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BOUNDARY VALUES OF SEQUENCES AT INFINITY
IN DIFFERENCE SPACES OF THE SOBOLEV TYPE

AIGERIM KALYBAY, DINARA SARSENALY AND AINUR TEMIRKHANOVA

(Communicated by L.-E. Persson)

Abstract. Weighted difference Sobolev space Wy, is determined. The mutual relation of this

o
space with the space W", , is investigated depending on the behavior of the weight sequences
at infinity.

1. Introduction

When considering boundary value problems for differential equations with degen-
eracy at the boundary, the question arises of describing in terms of boundary values the
completion of a set of infinitely differentiable finite functions with respect to the norm
of the corresponding weight space. In general, the set of finitely supported functions is
not dense in the unweighted space of smooth functions. However,for example, in the
case of strong degeneration of the weight in a weighted Sobolev space, the set of finitely
supported smooth functions may turn out to be dense. Therefore, an important question
is the problem of characterizing the closure of finitely supported smooth functions in
the space under consideration (see, for example, [2], [4], [6], [7], [8], [9]). Studies of
the relationship of a weighted space with a set of finitely supported functions play an
important role in determining the degree of degeneracy of coefficients of differential
equations at the boundary of the domain, the degree of singularity of weight functions
in weight inequalities, the influence of the degree of singularity of coefficients in the
spectral theory of differential operators. In this direction, several works have been pub-
lished in recent years [1], [3], [5], [10]. As for the discrete case of this problem, it has
been little studied. This paper is devoted to the study of the relationship between the
weighted difference Sobolev space and the closure of a set of finite sequences depend-
ing on the behavior of the weight sequences at infinity.

Let 1 <p<oo, p'= 1%' Let {f;};~, be a sequence of real numbers, let us define
the difference operation:

Afi=fir1—fi 120, A'fi=AA"'f), n=1,2,....

Mathematics subject classification (2020): 46E39.
Keywords and phrases: Weight sequence, weighted Sobolev space, matrix operator, difference space.

© M, Zagreb 427

Paper MIA-29-26


http://dx.doi.org/10.7153/mia-2026-29-26

428 A. KALYBAY, D. SARSENALY AND A. TEMIRKHANOVA

Let E, be the set of sequences of real numbers {f;};, for which f; =0, k=
0,1,...,n—1, which is equivalent to the condition Aify =0, i=0,1,...,n— 1. Letus
define a weighted difference space on this set E .

The sequence of real numbers {v;};" is called weighted sequence, if v; >0,

20. Let n > 1, Wy, be the set of all sequences from E, satisfying the condition

1
A"l 0 = (Z V; A”ﬁl”) < oo,
and we define the norm of this set as follows:

£y, = IA"FlL 0 ¥F € Wi 0

The fulfillment of conditions [|A f|lwx, = [A][[fllwz, and [[f1 + faollwz, < Ifillwe, +
[ £2]lwz., of the norm is obvious. Let f € Wy, and || f[lwz, = 0. Then from v; >0,
i > 0 it follows that A" f; = 0,Vk > 0, which with A'fy =0, i=0,1,...,n—1 gives
fi =0, Vk > 0. Then the pair ( s If HWn ) forms a normed space and this space

W, is called weighted difference Sobolev space. By standard method it can be proved

that the space Wy, is complete.

We denote by E the set of sequences from the set E,, which values after the finite

o
number are zero. From these definitions it follows that £ C Wy, .

By W"),» we denote the closure of the set E by the norm (1) of the space W},
The main purpose of this paper is to study the relationship between spaces Wy,

o
and W", ,, that is, to determine under what conditions they coincide.

2. Auxiliary results

Let us consider matrix operator

Afe =Y aifi,
i=0
where ay;, k,i=0,1,... are elements of the real matrix (ax;), f = {fi}i is the

sequence of real numbers.
Let 1 < p <eo and [, be the space of the real sequences f = {f;}-, with finite

norm .

£l = (Zﬁl”)
i=0

1£1lp = sup|fil
=0

for 1 < p <o and

for p = oo.
To prove the main results we need the following statement which was presented in

[L1].
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THEOREM A. Let 1 <p<eo, p' = 1%' The matrix operator A is bounded from
I, to L, if and only if
P’
P,> < oo

o 4
|A][ p—ee = sUp (Z oy ”’) ,

k=0 \ j=0

=

sup ( D la,
i=0

k=0

and moreover

where ||A||p—w is the norm of the operator A from 1, to L.
Let k) = k(k—1)(k—2)...(k—t+1). Then
k)| > kM| for 1 > 1, > 0. 2)
These relations follow from the equality

kK2 = k(k—1)(k—2)...(k—ty+1)
(k=1)...(k—= (1 —1))(k—11)... (k=1 +1)
W (k—11)... (k=1 +1).

k
k

Sequences f; = {fiti o> fri = K9, i=0,1,...,n—1, k9 =1 are fundamental so-
lutions of the difference equation A" f; =0, n > l Let f € Ey, then for any k > 0 we

have
1 k—1

- B G N

(n—l)!gz)(k J=D"UAY n> 1 3)
j=

This equality can be easily verified by applying Abel transformations on the right-hand

side of (3), i.e. using summation “by parts”. For example, applying Abel transforma-

tions once, we get

fi=

1 k—1 k—1

- e (n—1) An - . (1-2) an—1 ¢
(rz—l)géo(k ji—=1) Af"_(n—Z)!Zz)(k j— DDAy

Hence, it can be seen that further applying the Abel transformations another n — 2 times
we get (3).

3. Main results

Let n>1, 0<sgp<n—1. Atfirst, let us consider for which weight sequences
v = {v;};_ the condition

lim [A fi| = [A0fo| < oo, VfEWS, @

holds.
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If v,=1,i>0,i.e. when there is no weight sequence, condition (4) does not hold
for any so € [0,n — 1]. Indeed, by applying summation by parts sy times in (3), for any
f € Ey we have

1 k—1

' 2 (k—]— 1)(n—1—S0) Anff; (5)

L —
Je (n—l—so).j:O

and in the case when { f;} is a solution of the equation A" f; = 1 we have ]}im ANOf =

oo,

Our results read as follows:

THEOREM 1. Let n > 1, 0<so <n—1, 1 < p <oo. Then the condition (4) is
satisfied if and only if

lim 3" ‘(k—j— et |” o o, 6)

holds.

Proof. For Vf € W, the equation (3) holds.
1
Let v/ A" fi = gk, g = {gx} €1p for f € W), then ||f]|,,, = [[g]|,- Conversely,
1
if for Vg € 1, we define the sequence f; = ﬁz’;;é (k—j— 1)("71) v; " g;, then
1 T ) . ~

A'fi = v, " gk, from this V/A"fy = g, k> 1, ie. fr €W, and ’|f||p7v = |lgll,-
Therefore, for f € W;f,v

1 k—1 o k=1 1 o
fi=—— Y (k—j—D)" VA= — S v 7 (k—j—1)" Vg,

According to (5) we have

1 k—1

. n—1—s -
mzb(k—J—l)( Vo, g;.
! &

==

A.Y() fk —

It follows from this equality that for any f € Wy, the fulfillment of condition (4) is
equivalent to the fulfillment of

k=1 1
. . —~1-s0) ,,"p

klﬂ ZZ)(k_J_l)(n ‘O)vj Pgj| <o, Vgel,, @)

Jj=
which in turn is equivalent to the condition

k=1 1

sup| Y (k—j— 1)(n=1=s0) V; "gj| <o, Vg EI.

k=1 j=0
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The last relation means that a matrix operator of the form

k=1

Agr= Y (k—j— 1))y g,
=0

acts from [, to .. In order for this mapping to be valid, it is necessary and sufficient
that the norm of the operator A from [, to . is finite. According to the Theorem A
the norm of linear matrix operators from /,, to /.

/

k—1
/ _ P
41 =sup 307 (k= j =) <en ®)
pleo =175 J

From this the condition (8) is equivalent to the condition (6).

COROLLARY 1. Iffor 0 < sg < n—1 the condition (6) holds, then the following
estimate holds

k=1 ( 1—SO k>1

1
/ pl
sup |A% fi| <  sup (Z‘ k—j— 1)t v}”) 1A f o D

Proof. Let us consider the following relation from the Theorem 1
1 k=1 _

1
Y (k=) Ty e, (10)

A.Y() —
fi (n—1—sp)! =

1
where g; = v/A"fj € I,. The fulfillment of the condition (6) means that the operator
A is bounded from [, to l.. and the following estimate holds

1
7

k—1 1 AW
sup| 3 (k—j— 1)1, g, mu><2£| k—j— 10t v;P) lsll,
k=1 | j=0 k=1

Hence, taking into account (10), we obtain (9). U

COROLLARY 2. [ffor 0 < so <n—1 and for Vf € Wy, there exists finite limit
klim |A%0 fi| < oo, then there exists finite limit

klim ‘Asfk| < oo

for s € (so,n— 1] and for all Vf € W"

The statement of the corollary 2 follows from the relation (6) and (2), since sg < s,
then | (k—j— 1)< [ (k—j— )"0
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COROLLARY 3. Ifthere is hm |fi| < oo for Vf € W), then the limit

11m|Asfk|<oo Vfew pw s=1,2,...,n—1.

exists.
Corollary 3 follows from Corollary 2.
COROLLARY 4. For Vf € Wy, the finite limit klim }A”’lfk| < oo exists if and

only if
Y <o (11)
j=0
holds.
Corollary 4 follows from Theorem 1, when so =n— 1.

COROLLARY 5. For each s € [0,n— 1], there are elements from W}, for which
the condition ]}im |AY fi| < oo does not hold if and only if

i VP =, (12)

7
/ 2
P\
1); P) — oo

forall s € [0,n — 1]. Then, by Theorem 1, for every s € [0,n — 1] there exists a sequence
f € Wy, such that klim |A® fi| = oo.

Indeed, if (12) holds, then

k—o0

k—1
lim (Z (e j— 1)t
=0

COROLLARY 6. If the condition (6) holds for 0 < n — 1, then for all s =
50,80 + 1,...,n—1 the equality llm A’ fi =0 holds for Vf € W"p7

Proof. By definition of the space W", ;, it is known that for Vf € W", ;, there is
a sequence {h, = h,(f)} from E such that

1im [|A, — £y, = 0. (13)

If the condition (6) holds for 0 < so < n — 1, then according to |(k —j— 1)"~"179)| <
|(k—j—1)"=1=%)| | s > 5, the condition (6) also holds for s € (s9,n — 1]. Therefore,

the inequality (9) holds for all s € [sg,n— 1], i.e.
sup|A*fi| < C|A™f]] (14)

k=1

=z

p;v?
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where 1

/ 4
Py
v; p) )
J

c= 1 sup<2‘ i

(n—1=9)! =1

It follows from (13) and (14) that

lim sup |A° fi = Ahy | < C lim (|4 (f = hu) |, < C lim [|f —hullyn =0
= =1 n—ee pv
i.e.
lim sup’Asfk—A hnk| =0. (15)
= =1

Now, taking into account that for Vn > 1 there exists K = K(n) such that A*h,; =0
for Vk > K, we get

sup |A° fi — Ay | = lim |A° fi = A’hy g | = lim [|A° £ ]|
k=1 k—so0 k—o0

Substituting the last relation into (15) we obtain lim; . A’ fy =0. U

Thus, we have obtained that the sequences of the space W, ,, take a finite boundary
value at infinity, depending on the property of changing the weight sequence {v;};
at neighborhood infinity.

o]
Now consider the conditions for the weight sequence under which W, , =W ,,.

THEOREM 2. Let 1 < p <-eo. Then the equality W",,, = Wy, holds if and only
if the weight sequence {v;};, satisfies the condition (12).

Proof. By definitions of the sets, it is known that W",, C W ,,. Now, to prove
the equality based on condition (12) it is enough to show that W",, , D W"

Since fr =0, k=0,1,...n—1 for f € Wj,, by definition of the space p v then
by redefining f, = fo fori= > 1 we can assume that for /€ W, there can be

fo #0. To each element f € W v We assign a corresponding element g €1, where

gi="n ," A'f;, j = 0. Conversely, if to each element of g € [, we assign the following
sequence

1 k—1 ) B _l)
Y > (k=j=1)"Vv Ty k=1,
| &

_1 1
then A" fi = v, " gk, v A"fi = g and f € W}, This correspondence || /Iy = g,
is isometric. Therefore, we consider the space W ,, as the space [,,. Then W;ﬂv isa

reflexive space and for any F € (W;v)* there exists a unique z(F) = z € [,y such that
the following representation holds

> 1
(f) = Y a0 A'fi, VfeW),. (16)
k=0
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Consider the following set
B = {F €(Wr,) :F(p)=0,Yp e E} :

o]

. 1
This set is the annihilator of the subset E of the space W;v ,le. B = [E} . Since the

o o
space W;’ﬁu is reflexive, and the set E is dense in the space W", ,, then
o1t
E

W0 ={f €W, F(f)=0,VF € 8},

1 _
° o

B+ = =E=W",,

or

ie. the set W"p  is the set of f € W, such that F(f) =0, VF € %. From which it
follows that if for all f € W;;,v F(f) =0, VF € £ is fulfilled, then W", , D W/}, i.e.

p,v°

the condition W" ), ,, D Wy, is equivalent to the condition
F(f)=0, YFe%B, VfeW,,. (17)

Since 2 C (W},,)", then for F € 2 there exists a unique Z(F) = Z €I,y such that

o 1 o
F(p)= Y Zv/A'gy =0, Vo € E. (18)
k=0

Taking into account that the initial and final terms of the sequence E are zero, we apply
the Abbel transformation to (18), then

- N )
F(p)= Y V" (Zkvk”) ¢ =0,Vo €E,
k=0

where Vfi = fi — fi-1-

o]
Hence, due to the density of E in the space /;, we obtain that the equation
1

% (z?kka) =0, k=0,1,.... Since K9 =1, k¥, i =1,2,....n—1 are linearly

independent solutions of this equation, then its general solution will be
1 n—1 .
ol =Y Bk, k>0,
i=0

where f;, i=0,1,...,n— 1 are real numbers.
From this

n—1 D
Zo= Y B, "kY, k>0, (19)
i=0
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where in the left part the sequence {Z;} belongs to the space /,,. And since by the

_1 . -1
condition (12) {vk P} ¢ly, 1=k < |kO| i>1, then {vk ? () ¢ly,i=
k=0
0,1,...,n—1. Thus, the left-hand side of the equality (19) is from the space [/,,, and
none of the terms on the right-hand side belong to the space /,;. Therefore, in (19)
Bi=0,i=0,1,....n—1and =0, k > 0.
Then, from (16) it follows that

F(f)=0, VfeW,,, Fe(W;,)". (20)

p,v’

Thus the condition (17) is fulfilled. Then W", , D W, and W" ), = W, Theorem 2
has been proven. [
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