x1x; (t1,12) — 8x1xp m—-l-l’tz

A ia  jb
S \ ML 07 ) T8 L

siny;t| | sinyst
|siny;z1] | yzz}dtldtz
n 15

m+l n+1 ia ]b
V. —t —drdt
AEEE L o g [

m+1

(i+1a

1 n
< _2‘22‘/2<¢X1xz7 |:m+1

i=1j=1

B

m+1

) [ )

iajb

" (m+1)(n+1) [(l-l—l)

m+1
(i+1)a

m+1 n+1 n+1

ia H(j+1)b_ jb}

1 1 ia
== ~V
,.szz‘ll] 2<¢xlx27|:m_|_17

m n

i=1j

Using (2) of Lemma 1, we get

S52(ylay2axlax2)
(i+1)a (j+D)b

Zz/mﬂ //bn+l

i=1j=1" m+1 n+1
sinyt; sinyst,
X ]

I
(j+D)b

S (Bl

<[ ))

m+1

ia ; ia jb
gx1x2 m+la2 gx1x2 m+1’n—|—1

dtidty

B ia jb
R P

la1 tl

(i+Da . .
“m¥L SInypt S1n y»f-
></ J1 ldt1> tyzde

2

1S < ' ia  jb
_?Jz/g {E[gx'”( +1 >_gx'x2<m—+l’n+l)

siny»ty
X % dt,
5]

a (i—la
t2 +gX1X2 m+
n nH»l
15 T Sxx
a2) g12<m+1 n+l):|2~/m+l

mn nH»l Slnyltl
2/ dn
H=1" m+1

smy1t1 }




APPROXIMATION BY PARTIAL INTEGRALS 391

1 & UEP s ia ia jb
:_22'/17 (Z[%"‘Z( +1’ ) ¢"‘x2<m+1n+1>

I i=1

(i—1)a (i— m ol smym
—¢X1x2 (m,lﬁ) +¢x1xz< m ):l 2/ tl)

U=l m+1

sin yst
% a2
15}

dn. (41)

Using Lemma 6 in the inner sum of (41), we get

ia ia jb (i—1a
zzi |:¢X1xz< 1 ) ¢X1xz (j’n—kl) _¢X1X2 (?’Q)
+¢x1x2<(i—l a’ )} i/ il smym 11‘

n 1 U=1" m+I
i l—l @ sinyify
<) Vol Ovxos , N , dt
ZI 2<¢'2 [m—f—l m—f—l] [ 2}) /mlil 2 !
4 &1 (i—la ia jb
<=)) = , , ,t . 42
al.zziz <¢x1x2 {m—!—l m—|—1]x[n—|—1 2 (42)

Therefore using (42) in (41), we get
|S52(yl , V2,X1 7x2)|
(J+l . . . .
z 21 (i—1)a ia jb | sinyata|
-V; t dt
7'522// El <¢X1X27|:m+17m+1:|x|:n+172 P

n+l i=1
m ia jb o (j+1)b
anzgz <¢x'x2’[ ’m—l—l}x[n—l—l’ n+1

y / | smy2t2|
Jjb t

n+l

4 L1 (i—1)a ia jb  (j+1)b
_22‘2‘7 <¢X1X2’[m+l ’m—l—l}x{n—l—l’ n+1 })
Xn-l—l[(j—i—l)b_ jb}
jb

n+1 n+1
4 mla 1 ia (i+1)a jb (j+1)b
i) ITERRYAL .43
22‘;0“” 2<¢X1X2’[m+1’ m+ 1 }X[nﬂ’ n+l ) (43)

Similarly, we can prove that

|S53(yl 7y27xl7x2)‘

ol ia (i+1)a b (j+1)b
it s : , . (44
bn2lzilz’ ]—l—l (q)” {m—f—l m—l—l]x[n—I—l n+1 ]) “44)
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Using (5) of Lemma 2, we get

Ssa(y1,¥2,X1,%2)

. (i+1)a (j )
jb /n1+l sinyit; siny,ts
——drt ——=dr
ZZngm( +1 n+1) t n

i=1j

T
1 & & ] Ja jb
__Zzzl[g““(mﬂnﬂ) ( mi 1 )

i3]

B ia_ (j—1b —Da (j—1)b
8ximy m—|—1 n+1 & m—l—l7 n+1

i m+l sin 1t1 U gin o1%)
% 2/ y y

H=1" m+1 v=J

Bl o>-gm< )5 e

u=i" m+1
smy2t2
x Z /vb

n+l

dt
15 2

jb o Hill) sinyt
+ 2 |:gxlx2 ( + l) gx1x2 ( ):| 2 / [1 dtl
m+
no bt 2 sinyst
<3 [ Fn
FEsy
(v+1)b

Oa m+l smy1t1 wF1 Sinyst
+gx1x2< ) Z/ d Z/ t2 dtz
n+1

m+1 n+1 m+1
1 & & ia (i—la jb
_7§§[¢x'x2<m+1 n—l—l) ¢x1x2< m+1 ’n—f—l)
ia_ (j—1)b (i—Da (j—1)b
¢x1x2<m+1, n+1 T Pnixy m+1" n+l1

4 sinyt b sinysty
X / &dn/_ Ld[z.
ia tl Jjb [2

m+1 n+1

Using Lemma 6 in above inequality, we get

1S54 (y1,2,X1,X2)]

iiv 0 (i—-1a ia " (j—Db jb m+12n+12
54 2\ T mr n+1 "'n+1 ia yi jb y

1
7t
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(i—Da ia (j—1b jb
abanE V2<¢x'x2’[ m+1 ’m+l}x{ n+1 ’n+l})

i=1j=
16 212 (s ia_ (i+Da] [ jb (j+Db
“Mﬂ1010’+1 I+U T m+l m+1 n+1" n+l |)
(45)
Using (39), (40), (43), (44), and (45), we have
\Ss(yl,yz,xl,xzﬂ
ia (i+1)a jb (j+1)b
V X1X2 9 B N
nzlzijzl 2<¢'2 [m+l m—l—l}x[n—i—l n+1
4 m=l n 1 ia (i+1)a b (j+1)
+Wi=zéj§1—(l+l) <¢x1x2a|: +17m+l]x[n+l o ])
4S5 L ia (i+Da] [ jb (j+1)
2 \% X1x0 5 5
+bﬂ:2igij:0i(]'+l) 2<¢'2[m+1 m—l—l}x[n-kl n+1 ]
16 le (o ia_ (i+Da] [ jb (j+1)b
Tabm? £ 5 5 (i+1)( J+l 20 1 mr nt1 ntl
4 1+2+2+ 4
717 b ab
ia i+1)a ib i+ 1)b
ZZ <¢x1x2a|: ,( >]><[] ,(J )D (46)
S +1) J+l) m+1" m+1 n+1 n+l

Using (4) of Lemma 2, we get

S 1 ia_ (i+Da] [ jb (j+1)b
iz(')jz()m%(%lxz{m—i-l’ m+1 ]X [n+1’ n+1 ])
1

= D) 2P (0,0 < [0,6])

molnclr g 1 1 1 (i+1)a (j+1)b
T 4 A 4 A V X1X2 07 0?
+Zg)j§6{i+1 i+2] [j+1 j+2} 2<¢” [ m+1 ]x[ n+l1 D
molo] 1 1 (i4+1)a
- V X1X2 9 0, O,b
+,-:on+1L'+1 i+2} 2(¢”{ m+1}x[ ])

+n—1 1 [.1 . :|V2<¢x1x2’[07a]x|:07wi|>

j=0m+1 j+1 j+2 n+1

—_

= D) 2P (0,0l x [0,6])

molncl pit2 i (i+a (j+ Db
—dt —dty - Vo Oxxy5 |0, 0,
+i2:’)j26/i+1 12 1/j+1 207 2<¢12 [ m+1 }X{ n+1 ])
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1 m=l opit2 ] (i+1)a
—dt; - V- 1 X 5 O, O,b
+”+1i§(‘)/i+l t12 1 2<¢12[ m+1}x[ })

+L}:2;/j+2 1ah2 v2<¢x1xz7[0 a] [o, (j+1)b]>

m—|—1 .: i+1 l2 I’l—|—1

- m Va(¢x,x,,[0,a] x [0,5])

M it 1a tyb
5V ) x |0 dtidt
i=0 j= 0/ /+1 1‘2[2 2<¢x1x2 [ _1,_1:| |: +1]> 1al2
1 "= 1 i+2 1 ta
+ / V , 10, ——1| x[0,b] |dt
”“zzo i+ 1 2<¢""‘2 [ m+1} | ]) 1

j+21 ZQb
V. 0 0,——| )dr
m+12/+1 3 2<¢xm7[ alx [’n—i-l]) ’

m+1 n+1V 0 a . b "
mr1Dn-1) ) s , — 1ndr
+(m+1 (n+1)/1 1 2<¢x1x2 [ tl]x[ tz}) 1dtp

1
= D) 2P (0,0l < [0,6])

)
1 mlnl i+2 pj42 “ b
Vol Oxixy, |0, = | X |0, —]| |dndt
+(m+1)”+1 =0 j= 0/ / 2<¢”[ tl]x|: tzD e

CESNCES Z(') /i+1 %) <¢x1x2; [072] X [0,b}>dz1

(m+ 1)1
n—1 ,j
Grtmen By (0 o] o

(6 [0.a] % [0,5])

_|_

+
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(o )

b
<m%?”("’w[7 )<l “

Using (47) in (46), we get

155 )|<12 14_24_24_4
x,x0)| < —= -—+-+—
sW1,Y2,X1,X2 77:2 a b ab
m—1n— b
>< N/ 4N V X1X2 9 b >< 07-— .
s & & (e o] <o 7))
(48)
Further, we have
sinyqt; sinysty
1S6(y1,Y2,X1,%2) |—‘—/ / S (t,12) —— y y ———dndn
n+l
smyltl smy2t2
(11,1 ———=dtdt
<=/ /ﬁl B (1) =
smyltl smy2t2
+ / / s (11,0 Y22 1yt
7], [ om0 0=

Slnyltl Slny2l2
nz/ / ¢x1x2 72) d dt2

n+1

=S61(y1,¥2,%1,%2) + Se2(y1,y2,X1,%2) +Ss3(}’1,>’2,x1,x2)’ say.
(49)

Now,

1 .
Se1(¥1,¥2,X1,%) = — lim

7'[2 Cp—ee

sinyjt; Slny2l2
/ / ¢x1x2( 1 2) f ——=dt ldt2

n+1

Since ¢y, € BVy([0,00) x [0,00)), using Lemma 8, we get

4(n+1)
abyyy> |:3M(¢x1x2) + V1(¢x1x2(',b), [a,cl})

(ot [o21] ) o1t 2]}

Using (18) and (19) of Lemma 11, we get

L.
561(}’1,}’2,361,362) < — lim {

7'[2 Cp—ee

g T
{Wyl -3M(¢x1x2) +V1(¢x1x2(',0), [a’cd)

11 (0@ [ 270] ) + 3l i) x 0]

1
S61(V1,y2,%1,%2) < —5 lim
2 e
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8
 abym?
i (q)m (a,"), [nLH,bD 3V (s [, 00) X [o,b])}

8
" aby;

[3M(¢x1x2) + Vl ((lexz ('70)7 [a7 oo))

TL'2 2(¢X1x27[7 )7[0717])' (50)

Since @y, x,(-,0) € BV[0,e0), using Lemma 7 and also using Lemma 6, we get

b
1S62(V1,¥2,%1,%2)| ‘ / Ourny (11,0 )smymd /’Hl smy2t2d '
1 2 2n+1
CM[ (115, (4 0)) +V1(0r1, (-, 0), [a,=))] (r;zb :
8
= abyim? Vi(6r15, (-, 0); [a,=2)). (51)

Again using Lemma 6, we get

* siny t
N

/ ¢X1x2 O t2)
n+1

Estimate for the integral on the right hand side of the above inequality was obtained in
[3], where the corresponding term is denoted by Sy (x,y); after writing the exact value

of the constant, we obtain
478 1 jb  (j+1)b
< 2 - —V] 07'7 9
[ +b] §j+1 1(")’”"2( ) LH—I n+1

Slnyztz
2) dn

1 b
[S63(y1,y2.X1,%2)| = ‘?/ dt /L 0x,x, (0,

smy2t2 dts

ay17'c2

siny2t2

dty

/,ﬁ 045 (0,12)

and hence

2 4
S 9 9 9 < ) 2 7
|63 (y1,¥2,X1,%2)| = [ + }

LS| jb  (j+1)b
z]+ (‘P’W( % [n+1’ n+1 D
(52)

Using (49)—(52), we get

(¢X1X2’[ a, )’[07b])+ab;ﬁvll(qbnxz(':()):[a,“))
Vi (‘lexz(of)»[ L 7(j+l)b]>~ (53)

n+1" n+1

S (YI;yzyxlaJQ) by 77:2 2

1 2 4] &
24| Y -
nzayl{ b]jz()J
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Using (3) of Lemma 1 in third term of the right hand side of (53), we get

nooq jb o (j+1)b
EH_—lV1<¢x1xz(Oa')a |:n+17 n+1 ])

=0
o 8] st 0
//+2 L 14 <¢x1x2( ), [O, (J;:l)b]) +nJ1er1(¢X1x2(07.),[07b])

nlorit2 th 1
gjz{)/jﬂ Z3Vl <¢x1x2(0,-)7 |:0 +1:|)dl+ (¢X1x2( ),[07b])

—/"+1 Ly <¢ 0, {o éDava (6210,(0,-,[0,5])
— . n+1 1 x1x0\Ys ") ’l n+1 1\ Px1x\Ys5 )5 [V
n—1

! e b 1
= n+lj=0/j+1 Vi <¢x1x2(0,-)a [0 DdH- Vi (0x,5,(0,-),]0,5])
o HV o o b 1 v 0100
X n+lj:0 1<¢x1x2( 7')a|: ’]-l-—l]> +n——|—l l(¢x1x2( 7.)’[ , ])

2 n—1

P (‘bx'“( B {OJ%D

Using above inequality in the third term of the right hand side of (53), we get

Se(y1,y2,x1,x2) < [V2(x1x [@,20),[0,5]) + Vi (1, (+,0). [a,2))]

by17l'2

1 4 4 b
Sl ey 2“(%‘2 o) o

Analogusly, we have

8
aby,m?

1 4 4 m—1 u

Ss(31,y2,x1,32) < [ 2'<¢W[o,aub,oo»+vf<¢m<o,->7[b,oo>>}

Observe that

1 [ [ sinyt; sinyst,
‘89(y1»y2,x1,x2)| = _2/ / gxlxz(t17t2) —dtldtz
e Ja Jb 1 15)

1 < [ sinyqt; sinystr
<|= ty,t ———dndt
~X ﬂz/a ‘/b ¢XIX2( 17 2) tl t2 1 2

1 <[ sinyt; sinysty
— t1,0) —— ———ddt
7‘[2 /a /b ¢x1x2( 15 ) tl 12 1 2

_|_
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1 = 1= sinyt; sinyst,
— 0,1)) —— —222dndt
2 /a /b ¢X1X2( 2) " p 1an
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+
2

= So1(y1,y2,X1,X%2) +S02(y1,2,X1,X2) + So3(y1,¥2,X1,X2), say.
(56)
Since @y, x,(-,0) € BV[0,e0), using Lemma 7 and also using Lemma 6, we get
sinyt sinyst
1S92(v1,y2,X1,%2)] (t1,0) y1 1d / Sy '
l 2 2
Sz ayl[ (‘lexz( ))+Vl(¢’X1x2('vO)v[a7°°))]E
4
X1 X o 57
< V(B0 0)) 57
and
1 * sinyf /°° siny,ts
S = — dt i (0,7 drt
93(¥1,¥2,%1,%2) p= /a L, Ox1x, (0,22) P
1 2 2
< ;b_yz[M((pxlxz(OW)) +V1(¢X1X2(Ov')7[bv°°))}a_yl
4
(¢x1x2( )7[ aoo)) (58)

" abyiyon? !

Since @y, € BV ([0,00) x [0,e0)), using Lemma 8, we get

1 sinyjt; sinyt;
— 1.t ——==dtidt
2 / / (lexz ’ ) 5] 15

So1(y1,y2,%1,%2) = lim lim

C]—>00Cp—>00

[3M(¢x1x2) + Vl(¢X1x2 (-,c2),la,c1])

1
< — lim lim {

71'2 C]—>00 Cp—00

aby1y>
+ Vl(¢x1x2 (Cla ')7 [b,cﬂ) + V2(¢x1x27 [a’cl] X [b’cﬂ)] }

Using (18) and (19) of Lemma 11, we get

[3M(¢x1x2) + Vl(¢X1x2 (D), la,c1])

1
S <—= 1l li
9103132, %1,%2) 72 ¢ ey e { abyiy,
Vi (Buyay (@, [b,2]) + 3V (B[] [b,czm}

4

" abyyn?
+V1(¢X1X2 (a,-),[b,)) +3V2(¢X1X27 [a,o0) X [b,))]

Yl (Gun o), [b,09)).

~ aby iy’ V2

[3M(¢x1x2) +Vi (¢x1x2 ('7b)7 [a’ 00))

(59)
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Using (56)—(59), we get

S00r3231,2)| € s Vi (B [a2), 5,99) 4 Vi (s (,0), [ o0)

+Vl/(¢x1x2 (0,-), [bvw))}' (60)

After carefully reading the proof of Theorem 4, we can write the estimate for
S10(y1,x1,x2) as follows by explicitly determining the exact value of the constant and
applying Lemma 7 to the last term.

smy1t1 dt,

Sio(y1,x1,%2) = / Ox,x, (11,0)
l 4 1 m—1 a
<— |2 - — V -,0), 10, —

n[ +a+a}m—|—1 l.zz(‘) 1<¢xm( ) [ l—|—1]>

1
+ aylnvf(¢xlxz('70)7[a»°°)) (61)
and similarly, we have
1 * siny;to
Sll(y27-xla-x2) = %/0 ¢x1x2(07t2) dtz

st o o )

1

+ by?Vl((lexz (07')»[b7°°))' (62)

Combining all the inequality, we get
IS(V1,y2,X1,%2) — f* (x1,x2)|

< 4ab+8b 1+2 +8a 1+2 +12 1+2+2+4
S\ n2 R al w2 b| w2 a b ab

1 m*lnflv . u . 5
Xmg{)% 2<¢X1X27[7i+—1]><[7].+—1:|)
1 4 4 4 1 m—1 a
+{ |:2+a+ :|+bn-2 |:2+Z:|}m—+l ;{)Vl<¢x1x2('70)7 |:07l+_1:|)

1 4 4 4 1 =l b
- {;[2+b+5:| +Cl7'f2yl |:2+b:| }l’l—|—1 2 <¢X1X2(Ov')7 |:07 m:|>
. 1

+t— abm? [V2(¢x1x2’[a °°) [b Vl/ ¢x1x2( ) [ ))+Vl(¢x1x2( )a[baw))})Tyz

{ 2y, (q)m [ D [ abn:2 a1 ]Vl(%m( 0.
+a2: V2<¢x1x2a[a o) [ b D V3 (rina» [, ),[O,b])}l

V1

_|_




400

[1]
[2]
[3]
[4]

[5]

[6]
[7]

[8]
[9]

[10]

[11]
[12]

[13]
[14]
[15]
[16]

P. A. BHUVA

2a a 2a 8 1,
+ {b 2V1 (‘lexz( ) )7 [O’m——kl:|> + [W"’ W"' E] Vl((PXle(O,-),[b,OO))

1

+1 2

m—1n—1 b
W%%V(‘i’w[ +J [O*mD

2 O A G

o(l1
)+0 . g
ylyz Y1 2

REFERENCES

T. M. APOSTOL, Mathematical Analysis, 2nd ed., Addison-Wesley, 1974.

N. K. BARY, A Treatise on Trigonometric Series, Pregamon Press, 1964.

P. A. BHUVA AND B. L. GHODADRA, Approximation by partial integrals and Norlund means of
Fourier integrals, Riv. Mat. Univ. Parma, vol. 15 (2024), 411-431.

R. BOJANIC, An estimate of the rate of convergence of Fourier series of functions of bounded variation,
Publ. Inst. Math. (Beograd), 26 (40), (1970), 57-60.

R. BOJANIC AND S. M. MAZHAR, An estimate of the rate of convergence of the Norlund-Voronoi
means of the Fourier series of functions of bounded variation, Approximation theory III (Proc. Conf.,
Univ. Texas, Austin, Tex., 1980), pp. 243-248, Academic Press, New York-London, 1980.

M. FRECHET, Extension au cas des intégrals multiples d’une definition de I'intégrale due d Stieltjes,
Nouvelles Annales Math. 10 (1910), 241-256.

B. L. GHODADRA AND V. FULOP, On the convergence of double Fourier integrals of functions of
bounded variation on R?, Studia Sci. Math. Hungar. 53 (3) (2016), 289-313.

RICHARD GOLDBERG, Fourier Transforms, Cambridge University Press, 1970.

F. MORICZ, A quantitative version of the Dirichlet-Jordan test for double Fourier series, Journal of
Approx. Theory 71 (1992), 344-358.

F. MORICZ, Order of magnitude of double Fourier coefficients of functions of bounded variation,
Analysis (Munich) 22, no. 4, (2002), 335-345.

1. P. NATANSON, Theory of functions of a real variable, vol. I, New York, 1964.

H. K. NIGAM AND K. SHARMA, On double summability of double conjugate Fourier series, Int. J.
Math. Math. Sci., Art. ID 104592, (2012), 15 pp.

H. L. ROYDEN AND FITZPATRICK M. PATRICK, Real Analysis, 4th ed., Pearson, 2010.

WALTER RUDIN, Principles of Mathematical Analysis, 2nd ed., McGraw-Hill, Inc. 1964.

E. C. TITCHMARSH, Introduction to the theory of Fourier integrals, Clarendon Press, Oxford, 1937.
A. ZYGMUND, Trigonometric series, 3rd ed., vol. I and II combined, Cambridge University Press,
2002.

(Received March 20, 2026) Prince Ashvinbhai Bhuva

Department of Mathematics

Marwadi University

Rajkot — 360 003 (Gujarat), India
e-mail: the.princebhuva@gmail .com

Mathematical Inequalities & Applications

mia@e

v.ele-math.com

le-math.com



