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NOTE ON THE NORM ESTIMATES FOR THE WEIGHTED
DIFFERENTIATION COMPOSITION OPERATOR BETWEEN
SOME SPACES OF ANALYTIC FUNCTIONS ON THE UNIT DISK

BRATISLAV IRICANIN* AND WITOLD KOSMALA

(Communicated by I. Peri¢)

Abstract. We establish an estimation of an upper bound for the norm of a specific linear oper-
ator of considerable recent interest that combines three important fundamental linear operators,
namely the differentiation operator, the multiplication operator, and the composition operator
(collectively, the so-called weighted differentiation composition operator). This operator acts
between two spaces of analytic functions on the unit disk in the complex plane. In a more
general setting, we impose a condition on the linear operator ensuring that the aforementioned
estimate is bounded by a specific quantity, which, in a way, generalizes the concept of operator
norm in a certain sense. As a corollary of these two estimate type results, we calculate the exact
norm of the linear operator between these spaces, in the case where they both are normed linear
vector spaces of analytic functions. We also present some noteworthy remarks of independent
interest, for the case where one of the spaces is not a normed linear vector space of analytic
functions, but rather a Fréchet space.

1. Introduction

We begin by defining all the notions that we use throughout this note and recalling
some basic facts on them. Let U= {z € C: |z| < 1} denote the open unit disk centered
at the origin in the complex plane, for which we use the standard notation C, JU =
{z€ C: |z| = 1}, that is, the unit circle in the complex plane, which forms, of course,
the boundary of the open unit disk U in C, and let U be the closed unit disk (i.e., the
set UUQU). Furthermore, by Q we denote a domain in C, i. e., an open and connected
subset of C.

Let H(U) be the linear space of all analytic functions in U. For some basic prop-
erties of analytic functions on U or on other domains in the complex plane, we refer
the reader to classical texts such as [1], [6], and [17].
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The standard Lebesgue area measure is denoted by dm(z). The space of complex-
valued measurable functions f on domain Q C C such that

o= ([ perane) " <=

we denote by LP(Q).

Some basic properties of these functions and the space of functions can be found,
for example, in [17]. Recall that for p > 1, the map/functional || -, is a norm on the
space L”(Q), and that with the norm the space is Banach one (i.e., a complete normed
space), while for p € (0,1), the functional ||-||% is a translation invariant metric on the
space, which with the metric becomes an F -space (i.e., a complete metrizable space;
see, e. g., [5] or [18]).

The family of all complex Borel measures on dU, that is, the functions t on Borel
subsets of JU such that ((0) =0 and p(U7_E;) = X7 U(E;), for any sequence
(Ej)jen of pairwise disjoint Borel sets, we denote by .# (dD) = .# (a p € .4 isa
measure on the standard measurable space (dU, 0y ), that is, o4 is the smallest ¢ -al-
gebra containing all open sets of dU). It is easy to see that ./ is a vector space. A
Borel measure p is positive if y(E) > 0 for any Borel set E C dU. By .#, (dD) =
M+ we denote the family of all positive measures on dJU. Any u € .# can be uniquely
written in the form

W= — fo+i(3 — Ha) (1)

forsome u; € A, j=1,...,4,suchthat u; L up and u3 L 4.
For a measure | € ., the total variation measure, denoted by ||, is defined for
E 0oy by

|u|(E) =sup Y, |u(E;)l,
7 j=1

where & is a Borel measurable partition

E17E27E37"'
of E, thatis,

E=|JE;

J=1

and

E;NE =0,
when j#1, j,l € N, and

E; €0y

forevery j € N.
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The total variation measure || of a complex measure f is a positive measure on
dD), and if u isreal, thatis, g = u; — U for some mutually singular ;, up € A4, we
have |u| = + o, whereas if (1) holds, then

4 4
\/%ZI W(E) < lal(E) < 32 (B),

forevery E € 0y4.
The vector space .# becomes a normed space if the norm on it is defined as
follows

[l := |1 (9D)

and the term “total variation of a measure u” is frequently used to denote the number
|| (D). Thus, here the total variation of 4 on dU we denote by |||, . Moreover,
the space (4, ||-||.») is complete, so a Banach space.
Moreover,
[1|(9D) < oo,

from which it follows that every complex measure  on any o -algebra is bounded.
If u is a positive Borel measure that satisfies

lull. =1,

then such a measure is called a probability measure. Some additional information on
complex Borel measures and related things can be found, for example, in [17].
Assume that f € H(U) satisfies the following:

_ [ du(@)
o=/, @

forevery z € U, and some u € . .
Then, it is written that f € ", the family of the so-ﬁalled Cauchy transforms [3].
Note that for each f analytic in a neighborhood of U we have

f) = [ LE e

S 27miJou1-¢;

so that for each such an analytic function a corresponding Borel measure p is equal to

1
T 2mi

du(§) = 5~ f(£)fd.
This is a concrete example of a Cauchy transform that is obtained from well-known
Cauchy’s integral formula.

Let

clule) = [ - (2

where u € .4 .
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Since a function f € % need not have a unique representing measure U € 4
satisfying (2), we define the norm on %~ by

71 = jnf {llull = 1 =Clul}.

that is, the infimum is taken over all complex Borel measures such that the representa-
tion

f=Clu].
holds.

The functional || - || is a norm on the linear space .#" and with the norm it is a
Banach space. For some basic facts on the space and related things see, for example,
[3,8,21].

Take p > 0 and let w be a positive continuous function on U belonging to the
space L' (U).

If f € H(U) satisfies the condition

= ([ irrwean) <+

we say that it belongs to the weighted Bergman space, which we denote by A%(U) =
Al. For this, related or more general spaces and some linear operators from or to them,
see, e.g., [2,4,6,9,11-14,17,19,28-30, 38].

When p > 1, the functional

- llaz : AL — Ry
is a norm on A%, and with the norm it is a Banach space, whereas if p € (0,1), the

functional
-1, AL — Ry

is a translation invariant metric on the space, which with the metric becomes an F -
space.
Assume that @ is a self-map of U, u € H(U) and m € Ny . The following operator

Dy f(2) =u@) " (9(2), feHU), 3)

containing the differentiation

the multiplication
M, [f(z) = u(2)f(2),
and the composition operator

Cof(2) = f0(2)),

is called the weighted differentiation composition operator or the generalized weighted
composition operator.
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There have been many investigations devoted to the concrete linear operator (see,
e.g., [9,37-40] and the related references cited therein), and to some related operators
on the unit disk or the unit ball in C" (see, for example, [4,20,31-33,41]). In these pa-
pers, various functional-theoretic properties of the operators are characterized in terms
of associated symbols and parameters.

Recall thatif A:V — W is a linear operator between normed vector spaces V and
W, then the norm of the operator is defined by

[[Av|w

veV\{0} vllv

|Ally—w =

and if
[A[lv—w < +eo,

then the linear operator is said to be bounded.

It is easy to see that such operators map bounded sets in V to bounded sets in W,
which is sometimes taken as a definition of such operators. In any book on functional
analysis it is shown that a linear operator between normed vector spaces is bounded
if and only if it is continuous, which is why the bounded linear operators are of great
interest in functional analysis (see, for example, [5, 17, 18,36]). Many recent papers
study, among other things, the boundedness of certain linear operators (see [2, 10-12,
15,16,20-22,25-35,37-41]).

Operator norms have attracted significant attention in functional analysis over the
last century. The classical books [5, 17, 18, 36] contain many well-known formulas
for norms of some linear operators of various kinds between normed vector spaces,
whereas some new ones for spaces of analytic functions can be found, for instance, in
the following recent articles: [10, 16,22,26,27,34,35].

The following recent studies, which are devoted, among other things, to the cal-
culation of norms of some specific linear operators between some spaces of functions,
attracted our attention: [21,22,34,35] (the articles [23] and [24] deal with related prob-
lems).

These papers, as well as the aforementioned ones dealing with operator (3) and its
extensions, prompted us to provide estimates for the norm of the following operator:

DI, H — AL, )

The problem relates to those discussed in [21-24,34,35], as well as to the problems of
calculating the norm of the operators investigated in [10, 16,22,26,27,35], but it seems
not to have been considered so far in the literature.

In this note we give an upper estimate for the norm of the linear operator defined
in (4) for the case p > 1. In a more general case, that is, when the parameter p is a
positive number, we impose a condition on the linear operator which guarantees that the
aforementioned estimate is bounded by a specific quantity which, in a way, generalizes
the notion of operator norm. As a corollary of these two interesting results, we calculate
the norm of the linear operator in the case p > 1. We also give some interesting remarks
for the case when one of the spaces is not a normed linear vector space but is a Fréchet
space.
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2. Main results and preliminaries

Prior to stating our main results in this paper, we state a well known result (a
general version of Jensen’s inequality) which is used in the proof of one of the main
results. For a proof of the inequality see, for example, [7] and [17].

LEMMA 1. Assume that I is a positive measure on a © -algebra X in a set S, so
that

u(s) =1
If f is a real function in L' (u),

a< f(x)<b

SJorall x € S, and if ¢ is convex on (a,b), then we have that the following inequality

holds
¢</Sfdu) </S(¢0f)du-

Now we state the main results in this note, and give detailed proofs of the results.
As a consequence of the main results, we obtain a characterization for the boundedness
of the operator (4) when p > 1. Moreover, when the operator is bounded, we give an
explicit formula for the norm of the linear operator.

The following theorem is our first result in this note. The theorem gives a sufficient
condition for the boundedness of the operator (4) in the case p > 1.

THEOREM 1. Assume that m € N, p > 1, @ is an analytic self-map of the unit
disk U, u € H(U) and w is a positive continuous function belonging to the space

LY(U).
If the following condition
1/p
p
sup / W_(Z)'—W(Z)dm(z) < oo (3)
teau \JU [1 = o(2)[plmtD)
holds, then the operator D, : A~ — AL is bounded and the following inequality holds
1/p
u(z)[Pw(z)
D" N o <m! sup / MR ) ©)
P equ \Ju 1= T () D)

Proof. For any f € J#, we have representation (2) and

£l = llull.z (7)

for some 1 € A .
Differentiating (2) it follows that

f(k) () = k!/ M zeU, )

auU (1 — Cg)k+1’
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for k € Np.
By using (8) in the relation

1/p
I05usg = (f P oD weIm) )

we have

Fym P 1/p
1Dfpuf g = m! ( | [, W<Z>dm<z>> SO

for fe 2.
From (9) and by using the known inequality

fd g/ Adlul,
[, Feu| < [ \falu

it follows that

1/p

P
D:’;,Mf||Aa<m!</U P &%) w(z)dm(z)> . a0

for fe 2.
Now note that inequality (10) can be rewritten in the form

» 1/p
o (/U|”(Z)|p</au l_ngl(j;m+1 d|ﬁ|||i)> w(z)dm(z)) , (1)

for fe 7.
Note that the case when ||i||., = 0 is trivial, so we may assume that
1]l > 0.
Since
~ d|u|(¢)
du(g) ==
]l
is a probability measure on dU, we can apply Jensen’s inequality with the function
¢(t) =17,

and from (11), we obtain

, lel?,  dlul©) v
1D, f llag, < m! (,/IUM(Z)|p~/BU1—Z(p(Z;T;(M+I) i, W(Z)dm(Z)> :
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for f € ¢, that is,

d
DGy <l " (/ MY [ e

for fe 2.
From (12) by using Fubini’s theorem it follows that

2)|Pw(z)

1/p
w(z)dm(z)) ,  (12)

1/p
1Dl < mtlal” (/m f (z)dlul(C)> a3

for fe 2.
Applying the inequality

u(@)|Pw(z) u(@)|w(:)
o= Toapmr ™0 < 238 f T

for £ € dD, in (13) we obtain

u(z)[Pw(z)

-1 \
Dy fllap <m\ull 7 / sup / ——=——"—dm
H o, ||Aw || H/// < U ¢eanJU |1 _ C(p(z)|p(m+l)

for f € ., thatis,

(2),

1/p
(ZM#I(C)) ;

()P w(e) "
1D lag <l | swp [ 2 Eam(z) | a4
o ceon /U |1 = L(a) Pl
for fe 2.
Employing (7), (14) and the continuity of the function
h(t) =1'/?
on the interval [0, <), we obtain
1/p
u(z)[Pw(z)
1D ufllaz < m|fe sup —dm(Z) ; (15)
A ceou \JU [1=Cop()|rtm+D
forevery f € .
From (15), it follows that
1D% Sl ar
1Dl g, = e
rearjoy  Iflle
1/p
p
<m! sup (/ Mdm(z)) . (16)
geou \JU [1=Co(z)[p0m+)
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Applying assumption (5) in (16), we get
mn
HD(p,uHJ{(HA{; < oo,

which means that the operator D’[’}M : # — AL is bounded. Moreover, from (16) we
see that inequality (6) holds. [

THEOREM 2. Let m€ N, p >0, ¢ be an analytic self-map of U, u € H(U) and
w be a positive continuous function belonging to the space L'(U). If the following
condition

”D’(Z,ug”Aﬁ, gLHgHJf’ (17)

holds for some nonnegative constant L and for every function g € £, then the follow-
ing relation

1/p
|u(z)[Pw(z) L
e —ydml(z < —, 18
feay </U 11— Co(z)[ptm+D) m(z)) < (18)
holds.

Proof. Consider the following test functions

1
) = —, zel. 19
gn(2) 2 ° (19)
foran n € JU.
We have that )
dun(n
7) = — ze€U,
= [ T
holds for the probability measure p, with the unit mass concentrated at the point 7.
Hence,
gnllr = lltnll.e =1 (20)
for n € dU.
Note also that
(m) m!n™
= 21
gT] (Z) (l—ﬁZ)m+l7 ( )

forn € dU and z € U.
Via (21), in the following relation

I/p
1D u8nllar = ( /U u(z)gy" (9(2))]” W(Z)dm(Z)> :
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we obtain
u(2)|Pw(z) v
m — ] AN N
||Dq),ugnHA{1 m(Al_nw( )‘p m+1)dm(Z) (22)
for n € dD.
Using the condition (17), together with the equalities in (20) and (22), it follows
that
(2)[Pw(z) 1/p
<
(/ T o@pemdn@) <L (23)

for every n € dU.
By taking the supremum in the inequality (23) over the set dU, it follows that

1/p
ju(2)|Pw(z)
oo, (b Gamamen) <

from which (18) easily follows. [

REMARK 1. Note that Theorem 2 holds also for the case when p € (0, 1), unlike
Theorem 1 which is proved only in the case when p > 1. The condition p > 1 was
used at the point where Jensen’s inequality has been applied during the proof of the
theorem, which caused the difference in the formulations of these two theorems.

From Theorem 1 and Theorem 2 a somewhat interesting corollary follows.

COROLLARY 1. Take m € N, p > 1, ¢ be an analytic self-map of U, u € H(U)
and w be a positive continuous function belonging to the space L'(U). Then, the
following statements are true.

(a) The operator Dy, : o — AL is bounded if and only if

1/p
u@lPw) _
gséla"U(/ru|1—C<p<>Pm+l>d (Z>> s

(b) If the operator Dy, : o — Al is bounded, then its norm is

1/p
u(2)[Pw(z)
D"y =m! su /_—dmz . (24)
1D ull s —a, Ce&%( U 1= o)D) (2)

Proof. We establish the equivalence by proving each direction separately.
(a) =) This implication has already been proven in Theorem 1.
<) Since the linear operator D’g# : # — AL is bounded, then it follows that

106 u8llap, < 1D ull a2 8]l
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foreach g € 7.
The last inequality means that the conditions in Theorem 2 are satisfied with

L= D ull sz

Hence, from (18) we have

1/p
p D
sup / \u_(z)| w(z) dm(2) < | (p,uHJ{/’HAa, <o, 25)
geau \JU |1 =o(z)|Ptmt+D) m!

as claimed.

(b) If the linear operator D’q’,"u : ¢ — AL, is bounded, then from the inequalities in
(16) and (25), we obtain the formula for the operator norm given in (24), finishing the
proof of the corollary. [J

REMARK 2. Note that from the proof of Theorem 2, we have that condition (17)

implies
(@) "L
sup / — 2 _dm(z) < —,
teau \JU |1 = Co(z)|pimtD) m!
for each p > 0.

We think this fact is interesting for itself. However, if p € (0,1), the condition
(17) is not the boundedness of the operator D', : # — Al in above-mentioned sense,
since for the case, as we have already mentioned, the map || - || Ap, is not a norm on the
space AL,

On the other hand, if p € (0,1), the map || -|| Z", is a translation invariant metric on
the space. However, condition (17) is also not the Iﬁetrical boundedness, in this case.

Namely, let us remember that if V and W are metric spaces with translation in-
variant metrics dy and dy , respectively, then for a linear operator A : V. — W it s said
that it is metrically bounded if there is a nonnegative constant C such that

dyw (Av,0) < Cdy (v,0), (26)

for every v € V (see, e.g., [33]).
Hence, if p € (0,1), then (26) should be

HnggHZ{; < Cllgllr, (27)

which is different from (17) (the left-hand side of inequality (27) is raised to the pth
power).

Infact,if p € (0,1), then the map ||-||4» is a quasi-norm, that s, there is a constant
¢ > 1 for which

17+ gllag, < c(llfllag + llgllaz)

forevery f,g € Al.

Thus, for these values of the parameter p we have that the operator maps a normed
space into a quasi-normed one, that is, % to AL

All aforementioned facts and observations suggest various possible investigations
in several other directions, which can be pursued by an interested reader.
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3. Conclusion

In this note, we have established an upper bound for the norm of a specific lin-
ear operator that has gained considerable recent attention, involving three fundamental
operators: differentiation, multiplication, and composition. This operator acts between
two spaces of analytic functions on the unit disk in the complex plane. In a more gen-
eral setting, we imposed a condition on the linear operator which guarantees that the
aforementioned estimate is bounded by a prescribed quantity which, in a sense, gener-
alizes the standard notion of an operator norm. As a corollary of these two results in
estimation, we calculate the exact norm of the linear operator between the spaces, for
the case when they are both normed vector spaces of analytic functions. To achieve
this, we refined and combined various methods, ideas, and details from the literature.
We anticipate that these techniques can be further extended so that some more general
or related interesting results can be obtained. We propose and encourage this direction
to interested experts as a potential avenue of research.
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