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Abstract. In this note, we obtain several operator inequalities related to operator convex-log
functions and geodesically convex functions, which complement some recent results due to
Kaleibary et al. [Linear Multilinear Algebra 71 (2023) 1280–1294].

1. Introduction

Let Mn be the space of all n× n complex matrices. For A ∈ Mn , the singular
values and eigenvalues of A are denoted by s j(A) and λ j(A) , respectively, j = 1, . . . ,n.
The singular values s1(A),s2(A), . . . ,sn(A) of a matrix A are the eigenvalues of |A| =
(A∗A)

1
2 arranged in non-increasing order and repeated according to multiplicity. If

A is Hermitian, then all eigenvalues of A are real and ordered as λ1(A) � λ2(A) �
· · · � λn(A) . Recall that a norm ‖ · ‖ on Mn is unitarily invariant if ‖UAV‖ = ‖A‖ for
any A ∈ Mn and unitary matrices U,V ∈ Mn . Let B(H ) denote the C∗ -algebra of
all bounded linear operators acting on an n -dimensional complex Hilbert space H .
Throughout the paper, a capital letter means an operator in B(H ) or an n×n matrix.
Let p,q be scalars and I be the identity operator (matrix). An operator A is called
positive operator (in symbol: A � 0) if 〈Ax,x〉 � 0 for all x ∈ H . We write A > 0 if it
is a strictly positive operator. For self-adjoint operators A,B∈B(H ) , we say B � A or
A � B if B−A � 0 or A−B � 0, i.e., 〈Bx,x〉 � 〈Ax,x〉 or 〈Ax,x〉 � 〈Bx,x〉 for all x ∈
H . For an arbitrary operator A ∈ B(H ) , we denote by s j(A) and λ j(A) its singular
values and eigenvalues, respectively, j = 1, . . . ,n . The singular values s1(A) � s2(A) �
· · ·� sn(A) of A are the eigenvalues of |A|= (A∗A)

1
2 arranged in non-increasing order.

For positive operators A,B∈B(H ) , λ1(A) � λ2(A) � · · ·� λn(A) are the eigenvalues
of A arranged in non-increasing order. If

k

∑
j=1

λ j(A) �
k

∑
j=1

λ j(B), k = 1, . . . ,n,
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we say that A is weakly majorized by B , denoted by A ≺w B . If, in addition, the last

inequality is an equality, i.e.,
n

∑
j=1

λ j(A) =
n

∑
j=1

λ j(B) , we say that A is majorized by B ,

written as A ≺ B . Moreover, if

k

∏
j=1

λ j(A) �
k

∏
j=1

λ j(B), k = 1, . . . ,n,

we say that A is weakly log majorized by B , denoted by A ≺w log B . If, in addition, the

last inequality is an equality, i.e.,
n

∏
j=1

λ j(A) =
n

∏
j=1

λ j(B) , we say that A is log majorized

by B , written as A ≺log B . It is well known that for positive operators A,B ∈ B(H ) ,
A ≺w log B implies A ≺w B [16, p. 39]. On the other hand, for positive operators A,B ∈
B(H ) , A�ols B if and only if Ar � Br for every r � 1 [14]. For a real-valued function
f and a self-adjoint operator A ∈ B(H ) , the value f (A) is defined via the identity
f (A) = Udiag( f (λi(A)))U∗ , where Udiag(λi(A))U∗ is a spectral decomposition of A
and the diagonal matrix diag(λ1(A), . . . ,λn(A)) is written as diag(λi(A)) , in which
U is unitary and {λi(A) : i = 1, . . . ,n} = λ (A). For two self-adjoint operators A,B ∈
B(H ) , a function f is said to be operator monotone (see, e.g. [4, p. 112]) if it is
monotone with respect to A and B , i.e., if A � B implies f (A) � f (B). Conversely,
it is operator monotone decreasing. If strictly positive operators A,B ∈ B(H ) and
λ ∈ (0,1) is a real number, then the following inequalities

A∇λ B := (1−λ )A+ λB,

A!λ B := ((1−λ )A−1 + λB−1)−1

A�λ B := A
1
2 (A− 1

2 BA− 1
2 )λ A

1
2 ,

are known, in the literature, as the λ -weighted arithmetic, λ -weighted harmonic and
λ -weighted geometric matrix means of A and B, respectively. If λ = 1

2 , they are
simply denoted by A∇B, A!B and A�B, respectively. The following inequalities are
well known in the literature:

A!λ B � A�λ B � A∇λ B.

Next we introduce the definitions of several special classes of functions [12].

DEFINITION 1. [12] Let f be a nonnegative continuous function on (0,∞) .

(i) The function f is said to be operator convex if and only if

f ((1−α)A+ αB) � (1−α) f (A)+ α f (B) for any α ∈ [0,1] and A,B > 0 .

(ii) The function f is said to be operator geodesically convex if and only if

f (A�αB) � f (A)∇α f (B) for any α ∈ [0,1] and A,B > 0 .
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(iii) The function f is said to be operator log-convex when

f ((1−α)A+ αB) � f (A)�α f (B) for any α ∈ [0,1] and A,B > 0 .

If the above inequalities are reversed, then the corresponding types of concave
functions are defined.

DEFINITION 2. [12] The nonnegative continuous function f : [1,∞) → [0,∞) is
operator convex-log if it can be written in the form f (t) = h(logt) , t � 1, where h :
[0,∞) → [0,∞) is an operator convex function. Similarly, a function g : [1,∞) → [0,∞)
is called an operator concave-log function if it can be written as g(t) = ϕ(log t) , t � 1,
where ϕ : [0,∞) → [0,∞) is an operator concave function.

DEFINITION 3. [13] A nonnegative continuous function f on (0,∞) is said to be
geometrically convex if and only if

f (x1−αyα) � f 1−α(x) f α (y) for any α ∈ [0,1] and x,y ∈ (0,∞) .

Let f be a continuous nonnegative function on (0,∞) . It is known that f is op-
erator monotone if and only if it is operator concave. Ando and Hiai state [1, Theorem
3.1] that f is operator monotone decreasing is equivalent to f is operator convex and
numerical function f (x) is non-increasing. For simplicity, we use the notation

μ = { f : [0,∞) → [0,∞); f is an operator convex function with f (∞) < ∞} .

Can numerical function f (x) ∈ μ be non-increasing? The answer is yes and this is the
content of the next proposition.

PROPOSITION 1. Let f be a nonnegative operator monotone function on [0,∞)
satisfying lim

t→∞
f (t) = L with L ∈ (0,∞). Then f is non-increasing.

Proof. We prove it by contradiction. Let x,y ∈ [0,∞) with x < y. Without loss of
generality, we assume that f (y) > f (x) and set

λ =
f (y)− f (x)

y− x
.

Obviously, λ > 0. Thus by the convexity of f , we have

f (y)− f (x)
y− x

� f (z)− f (y)
z− y

for z > y . This implies that

f (z) � f (y)+ λ (z− y).
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When z → ∞ , f (z) = L < ∞ is bounded, while f (y)+ λ (z− y) is infinity. This is a
contradiction. Therefore, the assumption does not hold. This implies that f (y) � f (x)
for 0 � x < y. So, f is non-increasing. �

Consequently, f ∈ μ means that f is operator monotone decreasing. For more
details on operator monotone and operator convex functions, the interested readers can
refer to [1, 3, 4, 5, 8, 15].

Kaleibary et al. [12, Theorem 3.5] obtained the following weak majorization
inequality: If f : [1,∞) → [0,∞) is an operator convex-log function, then, for every
A,B � I and α ∈ [0,1] ,

f (A�αB) ≺w f (A)∇α f (B). (1)

In [12, Theorem 3.11] they also presented the following eigenvalue inequalities: If
g : [1,∞) → [0,∞) is an operator concave-log function and A , B are strictly positive
operators such that esI ≺ols esA ≺ols B ≺ols etA for some scalars 0 < s � t , and α ∈
[0,1] , then, for every 0 < r � 1 and k = 1,2, . . . ,n ,

λk(g(A)∇αg(B)) � S(ert)
1
r S(et)λk(g(A�αB)), (2)

where S(t) =
t

1
t−1

e log(t
1

t−1 )
for t > 0, t 
= 1 is the so-called Specht’s ratio. It is easy to

known that lim
t→1

S(t) = 1, S(t) = S(1/t) > 1.

At the same time, they gave a variation of the properties of geodesically convex
functions in [12, Theorem 4.4]: Let g be a nonnegative operator monotone decreasing
function on (0,∞) and 0 < sA � B � tA for some constants 0 < s � t . Then, for all
α ∈ [0,1] and k = 1,2, . . . ,n ,

k

∏
j=1

λ j(g(A�αB)) � μk(s,t)

({
k

∏
j=1

λ j(g(A))

}
�α

{
k

∏
j=1

λ j(g(B))

})
. (3)

Actually, Kaleibary et al. [12, Lemma 4.2] showed that if g is an increasing
geometrically convex function on (0,∞) , then

F(A) =
k

∑
j=1

g(λ j(A)), k = 1,2, . . . ,n, (4)

is a geodesically convex function.

In this paper, we first give several variations of the operator geodesically convexity
and concavity properties which can be considered as complements of (1)–(3). And then
we prove (4) holds in case that g is an increasing log-convex function.
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2. Main results

Before presenting main results, we list some useful lemmas for our proofs.

LEMMA 1. [10, Lemma 1] Let 0 < pA � B � qA, 0 < p � q and α ∈ [0,1] .
Then

(1−α)A+ αB � max{S(p),S(q)}(A�αB),

where S(t) is the so-called Specht ratio.

LEMMA 2. [6, Proposition 3.5] Let A,B ∈ B(H ) be strictly positive operators.
Then, for α ∈ [0,1] and k = 1, . . . ,n,{

k

∏
j=1

s j(A)

}
�α

{
n

∏
j=n+1−k

s j(B)

}
�

k

∏
j=1

s j(A�αB) �
{

k

∏
j=1

s j(A)

}
�α

{
k

∏
j=1

s j(B)

}
.

LEMMA 3. [4, Theorem III.4.1] Let A,B ∈ B(H ) be self-adjoint operators.
Then, for 1 � k � n,

k

∑
j=1

λ j(A+B) �
k

∑
j=1

λ j(A)+
k

∑
j=1

λ j(B),

and the two sums are equal at k = n.

LEMMA 4. [12, Proposition 3.10] Let A,B ∈ B(H ) be strictly positive opera-
tors such that esA ≺ols B ≺ols etA for some scalars 0 < s � t , and α ∈ [0,1] . Then

λk(logA∇α logB) � λk(log(MN(A�α B))),

where S(t) is the so-called Specht ratio and

M = max{S 1
r (ers),S

1
r (ert )}, N = max{S(es),S(et)}

and 0 < r � 1 .

LEMMA 5. [2, Proposition 1.1] Let f (0,∞) → [0,∞) be continuous. Then

(1) f is operator monotone decreasing if and only if f is operator convex and
f (∞) < ∞ .

(2) f is operator monotone increasing if and only if f is operator concave.

LEMMA 6. [7, Lemma 2.2] Let ν � 1 .

(a) If f : [0,∞) → [0,∞) is an operator monotone increasing function, then

f (νt) � ν f (t).
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(b) If f : [0,∞) → [0,∞) is an operator monotone decreasing function, then

f (νt) � 1
ν

f (t).

Firstly, we give a higher level inequality than (1) under the assumption of 0 <
pA � B � qA which is a variation of the operator geodesically convexity property.

THEOREM 1. Let f (t) = h(logt) be an operator convex-log function on [1,∞)
satisfying h∈ μ and let 0 < pA � B � qA for some scalars 0 < p � q. Then, for every
A,B > I and α ∈ [0,1] ,

f (A�αB) � f (s−1A)∇α f (s−1B),

where S(t) is the so-called Specht ratio and s = max{S(p),S(q)} .

Proof. Since A,B > I , then A�αB > I . Compute

f (A�αB) = h(log(A�αB))
� h(log(s−1(A∇αB))) (Lemmas 1 and 5 )

� h((log(s−1A))∇α(log(s−1B))) (operator concavity of log)

� h(log(s−1A))∇αh(log(s−1B)) (operator convexity of h)

= f (s−1A)∇α f (s−1B),

we get the desired result. �

Secondly, we give a reversed inequality of (2) under the assumption of opera-
tor convex-log functions which can also be considered as a variation of the operator
geodesically convexity property.

THEOREM 2. Let f (t) = h(logt) be an operator convex-log function on [1,∞)
satisfying h ∈ μ and let A and B be strictly positive operators such that esI ≺ols

esA≺ols B≺ols etA for some scalars 0 < s � t , and α ∈ [0,1] . Then, for every 0 < r � 1
and k = 1,2, . . . ,n, we have

λk( f (A�αB)) � S(ert)
1
r S(et)λk( f (A)∇α f (B)).

Proof. Since h ∈ μ , it follows from Lemma 5 that h is an operator monotone
decreasing function. Moreover, the condition esI ≺ols esA≺ols B≺ols etA with 0 < s � t
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implies A,B > I . So,

λk( f (A)∇α f (B)) = λk(h(log(A))∇αh(log(B)))
� λk(h(log(A)∇α log(B))) (op. convexity of h )

= h(λk(log(A)∇α log(B)))
� h(λk(logMN(A�αB))) (Lemmas 4 and 5 )

= λk(h(logMN(A�αB)))
� λk(h(MN log(A�αB))) (Lemmas 5 and 6 )

� 1
MN

λk(h(log(A�αB))) (Lemmas 5 and 6 )

=
1

MN
λk( f (A�αB)),

where constants M = max{S 1
r (ers),S

1
r (ert)} , N = max{S(es),S(et)} are defined in

Lemma 4 and M � 1, N � 1 by the definition of so-called Specht ratio and 0 < r � 1,
0 < s � t.

On the other hand, since S(t) is an increasing function on [1,∞] and 1 < es � et

for 0 < s � t , then MN = S(ert)
1
r S(et) . Therefore,

λk( f (A�αB)) � S(ert)
1
r S(et)λk( f (A)∇α f (B)). �

Next, a variation of the operator geodesically concavity property is obtained in the
next theorem.

THEOREM 3. Let f be a nonnegative operator monotone function on (0,∞) and
0 < pA � B � qA for some constants 0 < p � q. Then, for all α ∈ [0,1] and k =
1,2, . . . ,n,(

n

∑
j=n−k+1

λ j( f (A))

)
∇α

(
n

∑
j=n−k+1

λ j( f (B))

)
� s

n

∑
j=n−k+1

λ j( f (A�αB)),

where s = max{S(p),S(q)} .

Proof. Since f is a nonnegative operator monotone function on (0,∞) (i.e., f is
operator concave), then combining Lemma 1 and the fact that for every nonnegative
concave function f and every s > 1, f (sx) � s f (x) yields

f (A∇αB) � f (s(A�αB)) � s f (A�αB). (5)

By the concavity of f , we get

f (A)∇α f (B) � f (A∇αB). (6)
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Actually, Lemma 3 implies that

n

∑
j=n−k+1

λ j(A)+
n

∑
j=n−k+1

λ j(B) �
n

∑
j=n−k+1

λ j(A+B), k = 1, . . . ,n.

Assume that X = (1−α) f (A) , Y = α f (B) , where α ∈ [0,1]. By replacing A , B with
X , Y in the above inequality, respectively, we have

n

∑
j=n−k+1

λ j(X)+
n

∑
j=n−k+1

λ j(Y ) =
n

∑
j=n−k+1

λ j((1−α) f (A))+
n

∑
j=n−k+1

λ j(α f (B))

= (1−α)
n

∑
j=n−k+1

λ j( f (A))+ α
n

∑
j=n−k+1

λ j( f (B))

�
n

∑
j=n−k+1

λ j((1−α) f (A)+ α f (B)), k = 1, . . . ,n.

This means that (
n

∑
j=n−k+1

λ j( f (A))

)
∇α

(
n

∑
j=n−k+1

λ j( f (B))

)

�
n

∑
j=n−k+1

λ j ( f (A)∇α f (B)) , k = 1, . . . ,n.

Using inequalities (5) and (6), the above inequality becomes

(
n

∑
j=n−k+1

λ j( f (A))

)
∇α

(
n

∑
j=n−k+1

λ j( f (B))

)

�
n

∑
j=n−k+1

λ j( f (A)∇α f (B))

� s
n

∑
j=n−k+1

λ j( f (A�αB)), k = 1, . . . ,n. �

REMARK 1. Suppose F(A) =
n

∑
j=n−k+1

λ j( f (A)) in Theorem 3. So,

F(A)∇αF(B) � sF(A�αB),

which provides a variant of the geodesically concavity property for F(A)=
n
∑

j=n−k+1
λ j( f (A)).

When k = n in Theorem 3, the next corollary is immediate.
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COROLLARY 1. Let f be a nonnegative operator monotone function on (0,∞)
and 0 < pA � B � qA for some constants 0 < p � q. Then, for all α ∈ [0,1] ,

tr( f (A)∇α f (B)) � s tr( f (A�αB)),

where s = max{S(p),S(q)} .

Finally, we prove that (4) is also a geodesically convex function under a different
condition.

THEOREM 4. Let f be an increasing log-convex function on (0,∞) . Then

F(A) =
k

∑
j=1

f (λ j(A)), k = 1,2, . . . ,n,

is a geodesically convex function.

Proof. For strictly positive operators A , B and α ∈ [0,1] , by Lemma 2, we have

k

∏
j=1

λ j(A�αB) �
{

k

∏
j=1

λ j(A)

}
�α

{
k

∏
j=1

λ j(B)

}

�
k

∏
j=1

λ j(A)1−αλ j(B)α

=
k

∏
j=1

λ j(A1−α)λ j(Bα).

(7)

Now, by applying a classical result on the function f [11, Proposition 4.1.6] and
inequality (7), we have

k

∑
j=1

f (λ j(A�αB)) �
k

∑
j=1

f (λ 1−α
j (A)λ α

j (B)).

Hence, we can write

k

∑
j=1

f (λ j(A�αB)) �
k

∑
j=1

f (λ 1−α
j (A)λ α

j (B))

�
k

∑
j=1

f ((1−α)λ j(A)+ αλ j(B)) (Young inequality)

�
k

∑
j=1

f 1−α(λ j(A)) f α (λ j(B)) (log-convexity of f )

�
(

k

∑
j=1

f (λ j(A))

)
�α

(
k

∑
j=1

f (λ j(B))

)
(Hölder inequality)

�
(

k

∑
j=1

f (λ j(A))

)
∇α

(
k

∑
j=1

f (λ j(B))

)
.
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So, F(A) is a geodesically convex function. �

REMARK 2. In general, log-convexity and geometric convexity are not related to
each other. However, if f is a positive increasing log-convex function on (0,∞) , then it
is a geometrically convex function. Indeed, it follows f (x1−αyα) � f ((1−α)x+αy) �
f 1−α(x) f α (y) from the monotone increasingness of f and the weighted arithmetic-
geometric mean inequality. In addition, a geometrically convex function is not always
a log-convex function. For example, sinh t on [0,∞) is geometrically convex [13].

However, the calculation d2(sinht)
dt2

= − 1
sinh2t

< 0 shows that sinh t is not log-convex.
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