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APPROXIMATION BY PARTIAL INTEGRALS

OF DOUBLE FOURIER INTEGRALS

PRINCE ASHVINBHAI BHUVA

(Communicated by C. P. Niculescu)

Abstract. In this paper, by giving rate of convergence under certain conditions we approximate
the function of two variables by partial integrals of its Fourier integral. Also, in particular as a
corollary, we get a two-dimensional analogue of the Dirichlet-Jordan theorem for Fourier inte-
grals.

1. Introduction

The Dirichlet-Jordan theorem (see, e.g., [16, p. 57, Theorem 8.1]) asserts that the
Fourier series of 2π -periodic function f of bounded variation on [−π ,π ] converges
at each point and the convergence is uniform on closed intervals of continuity of f .
R. Bojanić [4] quantified this result by estimating the rate of convergence of the Fourier
series at that point. Later on, R. Bojanić and S. M. Mazhar [5] proved a similar result
for Nörlund means of Fourier series of functions of bounded variation. Furthermore, F.
Móricz [9] obtained a two-dimensional analogue of the result established by R. Bojanić
[4]. Also for non-periodic functions, the Dirichlet-Jordan theorem for Fourier integrals
was given in (see, e.g., [15, p. 13, Theorem 3]). Recently, P. A. Bhuva and B. L. Gho-
dadra [3] have quantified this result by estimating the rate of convergence of the Fourier
integrals of functions of bounded variations over R := (−∞,∞) at that point. Further,
they [3] have given the rate of convergence of Nörlund means of Fourier integral of
f , where f is of bounded variation over every finite interval [a,b] , −∞ < a < b < ∞.
Here, we are going to establish a two-dimensional analogue of the result of P. A. Bhuva
and B. L. Ghodadra by giving the rate of convergence of partial integrals of double
Fourier integral of f , where f is of bounded variation over R

2 . This result also serves
as the Fourier integral analogue of the theorem of F. Móricz [9].
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2. Notations and definitions

First, we recall the definition of Fourier series of f . Let f be a Lebesgue inte-
grable function over L1(T) ; T := [−π ,π) . Then its Fourier series is defined as

1
2
a0 +

∞

∑
n=1

(an cosnt +bn sinnt),

where an and bn are given by the usual Euler-Fourier formulae. If Sk is the k th partial
sum of Fourier series of f then,

Sk( f ;x) := Sk(x) =
1
2
a0 +

k

∑
n=1

(an cosnt +bn sinnt), k ∈ N∪{0}.

The double Fourier series of a function f (x1,x2)∈ L1(T2) , T := [−π ,π), is given
by (see, e.g., [12])

∞

∑
m=0

∞

∑
n=0

Am,n(x1,x2) =
∞

∑
m=0

∞

∑
n=0

λm,n[αm,n cosmx1 cosnx2 + βm,n sinmx1 cosnx2

+ γm,n cosmx1 sinnx2 + δm,n sinmx1 sinnx2],

where

αm,n =
1

π2

∫∫
T2

f (t1,t2)cosmt1 cosnt2dt1dt2,

βm,n =
1

π2

∫∫
T2

f (t1,t2)sinmt1 cosnt2dt1dt2,

γm,n =
1

π2

∫∫
T2

f (t1,t2)cosmt1 sin t2dt1dt2,

δm,n =
1

π2

∫∫
T2

f (t1,t2)sinmt1 sinnt2dt1dt2,

and

λm,n = 1, λm,0 = λ0,n =
1
2
, m,n ∈ N, λ0,0 =

1
4
.

If Sm,n is the mn th partial sum of double Fourier series of f then,

Smn( f ;x1,x2) := Smn(x1,x2) =
m

∑
i=0

n

∑
j=0

Ai, j(x1,x2), m,n ∈ N∪{0}.

The Fourier integral of a function f (x) ∈ L1(R), is given by (see [15, p. 1])∫ ∞

0
(a(u)cosux+b(u)sinux)du =

∫ ∞

0
A(u,x)du, say,

where

a(u) =
1
π

∫
R

f (t)cosutdt and b(u) =
1
π

∫
R

f (t)sinutdt.
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If S( f ;y,x) is the y th partial integral of the Fourier integral of f then,

S( f ;y,x) := S(y,x) =
∫ y

0
A(u,x)du, y ∈ R

+.

The double Fourier integral of a function f (x1,x2) ∈ L1(R2) , is given by
∫ ∞

0

∫ ∞

0
(α(u,v)cosux1 cosvx2 + β (u,v)cosux1 sinvx2 + γ(u,v)sinux1 cosvx2

+ δ (u,v)sinux1 sinvx2)dudv =
∫ ∞

0

∫ ∞

0
A(u,v,x1,x2)dudv, say,

where

α(u,v) =
1

π2

∫ ∫
R2

f (t1,t2)cosut1 cosvt2dt1dt2,

β (u,v) =
1

π2

∫ ∫
R2

f (t1,t2)cosut1 sinvt2dt1dt2,

γ(u,v) =
1

π2

∫ ∫
R2

f (t1,t2)sinut1 cosvt2dt1dt2,

δ (u,v) =
1

π2

∫ ∫
R2

f (t1,t2)sinut1 sinvt2dt1dt2.

If S( f ;y1,y2,x1,x2) is the y1y2 -th partial integral of the Fourier integral of f then,

S( f ;y1,y2,x1,x2) := S(y1,y2,x1,x2) =
∫ y1

0

∫ y2

0
A(u,v,x1,x2)dudv, y1,y2 ∈ R

+.

It is important to note that the double Fourier integral may not exists in Lebesgue’s or
other sense, (e.g. as an improper integral).

Now, we recall the definiton of functions of bounded variation over R . For that,
first we give the definition of functions of bounded variation over [a,b] , −∞ < a < b <
∞ .

A function f : [a,b]→ R is said to be of bounded variation over the interval [a,b] ,
in symbols: f ∈ BV [a,b], if

V1( f , [a,b]) := sup

{ n

∑
k=1

| f (xk)− f (xk−1)|
}

< ∞,

where supremum is taken over all partitions a = x0 < x1 < .. . < xn = b of [a,b] . The
total variation function Vf (x) of f (x) on [a,b] is defined by

Vf (x) =V1( f , [a,x]), x ∈ [a,b].

A function f : R → R is said to be of bounded variation over R , in symbols:
f ∈ BV(R) , if

V1( f ,R) := sup
T

{
∑
n
| f (yn)− f (xn)|

}
< ∞,
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where T is a finite collection of non-overlapping subintervals [xn,yn] in R .
It is clear that above definition of bounded variation over R can be reformulated

equivalently as follows. A function f : R → R is of bounded variation if f ∈ BV [a,b]
for all −∞ < a < b < ∞ and sup{V1( f , [a,b]) :−∞ < a < b < ∞} is finite. Furthermore,
if this is the case, then the total variation V1( f ) := V1( f ,R) is given by

V1( f ) = sup{V1( f , [a,b]) : −∞ < a < b < ∞}.
Similarly, we can define functions of bounded variation over [a,∞) , for any a ∈ R .

Now, we recall the concept of bounded variation in the sense of Hardy over R
2

(see, e.g., [7]). For that, first we give the definition of functions of bounded variation in
the sense of Hardy over R := [a1,b1]× [a2,b2] .

A function f (x,y) defined on R is said to be of bounded variation over R in the
sense of Vitali, in symbol: f (x,y) ∈ BVV (R), if

V2( f ,R) := sup
Q1×Q2

m

∑
i=1

n

∑
j=1

| f (xi,y j)− f (xi−1,y j)− f (xi,y j−1)+ f (xi−1,y j−1)| < ∞,

where the supremum is extended for all finite partitions Q1 : a1 = x0 < x1 < x2 < .. . <
xm = b1 and Q2 : a2 = y0 < y1 < y2 < .. . < yn = b2 of the intervals [a1,b1] and [a2,b2] ,
respectively. A function f in the class BVV (R) is said to be of bounded variation over
R in the sense of Hardy and Krause, in symbol: f (x,y) ∈ BVH(R) , if the marginal
functions f (·,a2) and f (a1, ·) are of bounded variation over the intervals [a1,b1] and
[a2,b2] , respectively. The total variation function v f (x,y) of f (x,y) on R is defined by

v f (x,y) = V2( f , [a1,x]× [a2,y]), x ∈ [a1,b1], y ∈ [a2,b2].

A function f : R
2 → R is said to be of bounded variation over the real plane R

2

in the sense of Vitali, in symbols: f ∈ BVV (R2) , if

V2( f ,R2) := sup
m

∑
j=1

n

∑
k=1

| f (x j,yk)− f (x j−1,yk)− f (x j,yk−1)+ f (x j−1,yk−1)| < ∞

where the supremum is extended over all finite sequences −∞ < x0 < x1 < .. . < xm < ∞
and −∞ < y0 < y1 < .. . < yn < ∞, where m,n = 1,2, . . . ; while V2( f ;R2) is called
the total variation of f over R

2 . Similarly to the case of functions f ∈ BV (R) , the
above definition can be also equivalently reformulated as follows. A function f : R

2 →
R is of bounded variation over R

2 if and only if f is of bounded variation over all
finite rectangles [a1,b1]× [a2,b2] , −∞ < a1 < b1 < ∞ and −∞ < a2 < b2 < ∞; and in
addition, the set of the total variations of f over all bounded rectangles [a1,b1]× [a2,b2]
is bounded. Furthermore, if this is the case, then the supremum of the set of these total
variations over all bounded rectangles [a1,b1]× [a2,b2] is equal to V2( f ;R2) defined
above. A function f ∈ BVV (R2) is said to be of bounded variation over R

2 in the sense
of Hardy, in symbols: f ∈ BVH(R2) , if the marginal functions f (·,y) and f (x, ·) are of
bounded variation on R for any fixed value of y ∈ R or x ∈ R , respectively.

In a similar way, one can define the notion of bounded variation in the sense of
Vitali and in the sense of Hardy over [0,∞)× [0,∞) .
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Next, we recall the definition of the double Riemann-Stieltjes integral (see, e.g.,
[7]). We say that a function g(x,y) is integrable with respect to the function f (x,y) in
the Riemann-Stieltjes sense over R if the limit of the approximating Riemann-Stieltjes
sums

sm,n :=
m

∑
i=1

n

∑
j=1

g(ξi,η j)[ f (xi,y j)− f (xi−1,y j)− f (xi,y j−1)+ f (xi−1,y j−1)]

exists, as the partitions Q1 : a1 = x0 < x1 < x2 < .. . < xm = b1 and Q2 : a2 = y0 < y1 <
y2 < .. . < yn = b2 , get finer and finer in the sense that the mesh size

ρ(Q1×Q2) := max

{
max

1�i�m
(xi − xi−1), max

1� j�n
(y j − y j−1)

}
→ 0

while the intermediate points

xi−1 � ξi � xi and y j−1 � η j � y j, i = 1,2, . . . ,m; j = 1,2, . . . ,n;

are arbitrary. The Riemann-Stieltjes integral of g(x,y) with respect to f (x,y) over R ,
in symbol:

∫ b1

a1

∫ b2

a2

g(x,y)dxdy f (x,y) or
∫∫

R
g(x,y)dxdy f (x,y),

is defined as the limit of the sums sm,n as ρ(Q1×Q2) → 0 (provided this limit exists).
We note that if f is of bounded variation over R , then f (x + 0) and f (x− 0)

exist at every point x ∈ (−∞,∞) . Similarly, if f is of bounded variation in the sense of
Hardy over R

2 , then f (x+0,y+0) , f (x−0,y+0) , f (x+0,y−0) , and f (x−0,y−0)
exist for (x,y) ∈ R

2 .
We use the following notations:

f ∗(x1,x2)=
1
4
[ f (x1 +0,x2+0)+ f (x1−0,x2+0)+ f (x1+0,x2−0)+ f (x1−0,x2−0)],

M(g) = lubx∈D(|g(x)|), D is the domain of g,

V ′
1( f , [a,b]) = M( f )+V1( f , [a,b]),

V ′
2( f , [a,b], [c,d]) = 3M( f )+3V2( f , [a,b]× [c,d])+V1( f (·,c), [a,b])+V1( f (a, ·), [c,d]).

For x ∈ R , we define

φx(t) =

{
f (x+ t)+ f (x− t)− f (x+0)− f (x−0), t ∈ (0,∞)
0, t = 0,
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and for (x1,x2) ∈ R
2, we define

φx1x2(t1, t2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f (x1 + t1,x2 + t2)+ f (x1 + t1,x2− t2)+ f (x1− t1,x2 + t2)
+ f (x1− t1,x2 − t2)−4 f ∗(x1,x2), t1,t2 ∈ (0,∞);
f (x1 +0,x2 + t2)+ f (x1 +0,x2− t2)+ f (x1−0,x2 + t2)
+ f (x1−0,x2− t2)−4 f ∗(x1,x2), t1 = 0 and t2 ∈ (0,∞);
f (x1 + t1,x2 +0)+ f (x1 + t1,x2−0)+ f (x1− t1,x2 +0)
+ f (x1− t1,x2 −0)−4 f ∗(x1,x2), t1 ∈ (0,∞) and t2 = 0;

0, t1 = t2 = 0.

and
gx1x2(t1, t2) = φx1x2(t1,t2)−φx1x2(0,t2)−φx1x2(t1,0), t1,t2 ∈ R

+.

Jordan proved that if f is a 2π -periodic function of bounded variation on [−π ,π ] ,
then its Fourier series converges to 1

2 [ f (x + 0) + f (x− 0)] at each point of x (see,
e.g., [16, p. 57, Theorem 8.1]). R. Bojanić [4] give the quantified version of Jordan’s
theorem for Fourier series as the following theorem.

THEOREM 1. If f is a 2π -periodic function and is of bounded variation on [−π ,π ] ,
then for x ∈ [−π ,π ] and n ∈ N we have∣∣∣∣Sn( f ;x)− 1

2
[ f (x+0)+ f (x−0)]

∣∣∣∣ � 3
n

n

∑
k=1

V1

(
φx,

[
0,

π
k

])
.

Also, F. Móricz [9] established a two dimension analogue of above theorem, which
is stated as follows.

THEOREM 2. If f (x,y) is 2π -periodic in each variable and is of bounded varia-
tion over [−π ,π ]× [−π ,π ] in the sense of Hardy and Krause, then for all m,n � 0 , we
have

|Smn( f ;x1,x2)− f ∗(x1,x2)| �
4(1+ 2

π + 1
π2 )

(m+1)(n+1)

m

∑
i=1

n

∑
j=1

V2

(
φx1x2 ,

[
0,

π
i

]
×

[
0,

π
j

])

+
2(1+ 1

π )
m+1

m

∑
i=1

V1

(
φx1x2(·,0),

[
0,

π
i

])

+
2(1+ 1

π )
n+1

n

∑
j=1

V1

(
φx1x2(0, ·),

[
0,

π
j

])
.

For non-periodic functions, Jordan’s theorem for functions of bounded variation is
as follows (see, e.g., [15, p. 13, Theorem 3]).

THEOREM 3. Let f ∈ L1(R) . If f is of bounded variation in an interval including
the point x , then

1
2
[ f (x+0)+ f (x−0)] =

1
π

∫ ∞

0

∫ ∞

−∞
f (t)cosu(x− t)dtdu.
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If f is continuous and of bounded variation in an interval (a,b) then

f (x) =
1
π

∫ ∞

0

∫ ∞

−∞
f (t)cosu(x− t)dtdu

the integral converging uniformly in any interval interior to (a,b) .

Recently, P. A. Bhuva and B. L. Ghodadra [3] have quantified above result by
giving rate of convergence of Fourier integral of functions of bounded variation over R

as the following theorem.

THEOREM 4. Let f ∈ L1(R)∩BV (R). Then for any a,y∈R
+ with n � y < n+1 ;

n ∈ N∪{0} and for any x ∈ R , we have∣∣∣∣S(y,x)− 1
2
[ f (x+0)+ f (x−0)]

∣∣∣∣ � A
n+1

n

∑
k=0

V1

(
φx,

[
0,

a
k+1

])
+

A
ay

,

where A denotes a positive constant not necessarily the same at each ocurrence.

In this paper, we present a two-dimensional analogue of the above theorem by
establishing the rate of convergence of the double Fourier integral of functions of
bounded variation over R

2 in the sense of Hardy. This result can also be regarded
as the Fourier integral analogue of Theorem 2. Consequently, our theorem shows that
any non-periodic function of two variables with bounded variation can be approximated
by the partial integrals of its Fourier integral. As a corollary, we obtain Fourier integral
analogue of Jordan’s theorem for functions of two variables.

3. Results

Our main results is the following theorem.

THEOREM 5. Let f ∈ L1(R2)∩BVH(R2). Then for any a,b,y1,y2 ∈ R
+ satisfy-

ing m � y1 < m+1 and n � y2 < n+1 , where m,n ∈ N∪{0} , and for any x1,x2 ∈ R ,
we have∣∣∣∣S(y1,y2,x1,x2)− f ∗(x1,x2)

∣∣∣∣
=

O(1)
(m+1)(n+1)

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
j +1

])

+
O(1)
m+1

m−1

∑
i=0

V1

(
φx1x2(·,0),

[
0,

a
i+1

])

+
O(1)
n+1

n−1

∑
j=0

V1

(
φx1x2(0, ·),

[
0,

b
j +1

])
+

O(1)
y1y2

+
O(1)
y1

+
O(1)
y2

. (1)
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Since continuity of φx1x2(t1,t2) at t1 = 0 = t2 implies that (see e.g., [9, p. 349])

lim
δ1,δ2→0

V2(φx1x2 , [0,δ1]× [0,δ2]) = lim
δ1→0

V1(φx1x2(·,0), [0,δ1])

= lim
δ2→0

V1(φx1x2(0, ·), [0,δ2]) = 0,

the right hand side of (1) tends to 0 as y1,y2 → ∞ and hence, we get the following
corollary from above result.

COROLLARY 1. Let f ∈ L1(R2)∩BVH(R2) . Then the double Fourier integral of
f is converges to f ∗(x1,x2) , for every (x1,x2) ∈ R

2 .

4. Proof of the results

We need the following lemmas to prove our theorems.

LEMMA 1. Consider n ∈ N . For j = 0,1, . . . ,n, let a j and b j be real numbers.

Let B j = ∑n
k= j bk and B′

j = ∑ j
k=0 bk , for j = 0,1, . . . ,n. Then

n

∑
j=1

a jb j =
n

∑
j=1

[a j −a j−1]Bj +a0B1, (2)

and

n

∑
j=0

a jb j =
n−1

∑
j=0

(a j −a j+1)B′
j +anB

′
n. (3)

LEMMA 2. Consider (m,n) ∈ N
2 . For j = 0,1, . . . ,m and k = 0,1, . . . ,n, let a j,k

and b j,k be real numbers, and let Bm,n = ∑m
j=0 ∑n

k=0 b j,k. Then

m

∑
j=0

n

∑
k=0

a j,kb j,k = am,nBm,n +
m−1

∑
j=0

n−1

∑
k=0

(a j,k −a j+1,k−a j,k+1 +a j+1,k+1)Bj,k

+
m−1

∑
j=0

(a j,n−a j+1,n)Bj,n +
n−1

∑
k=0

(am,k −am,k+1)Bm,k. (4)

Also, if we assume that B j,k = ∑m
j′= j ∑n

k′=k b j′,k′ and Bm+1,n+1 = Bj,n+1 = Bm+1,k = 0 ,
for j = 0,1, . . . ,m, k = 0,1, . . . ,n, then

m

∑
j=1

n

∑
k=1

a j,kb j,k =
m

∑
j=1

n

∑
k=1

(a j,k −a j−1,k−a j,k−1 +a j−1,k−1)Bj,k

+
m

∑
j=1

(a j,0−a j−1,0)Bj,1 +
n

∑
k=1

(a0,k −a0,k−1)B1,k +a0,0B1,1. (5)
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LEMMA 3. ([10, Lemma 2]) If g(t1,t2) is continuous on the rectangle R and
f (t1,t2) ∈ BVH(R) , then f (t1,t2) is integrable with respect to g(t1, t2) over R in the
Riemann-Stieltjes sense, and∫ b1

a1

∫ b2

a2

f (t1, t2)dt1dt2g(t1,t2) =
∫ b1

a1

∫ b2

a2

g(t1,t2)dt1dt2 f (t1,t2)

+
∫ b1

a1

f (t1,b2)dt1g(t1,b2)−
∫ b1

a1

f (t1,a2)dt1g(t1,a2)

+
∫ b2

a2

f (b1,t2)dt2g(b1,t2)−
∫ b2

a2

f (a1,t2)dt2g(a1,t2)

− f (b1,b2)g(b1,b2)+ f (a1,b2)g(a1,b2)
+ f (b1,a2)g(b1,a2)− f (a1,a2)g(a1,a2). (6)

LEMMA 4. ([10, Lemma 3]) If f (t1,t2) ∈ BVH(R) and

g(t1,t2) =
∫ t1

a1

∫ t2

a2

h(x,y)dxdy+C, (t1,t2) ∈ R

for some function h(t1,t2) ∈ L1(R) and constant C , then

∫ b1

a1

∫ b2

a2

f (t1,t2)dt1dt2g(t1,t2) =
∫ b1

a1

∫ b2

a2

f (t1,t2)h(t1,t2)dt1dt2.

LEMMA 5. (see [6]; see also [10, Lemma 1]; and see proof of [7, Lemma 3.5]) If
g(t1,t2) is continuous on the rectangle R and f (t1,t2) ∈ BVV (R), then g(t1, t2) is inte-
grable with respect to f (t1,t2) over R in the Riemann-Stieltjes sense and∣∣∣∣

∫ b1

a1

∫ b2

a2

g(t1,t2)dt1dt2 f (t1,t2)
∣∣∣∣ �

∫ b1

a1

∫ b2

a2

|g(t1,t2)|dt1dt2v f (t1,t2),

where v f (t1, t2) = V2( f , [a1,t1]× [a2,t2]).

LEMMA 6. Suppose y,a ∈ R
+ . Then for any a � c � ∞ , we get∣∣∣∣
∫ c

a

sinyt
t

∣∣∣∣ � 2
ay

. (7)

Proof. Let a,y ∈ R
+ be fixed. Since 1

t is a non-negative and non-increasing
function, using second mean value theorem (see, e.g., [2, p. 3]) there exists k ∈ [a,c]
such that ∫ c

a

sinyt
t

dt =
1
a

∫ k

a
sinytdt =

1
ay

[cosya− cosyk].

Hence, for a � c < ∞ ,∣∣∣∣
∫ c

a

sinyt
t

∣∣∣∣ =
∣∣∣∣ 1
ay

[cosya− cosyk]
∣∣∣∣ � 2

ay
. (8)
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If c = ∞ , then using (8) we get∣∣∣∣
∫ ∞

a

sinyt
t

dt

∣∣∣∣ = lim
c1→∞

∣∣∣∣
∫ c1

a

sinyt
t

dt

∣∣∣∣ � lim
c1→∞

2
ay

=
2
ay

. �

LEMMA 7. Let g(t) ∈ BV [a,∞) with a > 0 . Then for any y ∈ R
+ , we have∣∣∣∣

∫ ∞

a
g(t)

sinyt
t

dt

∣∣∣∣ � 2
ay

[M(g)+V1(g, [a,∞))] =
2
ay

V ′
1(g, [a,∞)).

Proof. Let a,y ∈ R
+ be fixed. Observe that

∫ ∞

a
g(t)

sinyt
t

dt = lim
c→∞

∫ c

a
g(t)

sinyt
t

dt.

Since g ∈ BV [a,∞) and by Lemma 6,∣∣∣∣
∫ t

a

sinyμ
μ

dμ
∣∣∣∣ � 2

ay
< ∞,

we get (see e.g., [1, p. 158, Theorem 7.26]),∣∣∣∣
∫ ∞

a
g(t)

sinyt
t

dt

∣∣∣∣ =
∣∣∣∣ lim
c→∞

∫ c

a
g(t)dt

(∫ t

a

sinyμ
μ

dμ
)∣∣∣∣. (9)

Since g(t) and
∫ t
a

sinyμ
μ dμ are of bounded variation on [a,c] and

∫ t
a

sinyμ
μ dμ is contin-

uous, by partial integration formula (see e.g., [14, p. 122]), we have∣∣∣∣
∫ ∞

a
g(t)

sinyt
t

dt

∣∣∣∣
=

∣∣∣∣ lim
c→∞

[
g(c)

∫ c

a

sinyμ
μ

dμ −g(a)
∫ a

a

sinyμ
μ

dμ −
∫ c

a

(∫ t

a

sinyμ
μ

dμ
)

dg(t)
]∣∣∣∣

� lim
c→∞

|g(c)|
∣∣∣∣
∫ c

a

sinyμ
μ

dμ
∣∣∣∣+ lim

c→∞

∣∣∣∣
∫ c

a

(∫ t

a

sinyμ
μ

dμ
)

dg(t)
∣∣∣∣. (10)

Using Lemma 6 and the fact that, a function of bounded variation is bounded, we get

lim
c→∞

|g(c)|
∣∣∣∣
∫ c

a

sinyμ
μ

dμ
∣∣∣∣ � M(g)

2
ay

. (11)

Since g(t) ∈ BV [0,∞) and
∫ t
a

sinyμ
μ dμ is continuous, using [14, Theorem 6.29] in the

second term of the right hand side (10), we get

lim
c→∞

∣∣∣∣
∫ c

a

(∫ t

a

sinyμ
μ

dμ
)

dg(t)
∣∣∣∣ � lim

c→∞

∫ c

a

∣∣∣∣
∫ t

a

sinyμ
μ

dμ
∣∣∣∣dVg(t).
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Using Lemma 6 and then as g ∈ BV [a,∞) and 1 is a continuous function, using (see
e.g., [11, p. 232, Theorem 1]), we get

lim
c→∞

∣∣∣∣
∫ c

a

(∫ t

a

sinyμ
μ

dμ
)

dg(t)
∣∣∣∣ � lim

c→∞

2
ay

∫ c

a
dvg(t) � lim

c→∞

2
ay

V1(g, [a,c])

=
2
ay

V1(g, [a,∞)). (12)

Using (11) and (12) in (10), we get∣∣∣∣
∫ ∞

a
g(t)

sinyt
t

dt

∣∣∣∣ � 2
ay

[M(g)+V1(g, [a,∞))]. �

LEMMA 8. Let f ∈ BVH(R) , with a1,a2 > 0 . Then for any y1,y2 ∈ R
+ , we have∫ b1

a1

∫ b2

a2

f (t1, t2)
siny1t1

t1

siny2t2
t2

dt1dt2

� 4
a1a2y1y2

[3M( f )+V1( f (·,b2), [a1,b1])+V1( f (b1, ·), [a2,b2])+V2( f , [a1,b1]×[a2,b2])].

Proof. Let a1,a2,y1,y2 ∈ R
+ be fixed. Using Lemma 6,∣∣∣∣

∫ b1

a1

∫ b2

a2

siny1μ
μ

siny2ν
ν

dμdν
∣∣∣∣ � 2

a1y1

2
a2y2

< ∞.

Since f ∈ BVH(R) and siny1t1
t1

siny2t2
t2

∈ L1(R) , using Lemma 4, we get

∫ b1

a1

∫ b2

a2

f (t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

=
∫ b1

a1

∫ b2

a2

f (t1,t2)dt1dt2

(∫ t1

a1

siny1μ
μ

dμ
∫ t2

a2

siny2ν
ν

dν
)

.

Since f ∈ BVH(R) and
∫ t1
a1

∫ t2
a2

siny1μ
μ

siny2ν
ν dμdν is continuous over rectangle R , using

Lemma 3 in above equality, we get∫ b1

a1

∫ b2

a2

f (t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

=
[∫ b1

a1

∫ b2

a2

(∫ t1

a1

siny1μ
μ

dμ
∫ t2

a2

siny2ν
ν

dν
)

dt1dt2 f (t1,t2)

+
∫ b1

a1

f (t1,b2)dt1

(∫ t1

a1

siny1μ
μ

dμ
∫ b2

a2

siny2ν
ν

dν
)

+
∫ b2

a2

f (b1,t2)dt2

(∫ b1

a1

siny1μ
μ

dμ
∫ t2

a2

siny2ν
ν

dν
)

− f (b1,b2)
∫ b1

a1

siny1μ
μ

dμ
∫ b2

a2

siny2ν
ν

dν
]

= I1(y1,y2)+ I2(y1,y2)+ I3(y1,y2)+ I4(y1,y2), say. (13)
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Since
∫ t1
a1

∫ t2
a2

siny1μ
μ

siny2ν
ν dμdν is continuous over rectangle R and f (x1,x2)∈ BVH(R) ,

using Lemma 5 we get

|I1(y1,y2)| �
∫ b1

a1

∫ b2

a2

∣∣∣∣
∫ t1

a1

siny1μ
μ

dμ
∣∣∣∣
∣∣∣∣
∫ t2

a2

siny2ν
ν

dν
∣∣∣∣dt1dt2Vf (t1,t2).

Using Lemma 6 and then as f ∈ BVH(R) and the constant function 1 is continuous and
bounded, using [7, Eq. (19)], we get

|I1(y1,y2)| �
∫ b1

a1

∫ b2

a2

2
a1y1

2
a2y2

dt1dt2Vf (t1,t2)

� 4
a1a2y1y2

V2( f , [a1,b1]× [a2,b2]). (14)

Since f (t1,b2) and
∫ t1
a1

siny1μ
μ dμ

∫ b2
a2

siny2ν
ν dν are of bounded variation on [a1,b1] and∫ t1

a1

siny1μ
μ dμ × ∫ b2

a2

siny2ν
ν dν is continuous on [a1,b1] , by partial integration formula

(see [14, p. 122]), we have

|I2(y1,y2)| =
∣∣∣∣ f (b1,b2)

(∫ b1

a1

siny1μ
μ

dμ
∫ b2

a2

siny2ν
ν

dν
)

− f (a1,b2)
(∫ a1

a1

siny1μ
μ

dμ
∫ b2

a2

siny2ν
ν

dν
)

−
∫ b1

a1

(∫ t1

a1

siny1μ
μ

dμ
∫ b2

a2

siny2ν
ν

dν
)

dt1 f (t1,b2)
∣∣∣∣.

Using Lemma 6 and the fact that a function of bounded variation is bounded, we get

|I2(y1,y2)| � M( f )
2

a1y1

2
a2y2

+
∫ b1

a1

2
a1y1

2
a2y2

dv f (·,b2)(t1)

� 4M( f )
a1a2y1y2

+
4

a1a2y1y2

∫ b1

a1

dv f (·,b2)(t).

Since f (·,b2) ∈ BV [a1,b1] and 1 is continuous, using [14, Theorem 6.29] we get

|I2(y1,y2)| � 4M( f )
a1a2y1y2

+
4

a1a2y1y2
V1( f (·,b2), [a1,b1]). (15)

Similarly, we can prove that

|I3(y1,y2)| � 4M( f )
a1a2y1y2

+
4

a1a2y1y2
V1( f (b1, ·), [a2,b2]). (16)

Also, using Lemma 6 and the fact that a function of bounded variation is bounded, we
get

|I4(y1,y2)| � 4M( f )
a1a2y1y2

. (17)
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Using (14)–(17) in (13), we get∣∣∣∣
∫ b2

a1

∫ b2

a2

f (t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣
� 4

a1a2y1y2
[3M( f )+V1( f (·,b2), [a1,b1])+V1( f (b1, ·), [a2,b2])

+V2( f , [a1,b1]× [a2,b2])]. �

LEMMA 9. Let f ∈ BVH(R) with a1 = 0, a2 > 0 . Then for any y1,y2 ∈ R
+ , we

have ∫ b1

0

∫ b2

a2

f (t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

� 2y1b1

a2y2
[3M( f )+V1( f (·,b2), [0,b1])+V1( f (b1, ·), [a2,b2])

+V2( f , [0,b1]× [a2,b2])].

Proof. Let y1,y2,a2 ∈ R
+. Then∣∣∣∣

∫ b1

0

∫ b2

a2

f (t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣
= lim

a′1→0+

∣∣∣∣
∫ b1

a′1

∫ b2

a2

f (t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣.
Using the same technique as that used to prove Lemma 8, but using the following
estimate ∣∣∣∣

∫ b1

a′1

siny1t1
t1

dt1

∣∣∣∣ �
∫ b1

a′1

y1t1
t1

dt1 � y1b1,

instead of the previous one, we obtain∣∣∣∣
∫ b1

a′1

∫ b2

a2

f (t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣
� 2y1b1

a2y2
[3M( f )+V1( f (·,b2), [a′1,b1])+V1( f (b1, ·), [a2,b2])

+V2( f , [a′1,b1]× [a2,b2])].

Hence ∣∣∣∣
∫ b1

0

∫ b2

a2

f (t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣
� 2y1b1

a2y2
[3M( f )+V1( f (·,b2), [0,b1])+V1( f (b1, ·), [a2,b2])

+V2( f , [0,b1]× [a2,b2])]. �
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LEMMA 10. Let f ∈ BVH(R) with a1 > 0, a2 = 0 . Then for any y1,y2 ∈ R
+ , we

have

∫ b1

a1

∫ b2

0
f (t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

� 2y2b2

a1y1
[3M( f )+V1( f (·,b2), [a1,b1])+V1( f (b1, ·), [0,b2])

+V2( f , [a1,b1]× [0,b2])].

Proof. Proof is similar to Lemma 9, we only use the following estimates∣∣∣∣
∫ b1

a1

siny1t1
t1

dt1

∣∣∣∣ � 2
a1y1

and

∣∣∣∣
∫ b2

0

siny2ν
ν

dν
∣∣∣∣ �

∫ b2

a2

y2dt2 � y2b2. �

LEMMA 11. Let f ∈ BVH(R) . Then for any d1 ∈ [a1,b1] and d2 ∈ [a2,b2] , we
have

V1( f (·,d2), [a1,b1]) � V2( f , [a1,b1]× [a2,d2])+V1( f (·,a2), [a1,b1]) (18)

and

V1( f (d1, ·), [a2,b2]) � V2( f , [a1,d1]× [a2,b2])+V1( f (a1, ·), [a2,b2]). (19)

Proof. Let a1 = t ′0 < t ′1 < .. . < t ′m = b1 be partition of the interval [a1,b1] . Then
observe that

m

∑
i=1

| f (t ′i ,d2)− f (t ′i−1,d2)|

=
m

∑
i=1

| f (t ′i ,d2)− f (t ′i−1,d2)− f (t ′i ,a2)+ f (t ′i−1,a2)+ f (t ′i ,a2)− f (t ′i−1,a2)|

�
m

∑
i=1

| f (t ′i ,d2)− f (t ′i−1,d2)− f (t ′i ,a2)+ f (t ′i−1,a2)|+
m

∑
i=1

| f (t ′i ,a2)− f (t ′i−1,a2)|

� V2( f , [a1,b1]× [a2,d2])+V1( f (·,a2), [a1,b1]).

Taking the supremum over all partitions of [a1,b1] on both sides of the above inequality,
we get

V1( f (·,d2), [a1,b1]) � V2( f , [a1,b1]× [a2,d2])+V1( f (·,a2), [a1,b1]).

Analogusly, we can prove that

V1( f (d1, ·), [a2,b2]) � V2( f , [a1,d1]× [a2,b2])+V1( f (a1, ·), [a2,b2]). �
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Proof of Theorem 5. Let x1,x2 ∈ R and a,b,y1,y2 ∈ R
+ be fixed. Using the

formulas of α(u,v),β (u,v),γ(u,v), and δ (u,v) , we have

S(y1,y2,x1,x2)

=
∫ y1

0

∫ y2

0
A(u,v,x1,x2)dudv

=
∫ y1

0

∫ y2

0
[α(u,v)cosux1 cosvx2 + β (u,v)cosux1 sinvx2 + γ(u,v)sinux1 cosvx2

+ δ (u,v)sinux1 sinvx2]dudv

=
∫ y1

0

∫ y2

0

[(
1

π2

∫ ∞

−∞

∫ ∞

−∞
f (t1,t2)cosut1 cosvt2dt1dt2

)
cosux1 cosvx2

+
(

1
π2

∫ ∞

−∞

∫ ∞

−∞
f (t1,t2)cosut1 sinvt2dt1dt2

)
cosux1 sinvx2

+
(

1
π2

∫ ∞

−∞

∫ ∞

−∞
f (t1,t2)sinut1 cosvt2dt1dt2

)
sinux1 cosvx2

+
(

1
π2

∫ ∞

−∞

∫ ∞

−∞
f (t1,t2)sinut1 sinvt2dt1dt2

)
sinux1 sinvx2

]
dudv

=
∫ y1

0

∫ y2

0

[
1

π2

∫ ∞

−∞

∫ ∞

−∞
f (t1,t2)cosut1 cosux1(cosv(t2 − x2))dt1dt2

]
dudv

+
∫ y1

0

∫ y2

0

[
1

π2

∫ ∞

−∞

∫ ∞

−∞
f (t1,t2)sinut1 sinux1(cosv(t2 − x2))dt1dt2

]
dudv

=
∫ y1

0

∫ y2

0

[
1

π2

∫ ∞

−∞

∫ ∞

−∞
f (t1,t2)cosv(t2− x2)cosu(t1− x1)dt1dt2

]
dudv

=
∫ y1

0

∫ y2

0

[
1

π2

∫ ∞

−∞

∫ ∞

−∞
f (t1 + x1,t2 + x2)cosut1 cosvt2dt1dt2

]
dudv

=
∫ y1

0

∫ y2

0

[
1

π2

∫ ∞

0

∫ ∞

0
[ f (x1 + t1,x2 + t2)+ f (x1 + t1,x2 − t2)

+ f (x1 − t1,x2 + t2)+ f (x1− t1,x2− t2)]cosut1 cosvt2dt1dt2

]
dudv

=
1

π2

∫ y1

0

∫ y2

0

[∫ ∞

0

∫ ∞

0
φ∗

x1x2
(t1,t2)cosut1 cosvt2dt1dt2

]
dudv, (20)

where φ∗
x1x2

(t1, t2) = f (x1 + t1,x2 + t2)+ f (x1 + t1,x2− t2)+ f (x1− t1,x2 + t2)+ f (x1−
t1,x2 − t2). Since φ∗

x1x2
(t1,t2) is integrable over R

+ ×R
+ and 1 is integrable over

[0,y1]× [0,y2] as it is continuous, using (see, e.g., [13, p. 423]), we have∫ y1

0

∫ y2

0

∫ ∞

0

∫ ∞

0
|φ∗

x1x2
(t1,t2)||cosut1||cosvt2|dudvdt1dt2

�
∫ y1

0

∫ y2

0

∫ ∞

0

∫ ∞

0
|φ∗

x1x2
(t1,t2)|dudvdt1dt2

=
(∫ ∞

0

∫ ∞

0
|φ∗

x1x2
(t1,t2)|dt1dt2

)
×

(∫ y1

0

∫ y2

0
dudv

)
� Ay1y2.
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Hence, using Fubini’s theorem in (20), we get

S(y1,y2,x1,x2) =
1

π2

∫ ∞

0

∫ ∞

0
φ∗

x1x2
(t1,t2)

[∫ y1

0

∫ y2

0
cosut1 cosvt2dudv

]
dt1dt2

=
1

π2

∫ ∞

0

∫ ∞

0
φ∗

x1x2
(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2. (21)

Since y1,y2 ∈ R
+ , there exist m,n ∈ N∪{0} such that m � y1 < m+1 and n � y2 <

n+1. Now, using (21) and the fact that
∫ ∞
0

sinyt
t dt = π

2 for y ∈ R
+ , we have

S(y1,y2,x1,x2)− f ∗(x1,x2)

=
1

π2

∫ ∞

0

∫ ∞

0
φ∗

x1x2
(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

− 4
π2

π2

4
1
4
[ f (x1+0,x2+0)+ f (x1+0,x2−0)+ f (x1−0,x2+0)+ f (x1−0,x2−0)]

=
1

π2

∫ ∞

0

∫ ∞

0
φ∗

x1x2
(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2− 1
π2

∫ ∞

0

∫ ∞

0
[ f (x1 +0,x2 +0)

+ f (x1 +0,x2−0)+ f (x1−0,x2 +0)+ f (x1−0,x2−0)]
siny1t1

t1

siny2t2
t2

dt1dt2

=
1

π2

∫ ∞

0

∫ ∞

0
[φx1x2(t1,t2)−φx1x2(t1,0)−φx1x2(0,t2)]

siny1t1
t1

siny2t2
t2

dt1dt2

+
1

π2

∫ ∞

0

∫ ∞

0
φx1x2(t1,0)

siny1t1
t1

siny2t2
t2

dt1dt2

+
1

π2

∫ ∞

0

∫ ∞

0
φx1x2(0,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

=
1

π2

∫ ∞

0

∫ ∞

0
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

+
1
2π

∫ ∞

0
φx1x2(t1,0)

siny1t1
t1

dt1 +
1
2π

∫ ∞

0
φx1x2(0,t2)

siny2t2
t2

dt2

=
1

π2

∫ ∞

0

∫ b
n+1

0
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

+
1

π2

∫ ∞

0

∫ b

b
n+1

gx1x2(t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

+
1

π2

∫ ∞

0

∫ ∞

b
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

+
1
2π

∫ ∞

0
φx1x2(t1,0)

siny1t1
t1

dt1 +
1
2π

∫ ∞

0
φx1x2(0,t2)

siny2t2
t2

dt2

=
1

π2

∫ a
m+1

0

∫ b
n+1

0
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

+
1

π2

∫ a

a
m+1

∫ b
n+1

0
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2
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+
1

π2

∫ ∞

a

∫ b
n+1

0
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

+
1

π2

∫ a
m+1

0

∫ b

b
n+1

gx1x2(t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

+
1

π2

∫ a

a
m+1

∫ b

b
n+1

gx1x2(t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

+
1

π2

∫ ∞

a

∫ b

b
n+1

gx1x2(t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

+
1

π2

∫ a
m+1

0

∫ ∞

b
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

+
1

π2

∫ a

a
m+1

∫ ∞

b
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

+
1

π2

∫ ∞

a

∫ ∞

b
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

+
1
2π

∫ ∞

0
φx1x2(t1,0)

siny1t1
t1

dt1 +
1
2π

∫ ∞

0
φx1x2(0,t2)

siny2t2
t2

dt2

= S1(y1,y2,x1,x2)+S2(y1,y2,x1,x2)+S3(y1,y2,x1,x2)+S4(y1,y2,x1,x2)
+S5(y1,y2,x1,x2)+S6(y1,y2,x1,x2)+S7(y1,y2,x1,x2)+S8(y1,y2,x1,x2)
+S9(y1,y2,x1,x2)+S10(y1,x1,x2)+S11(y2,x1,x2), say. (22)

Note that, φx1x2 ∈ BVH([0,∞)× [0,∞)) as f ∈ BVH(R2) . Since φx1x2(0,0) = 0 and
|sin t| � t for t � 0, we have

|S1(y1,y2,x1,x2)| = 1
π2

∣∣∣∣
∫ a

m+1

0

∫ b
n+1

0
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
� 1

π2

∫ a
m+1

0

∫ b
n+1

0
|φx1x2(t1,t2)−φx1x2(t1,0)−φx1x2(0, t2)+ φx1x2(0,0)|

× |siny1t1|
t1

|siny2t2|
t2

dt1dt2

� 1
π2

∫ a
m+1

0

∫ b
n+1

0
V2(φx1x2 , [0,t1]× [0,t2])y1y2dt1dt2

� 1
π2V2

(
φx1x2 ,

[
0,

a
m+1

]
×

[
0,

b
n+1

])
y1y2

a
m+1

b
n+1

<
ab
π2V2

(
φx1x2 ,

[
0,

a
m+1

]
×

[
0,

b
n+1

])

=
ab
π2

1
mn

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
m+1

]
×

[
0,

b
n+1

])

� 4ab
(m+1)(n+1)π2

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
j +1

])
. (23)
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Further, observe that

S2(y1,y2,x1,x2) =
1

π2

∫ a

a
m+1

∫ b
n+1

0
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

=
1

π2

m

∑
i=1

∫ (i+1)a
m+1

ia
m+1

∫ b
n+1

0
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

=
1

π2

m

∑
i=1

∫ (i+1)a
m+1

ia
m+1

∫ b
n+1

0

[
gx1x2(t1,t2)−gx1x2

(
ia

m+1
, t2

)
+gx1x2

(
ia

m+1
,t2

)]

× siny1t1
t1

siny2t2
t2

dt1dt2

=
1

π2

m

∑
i=1

∫ (i+1)a
m+1

ia
m+1

∫ b
n+1

0

[
gx1x2(t1,t2)−gx1x2

(
ia

m+1
, t2

)]
siny1t1

t1

siny2t2
t2

dt1dt2

+
1

π2

m

∑
i=1

∫ (i+1)a
m+1

ia
m+1

∫ b
n+1

0
gx1x2

(
ia

m+1
,t2

)
siny1t1

t1

siny2t2
t2

dt1dt2

= S21(y1,y2,x1,x2)+S22(y1,y2,x1,x2), say. (24)

Since |sin t| � 1 for t ∈ R and |sin t| � t for t � 0, we have

|S21(y1,y2,x1,x2)|

=
∣∣∣∣ 1
π2

m

∑
i=1

∫ (i+1)a
m+1

ia
m+1

∫ b
n+1

0

[
gx1x2(t1,t2)−gx1x2

(
ia

m+1
, t2

)]
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣
� 1

π2

m

∑
i=1

∫ (i+1)a
m+1

ia
m+1

∫ b
n+1

0

∣∣∣∣φx1x2(t1,t2)−φx1x2(t1,0)−φx1x2

(
ia

m+1
,t2

)

+ φx1x2

(
ia

m+1
,0

)∣∣∣∣ |siny1t1|
t1

|siny2t2|
t2

dt1dt2

� 1
π2

m

∑
i=1

∫ (i+1)a
m+1

ia
m+1

∫ b
n+1

0
V2

(
φx1x2 ,

[
ia

m+1
,t1

]
× [0,t2]

)
1
t1

y2dt1dt2

� 1
π2

m

∑
i=1

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
0,

b
n+1

])∫ (i+1)a
m+1

ia
m+1

∫ b
n+1

0

1
t1

y2dt1dt2

� 1
π2

m

∑
i=1

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
0,

b
n+1

])

× m+1
ia

[
(i+1)a
m+1

− ia
m+1

]
by2

n+1

<
b

π2

m

∑
i=1

1
i
V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
0,

b
n+1

])
. (25)
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Also, note that

S22(y1,y2,x1,x2) =
1

π2

m

∑
i=1

∫ (i+1)a
m+1

ia
m+1

∫ b
n+1

0
gx1x2

(
ia

m+1
,t2

)
siny1t1

t1

siny2t2
t2

dt1dt2

=
1

π2

∫ b
n+1

0

m

∑
i=1

[
gx1x2

(
ia

m+1
,t2

)∫ (i+1)a
m+1

ia
m+1

siny1t1
t1

dt1

]
siny2t2

t2
dt2.

(26)

Using (2) of Lemma 1, we have

∣∣∣∣ m

∑
i=1

[
gx1x2

(
ia

m+1
,t2

)∫ (i+1)a
m+1

ia
m+1

siny1t1
t1

dt1

]∣∣∣∣
=

∣∣∣∣ m

∑
i=1

[
gx1x2

(
ia

m+1
,t2

)
−gx1x2

(
(i−1)a
m+1

,t2

)] m

∑
μ=i

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1

+gx1x2

(
0a

m+1
,t2

) m

∑
μ=1

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1

∣∣∣∣
�

m

∑
i=1

∣∣∣∣gx1x2

(
ia

m+1
,t2

)
−gx1x2

(
(i−1)a
m+1

,t2

)∣∣∣∣
∣∣∣∣ m

∑
μ=i

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1

∣∣∣∣, (27)

as gx1x2(0, t2) = φx1x2(0,t2)− φx1x2(0,t2)− φx1x2(0,0) = 0. Since ia
m+1 ,y1 ∈ R

+ and
ia

m+1 < a for i = 1,2,3, . . . ,m ; by using Lemma 6 we have

∣∣∣∣ m

∑
μ=i

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1

∣∣∣∣ =
∣∣∣∣
∫ a

ia
m+1

siny1t1
t1

dt1

∣∣∣∣ � 2
y1

m+1
ia

� 4
ia

. (28)

Using (28) in (27), we get

∣∣∣∣ m

∑
i=1

[
gx1x2

(
ia

m+1
,t2

)∫ (i+1)a
m+1

ia
m+1

siny1t1
t1

dt1

]∣∣∣∣
� 4

a

m

∑
i=1

1
i

∣∣∣∣gx1x2

(
ia

m+1
,t2

)
−gx1x2

(
(i−1)a
m+1

, t2

)∣∣∣∣
=

4
a

m

∑
i=1

1
i

∣∣∣∣φx1x2

(
ia

m+1
,t2

)
−φx1x2

(
ia

m+1
,0

)
−φx1x2

(
(i−1)a
m+1

,t2

)

+ φx1x2

(
(i−1)a
m+1

,0

)∣∣∣∣
� 4

a

m

∑
i=1

1
i
V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
× [0,t2]

)
. (29)
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Using (29) in (26), we get

|S22(y1,y2,x1,x2)|

� 4
aπ2

∫ b
n+1

0

m

∑
i=1

1
i
V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
× [0,t2]

) |siny2t2|
t2

dt2

� 4
aπ2

m

∑
i=1

1
i
V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
×

[
0,

b
n+1

])∫ b
n+1

0
y2dt2

� 4b
aπ2

m

∑
i=1

1
i
V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
×

[
0,

b
n+1

])
. (30)

Using (25) and (30) in (24), we get

|S2(y1,y2,x1,x2)| � b
π2

m

∑
i=1

1
i
V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
0,

b
n+1

])

+
4b
aπ2

m

∑
i=1

1
i
V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
×

[
0,

b
n+1

])

� 2b
π2

[
1+

2
a

] m

∑
i=0

1
i+1

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
0,

b
n+1

])
.

Using (3) of Lemma 1, we get

|S2(y1,y2,x1,x2)|

=
2b
π2

[
1+

2
a

]{m−1

∑
i=0

[
1

i+1
− 1

i+2

]
V2

(
φx1x2 ,

[
0,

(i+1)a
m+1

]
×

[
0,

b
n+1

])

+
1

m+1
V2

(
φx1x2 , [0,a]×

[
0,

b
n+1

])}

=
2b
π2

[
1+

2
a

]{m−1

∑
i=0

∫ i+2

i+1

1
t2

dt ·V2

(
φx1x2 ,

[
0,

(i+1)a
m+1

]
×

[
0,

b
n+1

])

+
1

m+1
V2

(
φx1x2 , [0,a]×

[
0,

b
n+1

])}

� 2b
π2

[
1+

2
a

]{m−1

∑
i=0

∫ i+2

i+1

1
t2

V2

(
φx1x2 ,

[
0,

ta
m+1

]
×

[
0,

b
n+1

])
dt

+
1

m+1
V2

(
φx1x2 , [0,a]×

[
0,

b
n+1

])}

=
2b
π2

[
1+

2
a

]{
1

m+1

∫ m+1

1
V2

(
φx1x2 ,

[
0,

a
t

]
×

[
0,

b
n+1

])
dt

+
1

m+1
V2

(
φx1x2 , [0,a]×

[
0,

b
n+1

])}
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=
2b
π2

[
1+

2
a

]{
1

m+1

m−1

∑
i=0

∫ i+2

i+1
V2

(
φx1x2 ,

[
0,

a
t

]
×

[
0,

b
n+1

])
dt

+
1

m+1
V2

(
φx1x2 , [0,a]×

[
0,

b
n+1

])}

� 2b
π2

[
1+

2
a

]{
1

m+1

m−1

∑
i=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
n+1

])

+
1

m+1
V2

(
φx1x2 , [0,a]×

[
0,

b
n+1

])}

=
2b
π2

[
1+

2
a

]{
1

(m+1)n

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
n+1

])

+
1

(m+1)n

n−1

∑
j=0

V2

(
φx1x2 , [0,a]×

[
0,

b
n+1

])}

� 2b
π2

[
1+

2
a

]{
1

(m+1)n

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
j +1

])

+
1

(m+1)n

n−1

∑
j=0

V2

(
φx1x2 , [0,a]×

[
0,

b
j +1

])}

� 8b
π2

[
1+

2
a

]
1

(m+1)(n+1)

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
j +1

])
. (31)

Analogously, we can prove that

|S4(y1,y2,x1,x2)|

� 8a
π2

[
1+

2
b

]
1

(m+1)(n+1)

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
j +1

])
. (32)

Next, we note that

|S3(y1,y2,x1,x2)| =
∣∣∣∣ 1
π2

∫ ∞

a

∫ b
n+1

0
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
� 1

π2

∣∣∣∣
∫ ∞

a

∫ b
n+1

0
φx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
+

1
π2

∣∣∣∣
∫ ∞

a

∫ b
n+1

0
φx1x2(t1,0)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
+

1
π2

∣∣∣∣
∫ ∞

a

∫ b
n+1

0
φx1x2(0,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
= S31(y1,y2,x1,x2)+S32(y1,y2,x1,x2)+S33(y1,y2,x1,x2), say.

(33)
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Using Lemma 6 and φx1x2(0,0) = 0, we get

S33(y1,y2,x1,x2) =
1

π2

∣∣∣∣
∫ ∞

a

siny1t1
t1

dt1

∣∣∣∣
∣∣∣∣
∫ b

n+1

0
[φx1x2(0,t2)−φx1x2(0,0)]

siny2t2
t2

dt2

∣∣∣∣
� 1

π2

2
ay1

y2

∫ b
n+1

0
V1(φx1x2(0, ·), [0,t2])dt2

� 2b
ay1π2V1

(
φx1x2(0, ·),

[
0,

b
n+1

])
. (34)

Since φx1x2 ∈ BVH([0,∞)× [0,∞)) , φx1x2(·,0) ∈ BV [0,∞) . Therefore, using Lemma 7
and also using the fact that, |sin t| � t for t > 0, we get

S32(y1,y2,x1,x2) =
1

π2

∣∣∣∣
∫ ∞

a
φx1x2(t1,0)

siny1t1
t1

dt1

∣∣∣∣
∣∣∣∣
∫ b

n+1

0

siny2t2
t2

dt2

∣∣∣∣
� 1

π2

2
ay1

[M(φx1x2(·,0))+V1(φx1x2(·,0), [a,∞))]
by2

n+1

� 2b
ay1π2V ′

1(φx1x2(·,0), [a,∞)). (35)

Since φx1x2 ∈ BVH([0,∞)× [0,∞)) , using Lemma 10 we get

S31(y1,y2,x1,x2) =
1

π2 lim
c1→∞

∣∣∣∣
∫ c1

a

∫ b
n+1

0
φx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
� 1

π2 lim
c1→∞

{
2y2( b

n+1 )
ay1

[
3M(φx1x2)+V2

(
φx1x2 , [a,c1]×

[
0,

b
n+1

])

+V1

(
φx1x2

(
·, b

n+1

)
, [a,c1]

)
+V1

(
φx1x2(c1, ·),

[
0,

b
n+1

])]}
.

Again, since φx1x2 ∈ BVH([0,∞)× [0,∞)), using (18) and (19) of Lemma 11, we get

S31(y1,y2,x1,x2) � 1
π2 lim

c1→∞

{
2b
ay1

[
3M(φx1x2)+3V2

(
φx1x2 , [a,c1]×

[
0,

b
n+1

])

+V1(φx1x2(·,0), [a,c1])+V1

(
φx1x2(a, ·),

[
0,

b
n+1

])]}

=
2b

ay1π2

[
3M(φx1x2)+3V2

(
φx1x2 , [a,∞)×

[
0,

b
n+1

])

+V1(φx1x2(·,0), [a,∞))+V1

(
φx1x2(a, ·),

[
0,

b
n+1

])]

=
2b

ay1π2V ′
2

(
φx1x2 , [a,∞),

[
0,

b
n+1

])
. (36)
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Using (33)–(36), we get

|S3(y1,y2,x1,x2)| � 2b
ay1π2

[
V1

(
φx1x2(0, ·),

[
0,

b
n+1

])
+V ′

1(φx1x2(·,0), [a,∞))

+V ′
2

(
φx1x2 , [a,∞),

[
0,

b
n+1

])]
. (37)

Analogusly, using Lemma 9, we get

|S7(y1,y2,x1,x2)| � 2a
by2π2

[
V1

(
φx1x2(·,0),

[
0,

a
m+1

])
+V ′

1(φx1x2(0, ·), [b,∞))]

+V ′
2

(
φx1x2 ,

[
0,

a
m+1

]
, [b,∞)

)]
. (38)

Now,

S5(y1,y2,x1,x2) =
1

π2

m

∑
i=1

n

∑
j=1

∫ (i+1)a
m+1

ia
m+1

∫ ( j+1)b
n+1

jb
n+1

gx1x2(t1, t2)
siny1t1

t1

siny2t2
t2

dt1dt2

=
1

π2

m

∑
i=1

n

∑
j=1

∫ (i+1)a
m+1

ia
m+1

∫ ( j+1)b
n+1

jb
n+1

{[
gx1x2(t1,t2)−gx1x2

(
ia

m+1
,t2

)
−gx1x2

(
t1,

jb
n+1

)

+gx1x2

(
ia

m+1
,

jb
n+1

)]
+

[
gx1x2

(
ia

m+1
,t2

)
−gx1x2

(
ia

m+1
,

jb
n+1

)]

+
[
gx1x2

(
t1,

jb
n+1

)
−gx1x2

(
ia

m+1
,

jb
n+1

)]
+gx1x2

(
ia

m+1
,

jb
n+1

)}

× siny1t1
t1

siny2t2
t2

dt1dt2

= S51(y1,y2,x1,x2)+S52(y1,y2,x1,x2)+S53(y1,y2,x1,x2)
+S54(y1,y2,x1,x2), say. (39)

Observe that

gx1x2(t1, t2)−gx1x2

(
ia

m+1
,t2

)
−gx1x2

(
t1,

jb
n+1

)
+gx1x2

(
ia

m+1
,

jb
n+1

)

= φx1x2(t1, t2)−φx1x2(0,t2)−φx1x2(t1,0)−φx1x2

(
ia

m+1
,t2

)
+ φx1x2(0,t2)

+ φx1x2

(
ia

m+1
,0

)
−φx1x2

(
t1,

jb
n+1

)
+ φx1x2(t1,0)+ φx1x2

(
0,

jb
n+1

)

+ φx1x2

(
ia

m+1
,

jb
n+1

)
−φx1x2

(
0,

jb
n+1

)
−φx1x2

(
ia

m+1
,0

)

= φx1x2

(
ia

m+1
,

jb
n+1

)
−φx1x2

(
ia

m+1
,t2

)
−φx1x2

(
t1,

jb
n+1

)
+ φx1x2(t1, t2)
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and hence we have

|S51(y1,y2,x1,x2)|

� 1
π2

m

∑
i=1

n

∑
j=1

∫ (i+1)a
m+1

ia
m+1

∫ ( j+1)b
n+1

jb
n+1

{∣∣∣∣gx1x2(t1,t2)−gx1x2

(
ia

m+1
, t2

)

−gx1x2

(
t1,

jb
n+1

)
+gx1x2

(
ia

m+1
,

jb
n+1

)∣∣∣∣ |siny1t1|
t1

|siny2t2|
t2

}
dt1dt2

� 1
π2

m

∑
i=1

n

∑
j=1

∫ (i+1)a
m+1

ia
m+1

∫ ( j+1)b
n+1

jb
n+1

V2

(
φx1x2 ,

[
ia

m+1
,t1

]
×

[
jb

n+1
,t2

])
1

t1t2
dt1dt2

� 1
π2

m

∑
i=1

n

∑
j=1

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])

× (m+1)(n+1)
ia jb

[
(i+1)a
m+1

− ia
m+1

][
( j +1)b
n+1

− jb
n+1

]

=
1

π2

m

∑
i=1

n

∑
j=1

1
i j

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])
. (40)

Using (2) of Lemma 1, we get

S52(y1,y2,x1,x2)

=
1

π2

m

∑
i=1

n

∑
j=1

∫ (i+1)a
m+1

ia
m+1

∫ ( j+1)b
n+1

jb
n+1

[
gx1x2

(
ia

m+1
,t2

)
−gx1x2

(
ia

m+1
,

jb
n+1

)]

× siny1t1
t1

siny2t2
t2

dt1dt2

=
1

π2

n

∑
j=1

∫ ( j+1)b
n+1

jb
n+1

( m

∑
i=1

[
gx1x2

(
ia

m+1
,t2

)
−gx1x2

(
ia

m+1
,

jb
n+1

)]

×
∫ (i+1)a

m+1

ia
m+1

siny1t1
t1

dt1

)
siny2t2

t2
dt2

=
1

π2

n

∑
j=1

∫ ( j+1)b
n+1

jb
n+1

{ m

∑
i=1

[
gx1x2

(
ia

m+1
,t2

)
−gx1x2

(
ia

m+1
,

jb
n+1

)

−gx1x2

(
(i−1)a
m+1

,t2

)
+gx1x2

(
(i−1)a
m+1

,
jb

n+1

)]( m

∑
μ=i

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1

)

+
[
gx1x2

(
0a

m+1
,t2

)
−gx1x2

(
0a

m+1
,

jb
n+1

)] m

∑
μ=1

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1

}

× siny2t2
t2

dt2
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=
1

π2

n

∑
j=1

∫ ( j+1)b
n+1

jb
n+1

( m

∑
i=1

[
φx1x2

(
ia

m+1
,t2

)
−φx1x2

(
ia

m+1
,

jb
n+1

)

−φx1x2

(
(i−1)a
m+1

,t2

)
+ φx1x2

(
(i−1)a
m+1

,
jb

n+1

)] m

∑
μ=i

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1

)

× siny2t2
t2

dt2. (41)

Using Lemma 6 in the inner sum of (41), we get∣∣∣∣ m

∑
i=1

[
φx1x2

(
ia

m+1
,t2

)
−φx1x2

(
ia

m+1
,

jb
n+1

)
−φx1x2

(
(i−1)a
m+1

,t2

)

+ φx1x2

(
(i−1)a
m+1

,
jb

n+1

)] m

∑
μ=i

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1

∣∣∣∣
�

m

∑
i=1

V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
×

[
jb

n+1
,t2

])∣∣∣∣
∫ a

ia
m+1

siny1t1
t1

dt1

∣∣∣∣
� 4

a

m

∑
i=1

1
i
V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
×

[
jb

n+1
, t2

])
. (42)

Therefore using (42) in (41), we get

|S52(y1,y2,x1,x2)|

� 4
aπ2

n

∑
j=1

∫ ( j+1)b
n+1

jb
n+1

m

∑
i=1

1
i
V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
×

[
jb

n+1
,t2

]) |siny2t2|
t2

dt2

� 4
aπ2

m

∑
i=1

n

∑
j=1

1
i
V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])

×
∫ ( j+1)b

n+1

jb
n+1

|siny2t2|
t2

dt2

� 4
aπ2

m

∑
i=1

n

∑
j=1

1
i
V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])

× n+1
jb

[
( j +1)b
n+1

− jb
n+1

]

=
4

aπ2

m−1

∑
i=0

n

∑
j=1

1
(i+1) j

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])
. (43)

Similarly, we can prove that

|S53(y1,y2,x1,x2)|

� 4
bπ2

m

∑
i=1

n−1

∑
j=0

1
i( j +1)

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])
. (44)
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Using (5) of Lemma 2, we get

S54(y1,y2,x1,x2)

=
1

π2

m

∑
i=1

n

∑
j=1

gx1x2

(
ia

m+1
,

jb
n+1

)∫ (i+1)a
m+1

ia
m+1

siny1t1
t1

dt1

∫ ( j+1)b
n+1

jb
n+1

siny2t2
t2

dt2

=
1

π2

m

∑
i=1

n

∑
j=1

[
gx1x2

(
ia

m+1
,

jb
n+1

)
−gx1x2

(
(i−1)a
m+1

,
jb

n+1

)

−gx1x2

(
ia

m+1
,
( j−1)b
n+1

)
+gx1x2

(
(i−1)a
m+1

,
( j−1)b
n+1

)]

×
m

∑
μ=i

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1
n

∑
ν= j

∫ (ν+1)b
n+1

νb
n+1

siny2t2
t2

dt2

+
m

∑
i=1

[
gx1x2

(
ia

m+1
,0

)
−gx1x2

(
(i−1)a
m+1

,0

)] m

∑
μ=i

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1

×
n

∑
ν=1

∫ (ν+1)b
n+1

νb
n+1

siny2t2
t2

dt2

+
n

∑
j=1

[
gx1x2

(
0,

jb
n+1

)
−gx1x2

(
0,

( j−1)b
n+1

)] m

∑
μ=1

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1

×
n

∑
ν= j

∫ (ν+1)b
n+1

νb
n+1

siny2t2
t2

dt2

+gx1x2

(
0a

m+1
,

0b
n+1

) m

∑
μ=1

∫ (μ+1)a
m+1

μa
m+1

siny1t1
t1

dt1
n

∑
ν=1

∫ (ν+1)b
n+1

νb
n+1

siny2t2
t2

dt2

=
1

π2

m

∑
i=1

n

∑
j=1

[
φx1x2

(
ia

m+1
,

jb
n+1

)
−φx1x2

(
(i−1)a
m+1

,
jb

n+1

)

−φx1x2

(
ia

m+1
,
( j−1)b
n+1

)
+ φx1x2

(
(i−1)a
m+1

,
( j−1)b
n+1

)]

×
∫ a

ia
m+1

siny1t1
t1

dt1

∫ b

jb
n+1

siny2t2
t2

dt2.

Using Lemma 6 in above inequality, we get

|S54(y1,y2,x1,x2)|

� 1
π2

m

∑
i=1

n

∑
j=1

V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
×

[
( j−1)b
n+1

,
jb

n+1

])
m+1

ia
2
y1

n+1
jb

2
y2
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� 16
abπ2

m

∑
i=1

n

∑
j=1

1
i j

V2

(
φx1x2 ,

[
(i−1)a
m+1

,
ia

m+1

]
×

[
( j−1)b
n+1

,
jb

n+1

])

=
16

abπ2

m−1

∑
i=0

n−1

∑
j=0

1
(i+1)( j +1)

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])
.

(45)

Using (39), (40), (43), (44), and (45), we have

|S5(y1,y2,x1,x2)|

� 1
π2

m

∑
i=1

n

∑
j=1

1
i j

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])

+
4

aπ2

m−1

∑
i=0

n

∑
j=1

1
(i+1) j

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])

+
4

bπ2

m

∑
i=1

n−1

∑
j=0

1
i( j +1)

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])

+
16

abπ2

m−1

∑
i=0

n−1

∑
j=0

1
(i+1)( j+1)

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j+1)b
n+1

])

� 4
π2

[
1+

2
a

+
2
b

+
4
ab

]

×
m

∑
i=0

n

∑
j=0

1
(i+1)( j +1)

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])
. (46)

Using (4) of Lemma 2, we get

m

∑
i=0

n

∑
j=0

1
(i+1)( j +1)

V2

(
φx1x2 ,

[
ia

m+1
,
(i+1)a
m+1

]
×

[
jb

n+1
,
( j +1)b
n+1

])

=
1

(m+1)(n+1)
V2(φx1x2 , [0,a]× [0,b])

+
m−1

∑
i=0

n−1

∑
j=0

[
1

i+1
− 1

i+2

][
1

j+1
− 1

j+2

]
V2

(
φx1x2 ,

[
0,

(i+1)a
m+1

]
×

[
0,

( j+1)b
n+1

])

+
m−1

∑
i=0

1
n+1

[
1

i+1
− 1

i+2

]
V2

(
φx1x2 ,

[
0,

(i+1)a
m+1

]
× [0,b]

)

+
n−1

∑
j=0

1
m+1

[
1

j +1
− 1

j +2

]
V2

(
φx1x2 , [0,a]×

[
0,

( j +1)b
n+1

])

=
1

(m+1)(n+1)
V2(φx1x2 , [0,a]× [0,b])

+
m−1

∑
i=0

n−1

∑
j=0

∫ i+2

i+1

1

t21
dt1

∫ j+2

j+1

1

t22
dt2 ·V2

(
φx1x2 ,

[
0,

(i+1)a
m+1

]
×

[
0,

( j +1)b
n+1

])
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+
1

n+1

m−1

∑
i=0

∫ i+2

i+1

1

t21
dt1 ·V2

(
φx1x2 ,

[
0,

(i+1)a
m+1

]
× [0,b]

)

+
1

m+1

n−1

∑
j=0

∫ j+2

j+1

1

t22
dt2 ·V2

(
φx1x2 , [0,a]×

[
0,

( j +1)b
n+1

])

=
1

(m+1)(n+1)
V2(φx1x2 , [0,a]× [0,b])

+
m−1

∑
i=0

n−1

∑
j=0

∫ i+2

i+1

∫ j+2

j+1

1

t21

1

t22
V2

(
φx1x2 ,

[
0,

t1a
m+1

]
×

[
0,

t2b
n+1

])
dt1dt2

+
1

n+1

m−1

∑
i=0

∫ i+2

i+1

1

t21
V2

(
φx1x2 ,

[
0,

t1a
m+1

]
× [0,b]

)
dt1

+
1

m+1

n−1

∑
j=0

∫ j+2

j+1

1

t22
V2

(
φx1x2 , [0,a]×

[
0,

t2b
n+1

])
dt2

=
1

(m+1)(n+1)
V2(φx1x2 , [0,a]× [0,b])

+
1

(m+1)(n+1)

∫ m+1

1

∫ n+1

1
V2

(
φx1x2 ,

[
0,

a
t1

]
×

[
0,

b
t2

])
dt1dt2

+
1

(m+1)(n+1)

∫ m+1

1
V2

(
φx1x2 ,

[
0,

a
t1

]
× [0,b]

)
dt1

+
1

(m+1)(n+1)

∫ n+1

1
V2

(
φx1x2 , [0,a]×

[
0,

b
t2

])
dt2

=
1

(m+1)(n+1)
V2(φx1x2 , [0,a]× [0,b])

+
1

(m+1)(n+1)

m−1

∑
i=0

n−1

∑
j=0

∫ i+2

i+1

∫ j+2

j+1
V2

(
φx1x2 ,

[
0,

a
t1

]
×

[
0,

b
t2

])
dt1dt2

+
1

(m+1)(n+1)

m−1

∑
i=0

∫ i+2

i+1
V2

(
φx1x2 ,

[
0,

a
t1

]
× [0,b]

)
dt1

+
1

(m+1)(n+1)

n−1

∑
j=0

∫ j+2

j+1
V2

(
φx1x2 , [0,a]×

[
0,

b
t2

])
dt2

=
1

(m+1)(n+1)
V2(φx1x2 , [0,a]× [0,b])

+
1

(m+1)(n+1)

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
j +1

])

+
1

(m+1)(n+1)

m−1

∑
i=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
× [0,b]

)
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+
1

(m+1)(n+1)

n−1

∑
j=0

V2

(
φx1x2 , [0,a]×

[
0,

b
j +1

])

� 3
(m+1)(n+1)

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
j +1

])
. (47)

Using (47) in (46), we get

|S5(y1,y2,x1,x2)| � 12
π2

[
1+

2
a

+
2
b

+
4
ab

]

× 1
(m+1)(n+1)

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
j +1

])
.

(48)

Further, we have

|S6(y1,y2,x1,x2)| =
∣∣∣∣ 1
π2

∫ ∞

a

∫ b

b
n+1

gx1x2(t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣
�

∣∣∣∣ 1
π2

∫ ∞

a

∫ b

b
n+1

φx1x2(t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣
+

∣∣∣∣ 1
π2

∫ ∞

a

∫ b

b
n+1

φx1x2(t1,0)
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣
+

∣∣∣∣ 1
π2

∫ ∞

a

∫ b

b
n+1

φx1x2(0, t2)
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣
= S61(y1,y2,x1,x2)+S62(y1,y2,x1,x2)+S63(y1,y2,x1,x2), say.

(49)

Now,

S61(y1,y2,x1,x2) =
1

π2 lim
c1→∞

∣∣∣∣
∫ c1

a

∫ b

b
n+1

φx1x2(t1,t2)
siny1t1

t1

siny2t2
t2

dt1dt2

∣∣∣∣.
Since φx1x2 ∈ BVH([0,∞)× [0,∞)) , using Lemma 8, we get

S61(y1,y2,x1,x2) � 1
π2 lim

c1→∞

{
4(n+1)
aby1y2

[
3M(φx1x2)+V1(φx1x2(·,b), [a,c1])

+V1

(
φx1x2(c1, ·),

[
b

n+1
,b

])
+V2

(
φx1x2 , [a,c1]×

[
b

n+1
,b

])]}
.

Using (18) and (19) of Lemma 11, we get

S61(y1,y2,x1,x2) � 1
π2 lim

c1→∞

{
8

aby1

[
3M(φx1x2)+V1(φx1x2(·,0), [a,c1])

+V1

(
φx1x2(a, ·),

[
b

n+1
,b

])
+3V2(φx1x2 , [a,c1]× [0,b])

]}
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=
8

aby1π2

[
3M(φx1x2)+V1(φx1x2(·,0), [a,∞))

+V1

(
φx1x2(a, ·),

[
b

n+1
,b

])
+3V2(φx1x2 , [a,∞)× [0,b])

]

=
8

aby1π2V ′
2(φx1x2 , [a,∞), [0,b]). (50)

Since φx1x2(·,0) ∈ BV [0,∞) , using Lemma 7 and also using Lemma 6, we get

|S62(y1,y2,x1,x2)| =
∣∣∣∣ 1
π2

∫ ∞

a
φx1x2(t1,0)

siny1t1
t1

dt1

∫ b

b
n+1

siny2t2
t2

dt2

∣∣∣∣
� 1

π2

2
ay1

[M(φx1x2(·,0))+V1(φx1x2(·,0), [a,∞))]
2(n+1)

y2b

� 8
aby1π2V ′

1(φx1x2(·,0), [a,∞)). (51)

Again using Lemma 6, we get

|S63(y1,y2,x1,x2)| =
∣∣∣∣ 1
π2

∫ ∞

a

siny1t1
t1

dt1

∫ b

b
n+1

φx1x2(0,t2)
siny2t2

t2
dt2

∣∣∣∣
� 2

ay1π2

∣∣∣∣
∫ b

b
n+1

φx1x2(0,t2)
siny2t2

t2
dt2

∣∣∣∣.
Estimate for the integral on the right hand side of the above inequality was obtained in
[3], where the corresponding term is denoted by S2(x,y) ; after writing the exact value
of the constant, we obtain

∣∣∣∣
∫ b

b
n+1

φx1x2(0, t2)
siny2t2

t2
dt2

∣∣∣∣ �
[
2+

4
b

] n

∑
j=0

1
j +1

V1

(
φx1x2(0, ·),

[
jb

n+1
,
( j +1)b
n+1

])

and hence

|S63(y1,y2,x1,x2)| � 2
ay1π2

[
2+

4
b

] n

∑
j=0

1
j +1

V1

(
φx1x2(0, ·),

[
jb

n+1
,
( j +1)b
n+1

])
.

(52)

Using (49)–(52), we get

S6(y1,y2,x1,x2) � 8
aby1π2V ′

2(φx1x2 , [a,∞), [0,b])+
8

aby1π2V ′
1(φx1x2(·,0), [a,∞))

+
1

π2

2
ay1

[
2+

4
b

] n

∑
j=0

1
j +1

V1

(
φx1x2(0, ·),

[
jb

n+1
,
( j +1)b
n+1

])
. (53)
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Using (3) of Lemma 1 in third term of the right hand side of (53), we get

n

∑
j=0

1
j +1

V1

(
φx1x2(0, ·),

[
jb

n+1
,
( j +1)b
n+1

])

=
n−1

∑
j=0

[
1

j +1
− 1

j +2

]
V1

(
φx1x2(0, ·),

[
0,

( j +1)b
n+1

])
+

1
n+1

V1(φx1x2(0, ·), [0,b])

=
n−1

∑
j=0

∫ j+2

j+1

1
t2

dt ·V1

(
φx1x2(0, ·),

[
0,

( j +1)b
n+1

])
+

1
n+1

V1(φx1x2(0, ·), [0,b])

�
n−1

∑
j=0

∫ j+2

j+1

1
t2

V1

(
φx1x2(0, ·),

[
0,

tb
n+1

])
dt +

1
n+1

V1(φx1x2(0, ·), [0,b])

=
∫ n+1

1

1
n+1

V1

(
φx1x2(0, ·),

[
0,

b
t

])
dt +

1
n+1

V1(φx1x2(0, ·), [0,b])

=
1

n+1

n−1

∑
j=0

∫ j+2

j+1
V1

(
φx1x2(0, ·),

[
0,

b
t

])
dt +

1
n+1

V1(φx1x2(0, ·), [0,b])

� 1
n+1

n−1

∑
j=0

V1

(
φx1x2(0, ·),

[
0,

b
j +1

])
+

1
n+1

V1(φx1x2(0, ·), [0,b])

� 2
n+1

n−1

∑
j=0

V1

(
φx1x2(0, ·),

[
0,

b
j +1

])
.

Using above inequality in the third term of the right hand side of (53), we get

S6(y1,y2,x1,x2) � 8
aby1π2 [V ′

2(φx1x2 , [a,∞), [0,b])+V ′
1(φx1x2(·,0), [a,∞))]

+
1

aπ2

[
2+

4
b

]
4

y1(n+1)

n−1

∑
j=0

V1

(
φx1x2(0, ·),

[
0,

b
j +1

])
. (54)

Analogusly, we have

S8(y1,y2,x1,x2) � 8
aby2π2

[
V ′

2(φx1x2 , [0,a], [b,∞))+V ′
1(φx1x2(0, ·), [b,∞))

]

+
1

bπ2

[
2+

4
a

]
4

(m+1)y2

m−1

∑
i=0

V1

(
φx1x2(·,0),

[
0,

a
i+1

])
. (55)

Observe that

|S9(y1,y2,x1,x2)| =
∣∣∣∣ 1
π2

∫ ∞

a

∫ ∞

b
gx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
�

∣∣∣∣ 1
π2

∫ ∞

a

∫ ∞

b
φx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
+

∣∣∣∣ 1
π2

∫ ∞

a

∫ ∞

b
φx1x2(t1,0)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
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+
∣∣∣∣ 1
π2

∫ ∞

a

∫ ∞

b
φx1x2(0,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
= S91(y1,y2,x1,x2)+S92(y1,y2,x1,x2)+S93(y1,y2,x1,x2), say.

(56)

Since φx1x2(·,0) ∈ BV [0,∞) , using Lemma 7 and also using Lemma 6, we get

|S92(y1,y2,x1,x2)| = 1
π2

∣∣∣∣
∫ ∞

a
φx1x2(t1,0)

siny1t1
t1

dt1

∫ ∞

b

siny2t2
t2

dt2

∣∣∣∣
� 1

π2

2
ay1

[M(φx1x2(·,0))+V1(φx1x2(·,0), [a,∞))]
2

by2

� 4
aby1y2π2V ′

1(φx1x2(·,0), [a,∞)) (57)

and

S93(y1,y2,x1,x2) =
1

π2

∣∣∣∣
∫ ∞

a

siny1t1
t1

dt1

∫ ∞

b
φx1x2(0,t2)

siny2t2
t2

dt2

∣∣∣∣
� 1

π2

2
by2

[M(φx1x2(0, ·))+V1(φx1x2(0, ·), [b,∞))]
2

ay1

=
4

aby1y2π2V ′
1(φx1x2(0, ·), [b,∞)). (58)

Since φx1x2 ∈ BVH([0,∞)× [0,∞)) , using Lemma 8, we get

S91(y1,y2,x1,x2) = lim
c1→∞

lim
c2→∞

∣∣∣∣ 1
π2

∫ c1

a

∫ c2

b
φx1x2(t1,t2)

siny1t1
t1

siny2t2
t2

dt1dt2

∣∣∣∣
� 1

π2 lim
c1→∞

lim
c2→∞

{
4

aby1y2
[3M(φx1x2)+V1(φx1x2(·,c2), [a,c1])

+V1(φx1x2(c1, ·), [b,c2])+V2(φx1x2 , [a,c1]× [b,c2])]
}

.

Using (18) and (19) of Lemma 11, we get

S91(y1,y2,x1,x2) � 1
π2 lim

c1→∞
lim

c2→∞

{
4

aby1y2
[3M(φx1x2)+V1(φx1x2(·,b), [a,c1])

+V1(φx1x2(a, ·), [b,c2])+3V2(φx1x2 , [a,c1]× [b,c2])]
}

=
4

aby1y2π2 [3M(φx1x2)+V1(φx1x2(·,b), [a,∞))

+V1(φx1x2(a, ·), [b,∞))+3V2(φx1x2 , [a,∞)× [b,∞))]

=
4

aby1y2π2V ′
2(φx1x2 , [a,∞), [b,∞)). (59)



APPROXIMATION BY PARTIAL INTEGRALS 399

Using (56)–(59), we get

|S9(y1,y2,x1,x2)| � 4
aby1y2π2 [V ′

2(φx1x2 , [a,∞), [b,∞))+V ′
1(φx1x2(·,0), [a,∞))

+V ′
1(φx1x2(0, ·), [b,∞))]. (60)

After carefully reading the proof of Theorem 4, we can write the estimate for
S10(y1,x1,x2) as follows by explicitly determining the exact value of the constant and
applying Lemma 7 to the last term.

S10(y1,x1,x2) =
1
2π

∫ ∞

0
φx1x2(t1,0)

siny1t1
t1

dt1

� 1
π

[
2+a+

4
a

]
1

m+1

m−1

∑
i=0

V1

(
φx1x2(·,0),

[
0,

a
i+1

])

+
1

ay1π
V ′

1(φx1x2(·,0), [a,∞)) (61)

and similarly, we have

S11(y2,x1,x2) =
1
2π

∫ ∞

0
φx1x2(0,t2)

siny2t2
t2

dt2

� 1
π

[
2+b+

4
b

]
1

n+1

n−1

∑
j=0

V1

(
φx1x2(0, ·),

[
0,

b
j +1

])

+
1

by2π
V ′

1(φx1x2(0, ·), [b,∞)). (62)

Combining all the inequality, we get

|S(y1,y2,x1,x2)− f ∗(x1,x2)|

�
{

4ab
π2 +

8b
π2

[
1+

2
a

]
+

8a
π2

[
1+

2
b

]
+

12
π2

[
1+

2
a

+
2
b

+
4
ab

]}

× 1
(m+1)(n+1)

m−1

∑
i=0

n−1

∑
j=0

V2

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
j +1

])

+
{

1
π

[
2+a+

4
a

]
+

4
bπ2y2

[
2+

4
a

]}
1

m+1

m−1

∑
i=0

V1

(
φx1x2(·,0),

[
0,

a
i+1

])

+
{

1
π

[
2+b+

4
b

]
+

4
aπ2y1

[
2+

4
b

]}
1

n+1

n−1

∑
j=0

V1

(
φx1x2(0, ·),

[
0,

b
j +1

])

+
4

abπ2 [V ′
2(φx1x2 , [a,∞), [b,∞))+V ′

1(φx1x2(·,0), [a,∞))+V ′
1(φx1x2(0, ·), [b,∞))]

1
y1y2

+
{

2b
aπ2V1

(
φx1x2(0, ·),

[
0,

b
n+1

])
+

[
2b
aπ2 +

8
abπ2 +

1
aπ

]
V ′

1(φx1x2(·,0), [a,∞))

+
2b
aπ2V ′

2

(
φx1x2 , [a,∞),

[
0,

b
n+1

])
+

8
abπ2V ′

2(φx1x2 , [a,∞), [0,b])
}

1
y1
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+
{

2a
bπ2V1

(
φx1x2(·,0),

[
0,

a
m+1

])
+

[
2a
bπ2 +

8
abπ2 +

1
bπ

]
V ′

1(φx1x2(0, ·), [b,∞))

+
2a
bπ2V ′

2

(
φx1x2 ,

[
0,

a
m+1

]
, [b,∞)

)
+

8
abπ2V ′

2(φx1x2 , [0,a], [b,∞))
}

1
y2

=
O(1)

(m+1)(n+1)

m−1

∑
i=0

n−1

∑
j=0

V

(
φx1x2 ,

[
0,

a
i+1

]
×

[
0,

b
j +1

])

+
O(1)
n+1

n−1

∑
j=0

V

(
φx1x2(0, ·),

[
0,

b
j +1

])
+

O(1)
m+1

m−1

∑
i=0

V

(
φx1x2(·,0),

[
0,

a
i+1

])

+
O(1)
y1y2

+
O(1)
y1

+
O(1)
y2

. �
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