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LINK INEQUALITIES FOR LINEAR AND MAXIMAL
OPERATORS ON WEIGHTED SEQUENCE SPACES

MIRCEA MARTIN

(Communicated by C. P. Niculescu)

Abstract. The article analyzes linear and maximal operators on weighted sequence spaces asso-
ciated with real valued kernels. The main result characterizes the weights and kernels that yield
inequalities which link such operators.

1. Introduction

All analysts spend half their life hunting through the literature for inequalities which
they want to use and cannot prove.

G. H. Hardy, A Mathematician’s Apology, 1940

Let L(Z4 ) be the real linear space of sequences u : Z, — (—oo,o0), where Z,; =
{1,2,3,...}. Consider a weight function w: Z, — (0,0) and define the correspondimg
measure {4 on Z_ and associated integrals by

#(Q)ZE,QW(H% /Qu(n)du(n)=n§bu(n)vv(n)» (L.1)

for any set Q C Z, and appropriate u € L(Z ). Suppose that Kk : Z; X Z4 — (— oo, 00)
is areal valued kernel on the measure space (Z., 1), and let £(k) be the linear operator
given by

L(K)u(m) = /Z K(m,n)u(n)du (n), u € Dom&L(x) CL(Zy), meZy, (1.2)

with domain Dom £(x) consisting of u € L(Z..) such that £(k)u € L(Z4).
Related to kernel k¥ we next introduce the collection of sets

Q(k)mtl={n€Zy:|x(mn)|>t}, meZy, tec(0,0), (1.3)

and assume that
U (Q(K)[m,t]) <oo, meZy, t€(0,0). (1.4)
Mathematics subject classification (2020): 28A25, 40A99, 40D05, 43A15.
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Under this assumption, we define the sublinear maximal operator 2%(x) with domain
DomMi(x) CL(Z4+) by

1
Nu(n) = S e /Q(K)M u(m)du(n), meZ.,  (15)
where u € Dom9i(x) provided that M (k)u € L(Z.).

Based on standard definitions in measure theory, corresponding to the measure
space (Z4,u) we set up the Banach spaces L”(Z.,u) of p-integrable sequences,
1 < p < oo, with norms denoted by || - ||,,. The specific goal of the article is to identify
properties of kernel x and measure i that lead to pointwise estimates of £(x)u, when
u € DomM(x) NLP(Z4, 1), in terms of M(x)u and ||u||,. Let |x| and |u| be the
absolute values of kernel x and sequence u. Observe that operator (k) is defined
using |k|, M(x)u = M(K)[ul, ||ull, = [||u][[,, and [£(x)u(m)| < L(|x[)[ul|(m), m €
Z . Therefore, with regard to our purposes it would be enough to estimate £(|x|)|u|.
This will be the issue investigated in Section 2. Section 3 is concerned with applications
of the main result for the class of convolution kernels and the counting measure.

The motivation for the objective of the article, analyzing sequences and series
by relying on links between the operators £(x) and 9(x), originated from results
and basic techniques included in Hardy [1] and Hardy, Littlewood, Pélya [3]. The
article is a sequel, essentially an addendum, to Fractional and maximal operators in
measure space settings. Link inequalities, Martin [4]. In contrast to the earlier article,
which addresed themes in harmonic and complex analysis, the present one is related to
classical real analysis.

2. Link inequalities — statements and proofs
THEOREM 2.1. Suppose that @ € (1,00). Let w: Zy — (0,00) be a weight on

Z. with associated measure |, and let K : Zy X Zy — (—oo,00) be a kernel on the
measure space (Z4,1). The following four statements are equivalent.

(i) There exists a function Y : Z4 — (0,0) such that

£(|xl) xa(m) < yo(m)- [ (@)1, mezy, (2.1)

Sor any characteristic functions yq of sets Q C Z4 with 0 < [ (Q) < eo.
(ii) There exists a function A : Zy — (0,c0) such that

Q1)) SA(m) 170, mE Ty, 1€ (0,), (22)
(i) If 1 < p < w(w — 1)1, there exists a function Yy : Zy — (0,0) such that
(i) ful (m) < 3 (m) - [IM(Ya(m) [P/ ||, m € 2y, (2.3)

for any u € DomM(x)NLP(Z., 1), where ¢~ ' =p~' — (0 — 1o~ !.
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(iv) There exists a function y: Zy — (0,00) such that
1-1
(1)) lul (m) < y(m) - [l Y ull {7, mezy, (24)

forany u € LNZy, 1) \L=(Zy, ).
Assuming that To =T (k,0), A=A(x,0),T, =T,(x,0), and T =T (x,®) are
the best functions Yy, A, Yp, and 7y in statements (i), (ii), (iii), (iv), then

A(m)V® < To(m) < T(m) <Tp(m) < cpo-Am)/®, meZy, (2.5)

Proof. For convenience, denote £(|k|) = £, M(x) =M, Q(x)[m,1] = Q[m,1].
We divide the proof into four parts.
(i) implies (ii). Inequality (2.1) with ¥ =Ty and Q = Q[m,] shows that

oy K1) it ) < o) 1 (R a]) ]2, me 2o, 1€ (0,)
Definition (1.3) of Q[m,z] implies

/Q[m ()| dia (n) > 1 (Qm,i]), mE Ly, 1€ (0,00),

1]

5

hence 7- u (Q[m,1]) < To(m) - [ (Q[m,7])]'~1/©, an inequality equivalent to (2.2) in
statement (ii) w1th A(m) =To(m)®. Consequently, A(m) <To(m)?, ie., AV® LTy,
as stated in (2.5).

(ii) implies (iii). Start with an arbitrary m € Z, and use it to define the non-
increasing function

U 2 (0.00) — (0,00), Wy (1) = p (Qm,1]), ¢ € (0.00). (2.6)
Consistent with statement (ii) we know that
U (1) < A(m) -7, 1€ (0,00). (2.7)

Associated with the same m € Z, and any sequence u € Dom1 we also define the
non-increasing functions

M 2 (0.00) — [0, 00), uu,m(t)=/gw\u(n)ldu(n), 1€ (0,%). (2-8)

Note that from the definition (1.5) of 9u in conjunction with (2.6) and (2.8) we get
Hum(t) < Mu(m) - Wy (r), and by (2.7) we have

M (1) < A(m) - Mu(m) -1, 1€ (0,00). (2.9)
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Next, given an arbitrary 7 € (0,e) we introduce the non-negative kernels Kinn, Kout :
Z.4 X Zy — [0,00) which depend on 7, defined by

Kinn(m,n) = |K(m,n)| — tif n € Qm, 7|, Knn(m,n) =0ifn € Z; \ Q[m, 1],

Kout(m,n) = T if n € Qm, 1), Kou(m,n) = |x(m,n)|ifn € Z; \ Qm, 1.

Let £inn = £(Kinn) and Loyt = L£(Kout) be the linear operators with kernels &, and
Kout- We claim thatif 1 < p < ®(w—1)"" and u € DomMNLP(Z,, 1), then Linnlul,
Loutut| €L(Z+) and

A(m) - Mu(m) 4

Limlu|(m) < ————=1

- . meZy, (2.10)

(r=1/p
Loutu|(m) < [%} . ||u||p.1:[(177w(1971)]/17’ me Zy. (2.11)

To prove (2.10), we use the definition of kernel &i,,, the non-increasing functions i,
defined by (3.8), and express Ling|u|(m) as a Stieltjes integral,

=3

Salelim) = [ (Il =) () apm) = = [ () dtune).

T

By inequality (2.9), tlim (t — T) Wum(t) = 0, and integration by parts yields

Sinnlu\(m):/T M m(2)dr.
Using (2.9) one more time, we get
oo Alm) -
Linn|ue|(m) < A(m) - Mu(m) / 1 9dr = W-T‘“’“.
T _

The proof of (2.10) is concluded. To get (2.11), we assign to each m € Z .. the sequence
Kout(m, ) : Z1 — (0,0), apply Holder inequality, and obtain

Loutlul (m) :/z Kout(m, n)u(n) dit (n) < || Kout(m, ) || - [|ul] (2.12)
+
where r is the conjugate of p. Our subsequent task is to estimate || Kouc(m, )| When
p=1, r=-oc0and ||Kou(m,-)||« = T, hence in this case (2.12) reduces to (2.11). When
p>1,r=p/(p—1) and p < w(w—1)"! implies r > @. Using the definition of
kernel Kout, the non-increasing functions W, defined by (2.6), an appropriate Stieltjes
integral, and integration by parts, we successively have

Iouom, )l = (@) [ ()l o)

=77 U (T) — /OT 1d () =r /OT () dr. (2.13)
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Inequality (2.7) implies
T A
Iomlm, g < rAGm) - [0t = T2 e
0 r—a
The just found estimate of ||Kou(m, )|, the substitution r = p/(p — 1), and straight-
forward calculations show that (2.11) follows from (2.12).
Since |K| = Kinn + Kinn,

Llu|(m) = Linnlul (m) + Louu|(m), (2.14)
for any m € Zy and sequence u € Dom9t NLP(Z., ). Assembling (2.14), (2.10),
and (2.11) we end up with

A(m) - Mu(m) o+l [L(m)] (pil)/p. lul,- TP~ @(P=1/p,
w—1 p—w(p—1) !
The value of 7 that minimizes the right hand side of this inequality is
_ [AGm)-2tu(m) 17 [p—o(p-1)]"®
*‘[ ], ] '[ P } '
Elementary computations show that 7, yields (2.3) in statement (iii) with

Llul(m) <

Y p
Tl ey
Hence, the best function I'), satisfies the last inequality in (2.5).
(iii) implies (iv). We use (2.3) with y, =T, for u € LYZ,,u)NL=(Zy,u), and
note that Mu(m) < ||ule and ||ul|, < [Ju||}/”- |u]|=/7. Therefore,

£l (m) < T () - a2/ fu][}/7 - ] /2] =0/,

Since g ' =p~!—(®@—1)w™!, this estimate yields (2.4) in statement (iv) with y=T,.

Thus I' < T'), the third inequality in (2.5).

(iv) implies (i). We substitute u = xq in (2.4) with y =T, and note that ||u|. =1
and ||u||; = 1 (Q). Thus we get (2.1) with 9 =T". As a consequence, Iy < I", which
is the second inequality in (2.5). The proof is complete. [

/o
A(m)} , ME7ZLy.

COROLLARY 2.1. Suppose that the statements in Theorem 2.1 are true.
(i) If one of the best functions I'y = I'y(k,®), A=A(x,0), ', =T,(x,w), or T =
I'(x, ) is bounded, the three others are bounded too.
(i) Dom9M(x) NLP(Z4,u) € Dom£(k) for any 1 < p < o(w —1)~!. Moreoevr,
assuming that function I', is bounded and operator (k) acts continuously from
DomM(x) NLP(Zy,u) with norm ||-||, into LP(Zy,u), then £(x) is a continuos
operator from Dom9(k) NLP(Z,u) into LY(Zy,u), ¢ ' =p~ ' — (010"
(iii) L=(Z4,u) NLY(Z4,u) € Dom £(x) and, if function T is bounded, then £(x)
is a continuos operator from L=(Z,,u) NLY(Z;,u) with norm || - ||« +]|- || into
L= (Z+ ) ,U) .

Proof. Consequences of (2.5) and statements (iii), (iv) in Theorem 2.1. [
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3. Link inequalities for convolution kernels

Throughout this section we will be using the unit weight w = 1, the counting
measure U on Z, , and convolution kernels k : Z, x Z; — (0,c0) defined by

K(m,n)zp(\m—n\), m7n€Z+7m7éna K(m,m)zO, m€Z+, (31)

where p : (0,00) — (0,00) is a strictly decreasing continuous function with lim,_o p(t) =
oo and lim,_... p(z) = 0. Since function p is bijective, definition (1.3) of the associated
sets Q(x)[m,t] C Z. implies

Q(K)[m7t] = {n € Z+ : |m_n| < p_l(t)}\{m}7 me Z+7 te (O»‘x’)'

Therefore, Q(i)[m,t] # 0 only if p~'(t) > 1, i.e,, t < p(1). For each such ¢, let
k € Z. be the integer part of p~!(¢), and from ¢ € (p(k+ 1),p (k)] we get

Q(x)[m, 1] = Q(x)[m,p (k)] = [m—k, m+ k| NZ; \ {m}. (3.2)

Using the notation &(m,k) = [m—k,m+k|]NZ4 \ {m}, by equation (1.4) it follows
that the maximal operator 2(x) is given by

M()u(m) = sup ——

P ] S OO, MET (33)

Observe that equation (3.3) defines a maximal operator 91 independent of the spe-
cific convolution kernel x. As a quite important property of 91, based on Hardy—
Littlewood Maximal Theorem, Hardy, Littlewood [2], we get that L?(Z, ) is a sub-
space of Dom9t for any p > 1, and operator 9t acts continuously from L”(Z,, 1)
into L?(Z4, ).

The following result characterizes the functions p for which kernels x yield op-
erators £(x) which satisfy the link inequalities in Theorem 2.1.

THEOREM 3.1. Statements (i), (ii), (iii), and (iv) in Theorem 2.1 are true for
® € (1,%) and the kernel x defined by (3.1) if and only if the sequence

0:Z4 — (0,), ok)=k-pk)®, keZi, (3.4)

is bounded. Under this assumption, the best function A corresponding to K and ® is
given by

A(m) =max{ sup 2k-p(k)®, sup(m+k—1)-p(k)®}, m k€ Zy, (3.5)

k<m—1 k>=m

and
A1) =0 |[e, A(m) <2]|0 ||, MEZy, m=2. (3.6)
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Proof. 1t would be enough to determine the property of function p that makes
statement (ii) true. We note that the best function A : Z. — (0,c0) satisfying inequality
(2.2) in Theorem 2.1 yields the equation

Am)=sup  sup  p(Qk)fm.1]) 1 = sup u(Q(x)m,p(k)])-p(k)®.
keZy te(p(k+1),p(k)] keZy

By (3.2) we have either u(Q(x)[m,p(k)]) =2k or u(Q(x)[m,p(k)]) =m+k—1,
according as m > k+ 1 or m < k, an observation that leads to formula (3.5). It remains
to note that (3.6) follows from (3.5) and the definition (3.4) of o . The proofis complete.
The existence of A and the property that ¢ is bounded are equivalent. [l

1

COROLLARY 3.1. If 1< p<w(w—1)"!, ¢gl=p ' —(0—1)o!, and se-
quence o is bounded, then £(x) is a continuous operator from L?(Z,., ) to LY(Z4, ).

Proof. Consequence of Theorem 3.1 and Corollary 2.1. [

Another consequence of link inequalities for convolution kernels k defined by
bijective strictly decreasing continuous functions p is concerned with series

s(u)=p(Mu()+p2)u2)+...+pm)u(n)+..., uecl(Zi,u), (3.7)
which a priori might be divergent.

THEOREM 3.2. Let € :L(Zy,u) — L(Z4, 1) be the Cesaro operator,

Q:u(n):%[u(1)+u(2)—|—...—|—u(n)], WEL(Zoop), nEZs.  (3.8)

Suppose that sequence & is bounded and u € L (Z,u), 1 <p<o(w—1)"1, u>0.
Then the series s(u) is convergent, Cu € L*(Z,.), and

1/o
(0] )2 1—
- 1>] Noll e feul2 -l (3.9)

“”gpw—n'b—w@

where ¢ ' =p~ ' — (0 —No L.

Proof. For each u € LP(Z.,u), u > 0, denote by uy € LP(Z,,u) the shifted
sequence defined by u, (1) =0, us(n+1)=u(n), n > 1. Observe that such sequences
u are in L”(Z4, 1) too, and obviously ||u ||, = |lullp, [Ju4 |l = |ut||c. In addition,
note that u; € Dom#1, and statement (iii) in Theorem 2.1 implies

() u (1) KTp(1) - [Muay (1179 Ju | 7. (3.10)
From the definition of £(x) and by using (3.1) we get
cus(= Y k(L= ¥ pli—Dusk)= Y plnus(n+1),

k€Zy kEZJr\{l} nel4
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an equation that reduces to £(x)u(1) = s(u). Consequently, s(u) is a convergent
series. Next, by equation (3.3) we have

)= P s, &,

Recall that §(1,n) =[1—n,1+n]NZs\ {1} ={2.3,...,n+ 1}, hence

1n+l 1
Muy(1)=sup = > ur(k)=sup = [u(1)+u2)+...+u(n)]=|Cull.
ne’ly nk:2 nely n

The last inequality in (2.5) and the first part of (3.6) imply

p(ww— 1) [p— wl(?p— 1)}1 w

Inequality (3.9) follows from (3.10) and (3.11) in conjunction with the substitutions
L()uy (1) = s(u), Muy (1) =[|€ulle, and |Juy||p = [[ull . O

(1) < po- A0 = o). (3.11)

Our attempts of “hunting through the literature for inequalities” similar to (3.9) in
Theorem 3.2, which involve series and sequences, have been rather unsuccessful. Any
feedback from the readers will be highly appreciated.
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