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LOCATION OF THE SPECTRUM OF OPERATOR MATRICES
WHICH ARE ASSOCIATED TO SECOND ORDER EQUATIONS

BIRGIT JACOB AND CARSTEN TRUNK

(communicated by Leiba Rodman)

Abstract. In this paper, second order equations of the form Z(r) + Aoz(r) + Dz(r) = O are

. . . . —1/2,,—1/2 .
studied, where Aq is a uniformly positive operator and A, / DA, / is a bounded non-
negative operator in a Hilbert space H . This equation is equivalent to the standard first-order
equation x(r) = Ax(z), where A has the domain

24 ={[:] € 2(AY%) % 9(A%) | Agz + Dw € H}
and is given by

A_[ 0 I
Ay -D

The location of the spectrum and the essential spectrum of the semigroup generator A is described
under various conditions on the damping operator D . By means of an example it is shown that
in general the spectrum can be quite arbitrary in the closed left half plane.

1. Introduction

The aim of this paper is the study of second order equations of the form
Z(t) + Aoz(r) + Dz(1) = 0. (1)

Here the stiffness operator A is a possibly unbounded positive operator on a Hilbert
space H and is assumed to be boundedly invertible, and D, the damping operator,

is an unbounded operator such that A, 1/ 2DA0_ 12 is a bounded non-negative operator
on H. This second order equation is equivalent to the standard first-order equation

x(r) = Ax(t), where A: P(A) C @(A(l)/z) x H— @(A(l)/z) x H , is given by
0 I
[ %)
D(A) = {[;] e 2(A%) x 2(AY?) | Aoz + Dw € H}.

We refer the reader to [25] for a discussion of solutions for equation (1).
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This block operator matrix has been studied in the literature for more than 20 years.
Interest in this particular model is motivated by various problems such as stabilization,
see for example [6], [22], [23], [21], solvability of the Riccati equations [11], minimum-
phase property [17] and compensator problems with partial observations [12].

Itis well-known that A generates a Cy -semigroup of contractionsin & (A(l)/ 2) xH,

where 2 (A(l)/ %) is equipped with the norm x — ||A(1)/ *x|| 7 » and thus the spectrum of A
is located in the closed left half plane. This goes back to [3] and [20], see also [4], [8].
Several authors have proved independently of each other that the condition

o (A DA

€ 2(AH\{0} zll%

>0

is sufficient for exponential stability of the Cj-semigroup generated by A, see for
example [3], [4], [5], [8], [14], [15], [24], [26]. Other properties of the Cj-semigroup
such as analyticity have been studied in [3], [4], [8], [9], [13] and [16].

In this paper we are interested in a more detailed study of the location of the
spectrum of A in the left half plane. Under the extra assumption that Ao has a compact
resolvent some results in this direction were obtained in [8] and [19]. In particular, in
this situation A has no non-real essential spectrum. We do not assume that Ao has a
compact resolvent and we show that in general the (essential) spectrum of A can be
quite arbitrary in the closed left half plane. Under various conditions on the damping
operator D we describe the location of the spectrum and the essential spectrum of A.

We will often use the fact that associated to the block operator matrix A4 there is
the operator pencil

L(s) == s*Ay " + SAO_I/ZDAO_I/2 +1, seC.

That is, there is a one to one correspondence between the spectrum of A and the
spectrum of the operator pencil L(-), see Proposition 2.2 for more details. Thus all
results concerning the spectrum of A have counterparts concerning the spectrum of
L(-).

We proceed as follows. In Section 2 we introduce the framework and we prove
some preliminary results such as the relation of the spectrum of A to the spectrum of
the corresponding operator pencil. Section 3 is devoted to the spectrum of the operator
A. It is shown that in general the spectrum can be quite general in the closed left half
plane. Sufficient conditions are given to guarantee that certain regions are contained in
the resolvent set of 4. The location of the essential spectrum is the subject of Section 4
and finally in Section 5 we determine intervals of the real axis which do not contain
accumulation points of the non-real spectrum. In particular we show that if Ay has a
compact resolvent, then the non-real spectrum cannot accumulate to the real axis.
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2. Framework and preliminary results

Throughout this paper we make the following assumptions.

(A1) The stiffness operator Ay : 2(Ao) C H — H is a self-adjoint uniformly
positive operator, i.e. A9 >> 0, on a Hilbert space H. A scale of Hilbert spaces H
is defined as follows: For o > 0, we define H, = Z(A§) equipped with the norm
lzllg := |A$z||w and H_o = H},. Here the duality is taken with respect to the pivot
space H, that is, equivalently H_, is the completion of H with respect to the norm
lzlla_, = I|Ag “zl|u - Thus Ay extends (restricts) to A : Hy — Hy—1 for oo € R. We
use the same notation A to denote this extension (restriction), but we will mention it
explicitly if Ay is considered as an operator acting between H, and H,_; for some
o eR.

We denote the inner producton H by (-,-) 5 or (-,-) , and the duality pairing on
H_q x Hy by (“,*) u_,xH, - Note that for (Z/,z) € H x Hy, ot > 0, we have

(Z,2) 0 gxtie = (Z,2)

(A2) The damping operator D : H 1= H_ 1 is a bounded operator such that

Ay Y ZDA(; "2 is a bounded self-adjoint operator in H and satisfies

(Dz,2)n, xu, =0, z€Hy.

1
2

=

The system (1) is equivalent to the following standard first-order equation

(1) = Ax(v) (2)
where A: Z(A) C Hy x H— Hy x H, is given by
0 I
[ %)

9(A) = {[}] € Hy x Hy | Az +DweH}.

The operator A itself is not self-adjoint in the Hilbert space H 1 X H . However, in [26,
Proof of Lemma 4.5] it is shown that

. . (1o
A" =JAJ, with J_{O —I]'

In particular, JA is a self-adjoint operator in H% x H . For (xl) , (:) €eH 1 X H we

i
define an indefinite inner product on H 1 X H by

GG = GG (R)) =y = vt 09

Then (H 1 X H, [-,+]) is a Krein space (for the basic theory of Krein spaces and operators
acting therein we refer to [7] and [1]) and A is a self-adjoint operator with respect to
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[,-]. Moreover, see [26, Proof of Lemma 4.5], A has a bounded inverse in Hy x H,
with
~A;'D —A;!

—1 _
Al = 0 5 ; (4)

where Ay D is considered as an operator acting in H; . This and the self-adjointness
of A in the Krein space (H 1 X H, [-,-]) imply the following well-known proposition
(cf. [25] and [26, Proof of Lemma 4.5]).

PROPOSITION 2.1.  The operator A has a bounded inverse and the spectrum of A
is symmetric with respect to the real line.

Throughout this paper we will use the following notation. For a closed densely
defined linear operator S on some Banach space X we denote by 0,(S) the point
spectrum of S. The approximate point spectrum, G, (S), consists of all A for which
there is a sequence {x,},en in Z(S) such that

||)Cn|| = 1and H(S—AI))C,!H —0 as n— o

(see for example [10, page 242]). We point out that the point spectrum is a subset of
the approximate point spectrum. We set

r(S) 1= C\ 0y (S).

A point u € r(S) is called of regular type for S. It follows that for every u € r(S) the
range of S — ul is closed. Moreover, there exists M > 0 such that for x € 2(S)

[[Sx — px[| = M||x]| (5)
holds. We define
nulS :=dimkerS and defS:=codimrans,

these being finite numbers or co. The operator S is called Fredholm if the above
quantities are finite, i.e. the dimension of the kernel of § and the codimension of the
range of S are finite. The set

O.55(S) := {A € C | § — Al s not Fredholm}

is called the essential spectrum of S. Moreover, by 0, orm(S) We denote the set of
all A € C which are isolated points of o(S) and normal eigenvalues of S, that is, the
corresponding Riesz-Dunford projection is of finite rank. Recall that for a self-adjoint
operator in a Hilbert space we have

O-ess(S) = O-(S) \ O-[)Jwrm(S)'
We associate with the block operator matrix A the operator pencil
L(s) := $A; + A, *DA; P +1,  seC.

Here L(s) is considered as a bounded operator acting on H .
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PROPOSITION 2.2. Let s € C. The range of A — sl is closed if and only if L(s)
has a closed range. Moreover, we have
o(A) = {seC|0eo(L(s))},
op(A) = {s€C|0e€o,(L(s))}
Ou5(A) = {s€C|0E€ ou(L(s))}

If s € C\ Opss(A) then
nul (A — sI) = nulL(s) and def (A —sI) = defL(s).

Proof. The operators A and L(0) are boundedly invertible (cf. Proposition 2.1)
and the assertions of Proposition 2.2 are true for the case s = 0.
In the sequel we assume s # 0. We consider the operator pencil

M(s) := —Ay'D — sI — %Agl, s € C)\ {0}

Here M(s) is considered as a bounded operator acting on H L. We have

e R | | K

The first and the third matrix of the right hand side of the above equation (6) considered
as operators acting from H 1 X H into H 1 X H are isomorphisms. A complex number
s € C, s # 0, belongs to the spectrum, point spectrum or essential spectrum of A4 if
and only if % belongs to the spectrum, point spectrum or essential spectrum of A~!,
respectively. By (6), this is equivalent to the fact that zero belongs to the spectrum,
point spectrum or essential spectrum of M (%) , respectively. Moreover, we have

nul (A —sl) =nul (A~ —s7'7) =nuIM(s~") and
def (A — sI) = def (A" —s7'1) = defM(s™").

1
Observe, that A; maps H 1 isometrically onto H. Then the assertions of Proposition
2.2 follow from

L(s) = —sAIM(s DAy ®,  seC\ {0} O

COROLLARY 2.3. If D =0 then o(A) = 0, (A) CiR. Moreover, in € o(A),
n € R, ifand only if n* € o(Ag)

Proof. We have
L(s) = s*A; ' +1 seC.
Hence, by Proposition 2.2, we have o(A) C iR and in € o(A) if and only if
n? € 6(Ag) . Thus every point of 6(A) is an element of the boundary of ¢(A), which
proves 0(A) = 0,4(A), see [10, page 242]. [
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3. Location of the spectrum of A

The following theorem is well known, see e.g. [3], [20], [4], [8], [14] or [25].

THEOREM 3.1. The operator A is the generator of a strongly continuous semi-
group (T(t))r>0 of contractions on the state space Hy xH.

This guarantees that the spectrum of A is contained in the closed left half plane.
Moreover, by Proposition 2.1, 0 € p(A). However, otherwise the spectrum of A is
quite arbitrary. In particular, it may happen that o(A) = {s € C|Res <0, |s| > €},
€ > 0, as the following example shows.

EXAMPLE 3.2. Let H = L*(0,00), let € > 0 and let {g;}jen C R be a sequence
satisfying {g;}jen = Q. We define a : (0,00) — R and d : (0,00) — [0,00) by

a(x):=¢q; if j-1<x<j, jeN,
and

d(x) :==
x_;ﬂ,pr\/fq]? J—1<x<jand |g] <e.

Further, the function ag : (0,00) — (0,00) is defined by ao(x) := a(x)® + d(x)?,
€ (0,00). For x € (0,00) we have

ao(x) = a(x)* +d(x)* > €. (7)
If d(x) > 2 we have
2d(x) < a(x)* + d(x)? (8)
and if d(x) <2 we have
e _2 2 2
20() = 2d(5) 55 < S (al)? +d()?). ©

Set

D(Ao) :={f €H|ayf € H}.
It follows from (7), (8) and (9) that the operators Ay : Z(Ag) C H — H and
D : H% — H_% , defined by

(AQf)(x) = ao(x)f(x), X € (0,00),f € @(A0)7
(Dg)(x) = 2d(x)g(x), x€(0,00),8€Hy,

satisfy (A1) and (A2). Since

12 12 B s% 4 2sd(x) + a(x)? + d(x)?
(( 2A +SA DA )f)(x) - ( a(x)z —l—d(x)2 )f(x)7

Proposition 2.2 implies
{—d(x) £ ia(x) | x € [0,00)} C o(A).
Thus 0(A) = Cu(A) = {s € C|Res <0,[s| > ¢}.
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Next we give sufficient conditions guaranteeing that o(.A) is contained in a smaller
subset of C than in the above example. We define the following constants:

<DZ’Z>H71><H1
2 2

B = inf — 2 2
el (0} Izl
<DZ’Z>H71><H1
y == sup ————"—",
z€H; \{0} HZHH
2
(Dz,2) u_ | xH,
6 P 2 2

= inf 5
e \o} 2l
2

By definition we have 3,8 € [0,00), v € [0,00], and itis easy toseethat 6 < B < 7.
It is well-known (see e.g. [3], [4], [5], [8], [14], [15], [24], [26]), that if B > O then A
generates an exponentially stable semigroup on H 1 X H . In particular, there exists a

constant @ < 0 such that o(A) C {s € C | Res < w}. For the constant ® there are
quite a few upper estimates available. For example, in [8] it is shown that

o < max {—g,max{Res |se G(A)}} ,

and [5] proves

o< max{ B a1},

We improve these estimates as follows.

THEOREM 3.3. We have
1. If B > 0 then

{/1 € C|Red > —g,lmx #0} C p(A).
2. If y < oo then
{A €C|Rek < —%,Im/l 7éo} C p(A).
3. If 8 >0 then
o(A) C {x eClh+gl< %}U(OO,O).

41 (D2,2)}

wir, = AlzllFllzll, o 2 € Hy, then
2

(S
DI

o(A) C (—o0,0).

Under the extra assumption that Ay has a compact resolvent and that the operator
D is Ap-compact, Part 1 and Part 2 of Theorem 3.3 can be found in [19]. The proof of
Theorem 3.3 will be given at the end of this section. We show first that the first two
statement of the theorem in general cannot be improved.
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EXAMPLE 3.4. Let 0 < B < ¥ < oo be arbitrarily. We define the function
d: (0,00) — [0,00) by

d() = 5B+ (7~ B)x—j+ 1)) ifj 1 <x<jjEN.

Let H, a, ap, Ao and D be defined as in Example 3.2. Again, (A1) and (A2) hold.
An easy calculation shows that

<DZ7Z>H71XH1 <DZ’Z>H71XH1
nf ———2-2 and y= sup 22
Aoyl cemoy 2l
2

B= i
zEH

Then, as in Example 3.2, we have
1 1

The following lemma is needed for the proof of Theorem 3.3.

LEMMA 3.5. Let A = u+ioc with c € R, u < 0 and A # 0. Assume that

there exists a sequence { (X" ) } in 9(A) with
In neN

N —1 and i H Al — ()’ —0. 10
H(Y")‘Hle ane % ( A) )y xH (10)
2 2
Then we have
L lyn — Axullyg, — 0 as n — oo.
3
2. liminf,_, o ||x4||z, > 0.
3
3. If 0 # 0, then we have
(A7 D) 1y, + il — 0, (11
0 xmxn H% “2+O-2 Xn H% 9 n OO, )
(A 'Dx, ) 1, + 2u|xal* — 0, n— o0, (12)
3
and
(AXn, Xu) 11, xr, — (W + 02 |[xal]* = 0, n— o0, (13)

1 1
2 2

4. If 0 =0, then we have
llli, + #(Ag D, )y + 12 [P = 0, 0 — o,
2
Proof. (10) implies

Hy,,f/lanHl — 0 and (14)
2
lAox, + Dy, + Ay,|| — 0asn — oo. (15)
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It follows from (14) that {x,} has no subsequence which converges to zero in H, .
Thus Part 1 and Part 2 are shown. Combining (14) and (15) we get

(AoxXn, Xn) 1, xt, + (U4 i0)(Dxw, Xy 5, xrr, + (U +i0)*(x,x,) — 0,  (16)
2 2 2 2

as n — oo. This implies the result for 6 = 0. It remains to show Part 3. Let 0 # 0.
Then the imaginary part of (16) tends to zero, i.e.

( Dy, X ) H_yxH, + 20U { Xp, xn) = (Aalen,xn>H% + 2u|x,|* — 0, (17)
as n — oo, which proves (12). Further, the real part tends to zero, i.e.

(AoXn, Xn) H_yxH) + w({Dxy, x,) H_yxiy + (u* = 0%){(xp,x,) — 0, (18)
as n — oco. Combining (17) and (18), we obtain (13). Finally, (17) together with (13)
implies (11). O

Proof of Theorem 3.3. Let A = p + io with u < 0 and ¢ # 0. Assume that A
belongs to the spectrum of .A. Then, by Proposition 2.1, A € o(A).

Since A is a self-adjoint operator in the Krein space (Hy x H, [, -]), see (3), it
follows from 7, Theorem VI.6.1] that at least one of the points A, 4 belongsto 0, (A).
Letus assume A € 0,4 (.A). Then there exists a sequence {(;: ) } in Z(A) which

neN
satisfies (10). Lemma 3.5 implies liminf,_ « ||x,|l#, > 0 and
2

(DxpyXn) 1 s, + 2U{(xn, x,) — 0, asn — oo.
-3

1. Let u > —g. Then we have

lim <Dxn,xn> H = lim <xmxn> =0.

1 XH

n—oo ) 2 n—oo

Then Lemma 3.5, Part 3, implies
lim (AoXp, Xu) m xm, = lim [|x,][m, =0,
n—o00 -3 3 n— o0 7

a contradiction.

2. Let u < —%. Then we have

lim (Dxp, %) 1 | xm, = lim (x,,%,) = 0.
n—o00 -3 3 n—o00

As in Part 1 this leads to a contradiction.
3. Lemma 3.5, Part 3, implies

_2nu 2 6(""'2 + 0-2)7

and thus the statement follows.



54 BIRGIT JACOB AND CARSTEN TRUNK

4.1 (Dz,2) 5, xn, = 4lzlullzlf, . = € Hy and o # 0, it follows from

2 2
Lemma 3.5, Part 2 and Part 3, that u < 0 holds. Moreover, by (13), we
have liminf,_, o ||x,| > 0 and Lemma 3.5, Part 3, implies

1

0 < 4llxallf a3, <
2

gnminf(<pxn,x,,>,tlx,,l +(2,u—2u)\|x,,||2) (Dxyoxa) |, =

n—oo i 7
2u

‘bLZ + 0-2

1=
=

= liminf 2 [} ||? - lxallF, -
n—o0o 2

Hence,

w2

bs u? +o?’
a contradictionto o # 0. O

4. Location of the essential spectrum of A

In this section we consider the operator Aj 'D as an operator acting in H L, that

is, Ay D is a bounded self-adjoint operator acting in H L If the operator Ay has a
compact resolvent, then we have the following description of the essential spectrum of

A.
THEOREM 4.1. If the operator A71 is compact, then

Oess(A) = {)t € C\{0} \ € Ops(—Ay 1D)} C (—00,0).

Here Ay 'D is considered as an operator acting in H 1.
For a special choice of the damping operator this theorem can be found in [19].
Proof. By Lemma 2.1 we have 0 € p(A), hence
Gus(A) = {4 € C\{0} | 1/A € Gus(A7)).

Itremains to show Gy (A~1)\{0} = Ouss(—Ag 'D)\{0} . The operator A_ is given by
(4). The operator I is a compact linear operator from H 1 1o H,and —A; " isacompact
operator from H to H 1 Since the essential spectrum ofan operator remains unchanged

under compact perturbations, we have 0. (A~")\{0} = 0us(—A, 'D)\{0}. O

The theorem above implies a criterion for the emptiness of the essential spectrum

of A.

COROLLARY 4.2. Assume that A U is a compact operator and that the operator
D is a compact operator acting from H 1 into H_ 1 Then

o-ess(A) = (Z)
In particular, if the operator D is a bounded operator acting from H 1 into Hy, for
some o > —=, then Op(A) = (0.
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REMARK 4.3. Note that .4 does not necessarily have a compactresolventif Ay has
a compact resolvent. Indeed, if we choose Ay = D then, by Theorem 4.1, 0,.(A) =
{—1},hence —1 € 0,(A~") and A" is not a compact operator.

Without the assumption that Ay has a compact resolvent, it may happen that the
essential spectrum of A is quite arbitrary in the closed left half plane, see Example
3.2. The following theorem shows under weaker assumptions that the non-real essential
spectrum of A is located in a certain strip parallel to the imaginary axis.

THEOREM 4.4. If O'gSS(AalD) = ) then we set o := oo and y; := 0. If
0e O'M(AO_ID) we set vy := oco. Otherwise, let

min{s € R | s € 0,5(4, ' D)},

ap - !
1= _
204

and

1
2 .
min{s S R ‘ s € Gess(A(;lD)}

=

Here ||A071 || is the operator norm of Aal considered as an operator acting in H and
Ay D is considered as an operator acting in H L. Then we have:

1. Ous(A) C (—00,0)U{A € C|ReA < —0y}.

2. If p(A)N{A € C|ReA < —y,ImA # 0} # 0, then

Oess(A) C (00,00 U{A € C|0=Red > —11}.

Proof. We have, by Theorem 3.1, 0,.(A) C 0(A) C {s € C|Res < 0}.
1. We set

7min{s - R | s € Gess(A()_lD)}
2/14 |

%:—{AECO>R6/1> ,Im?L;«EO}.

Let A € %, A = u+ic. Then —2u||A;"|| < min{s € R | s € 0,(A;'D)}
and
G; = span{x € H | Ay'Dx = vx,v < —2u||A; |1} (19)

is a finite dimensional subspace of H L Assume that there exists a sequence

{(;Z )} . in 2(A)N (G, x G;)* which satisfies (10). Then by Lemma 3.5,
ne

Part 3,
(Ay ' Dy, %) 1, + 2U( X, x,) — 0, (20)
2

as n — oo. We have {x,} C Gi‘ , hence there existsa & > 0 with

(Ag ' Dxxa)my, = (=20 + 8)[1AG | 1xall7,
2

1
2

> =20 (o, )+ SAG |7, - (21)
2
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This, together with liminf, . [|X.|l#, > O (see Lemma 3.5), contradicts (20).
2

Therefore for every A € % there exists a finite dimensional subspace G, and a

constant ¢; > 0 such that for all (i) in 2(A) N (G, x G3)* we have

=20 G,z e+ [ G, @)

Then by Proposition 2.1 and [18, IV.§5.6] it follows that A — A is a Fredholm
operator of index 0 for all A € % and that there exists a discrete set E in %,
2 C Oy pom(A), with

U \ECp(A).

Hence, the first assertion of Theorem 4.4 is proved.

. The assertion is true if y; = co. Let 71 < co and define then

2
min{s € R | s € 0.5(4, 'D)}

%:—{AECR6/1< ,Im/l;«éO}.

Let A e Z,A=u+ioc. Then

2u 2 . _
Er e < I < min{s € R | s € 0,5(A; 'D)}
and thus
— u
G = span {x € H% ‘ AO 1D)C =Vx,V < —2m} (23)

is a finite dimensional subspace of H L Assume that there exists a sequence

{()} in 2(A) N (G, x Gy)* which satisfies (10). Then Lemma 3.5,
ne

Yn
Part 3, implies

_ 2u
<A0 len>xn> H% + 2 ||xﬂH%-Il - O’ (24)
2

u>+o
as n — oo. We have {x,} C Gi‘ , hence there existsa & > 0 with
—1 U 2
(Ag" Dxnsxa) 1y > <—2m +5) el - (25)
This, together with liminf,, oo ||%,||#, > O (see Lemma 3.5, Part 2), contradicts
2

(24). Therefore for every A € % there exists a finite dimensional subspace G,
and a constant ¢; > 0 such that for all (i) in 2(A) N (G, x G3)* we have

@l O, e

By the fact that % N p(A) # 0 and [18, 1V.§5.6] it follows that A — A1 is a
Fredholm operator of index 0O for all A € % and that there exists a discrete set

—

Ein %, E C Oppom(A), with
U \E C p(A). O

Zc)
HlXH
2
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COROLLARY 4.5. Let oy and Y, be defined as in Theorem 4.4. If oy > Y, then
o-ess(-A) C (700, 0)

An example for ¢ > y; can be found in Example 5.4.

5. Accumulation points of the non-real spectrum of .4

In this section we give sufficient conditions guaranteeing that certain intervals do
not contain any accumulation point of the non-real spectrum of A.

1
THEOREM 5.1. Set 0 := 00 if O,(A3) =0 and

1
o :=min{s € R | s € 0,55(A})}, otherwise.

Moreover, let ay be defined as in Theorem 4.4. Set o := max{oy, 0, }.
Then no point of the interval (—a,0) is an accumulation point of the non-real
spectrum of A.

As a corollary of Theorem 5.1 we have

COROLLARY 5.2.  Assume that Ay Uis a compact operator. Then no point from
O.ss(A) is an accumulation point of the non-real spectrum of A.

Proof of Theorem 5.1. First of all we show that no point of the interval (—o;,0)
is an accumulation point of non-real spectrum. Let [-,-] be defined as in (3).

Let A € (—0y,0) and choose G as in (19). For every sequence {(;Z)} . in
ne

P(A) N (G, x G;)* which satisfies (10) it follows from Lemma 3.5, Part 1 and Part
4, that

imind[(37) ()] = timint (G, = (om0

= liminf (<xn,xn>H% - 7‘2<x"’x">)

n—o0

= —Aliminf (<A0‘1Dxn,xn> Hy, + 2M|xn\|2) :
2

n—o0

Using (21) we get

imar[ (1) (2)] >0

This gives (—oy,0]N o (A) C og, (A) (for adefinition of oy, (A) we refer to [2]) and,
by [2, Theorem 18], it follows that no point of the interval (—o, 0) is an accumulation
point of non-real spectrum.

We now choose U € (—0,0) and set A = u + io for some o # 0. Then

1
Gy :=span{x € Hy [Ajx = vx,v < —u} (27)
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isafinite dimensional subspace of H 1. Assume that there exists a sequence { ( ;': ) }
" neN

in 2(A)N(G; x G;)* which satisfies (10). Lemma 3.5 implies lim inf, .o ||, ||z, >
2

0 and
<A0xnaxn>H 1 XH (.uz o) )<xmxn> ? 07 asn 0.
2 2

As x, belongs to Gi‘ , n € N, there existsa § > 0 with

(Aoxnx) i ity = [AdnlP > (4% + %)

2

and, if |o] < &, it follows

lim (Agx,, %) 1

1 XH
n—oo -3

1 :n@go”anH% =0,

a contradiction. Therefore there exists an open neighbourhood ¥ in C of (—o5,0)
such that forevery A € ¥\ (=, 0) there exists a finite dimensional subspace G, and

a constant ¢; > 0 such that for all ()) in 2(A) N (G x GA)J- relation (22) holds.
Then by Lemma 2.1 and [18, IV.§5.6] there exists a discrete set Z in ¥\ (—op,0) with
P \EC p(A) U (-,0).

We now show that no point of the interval (—o5,0) is an accumulation point of points
from E. Again, we consider the Krein space (H 1 X H, [-,]) definedin (3).

Yn
P(A) N (G, x G;)* which satisfies (10) it follows from Lemma 3.5, Part 1,

imint[(11) ()] = tmin (o = )
= liminf (Aot %) — A2 (x5, 2) )

n—oo

Let A € (—0,0) and choose G as in (27). For every sequence {(xn)} in
neN

1
zlnninf(HAgan2——A2HxAP) >0

as x, belongs to G, n € N. This implies (—c,0] N o(A) C 0z, (A) and, by [2,
Theorem 18], no point of the interval (—o5,0) is an accumulation point of non-real
spectrum. [

In Section 3. we considered the numbers 3,y and . For these quantities we have
S<P<y.
The following examples show that there is no such relationship between o, o, f and
-

EXAMPLE 5.3. Let H be an infinite-dimensional Hilbert space, D = 0 and Ay =
1. Then we have

05120, 052:1, gzo and Y1 =
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EXAMPLE 5.4. Let H be an infinite-dimensional Hilbert space with orthonormal

basis {ey}nen. We define the operators Ay and D in £ (H) b

Agz = 92 +n )z, en)e

n=1

Dz := 92 +n ) (zen)e
n=2
Then we have
o *2 o =23 E*O and =2
1—27 L =, 7= =2

EXAMPLE 5.5. Let H and {e,} be as in Example 5.4. We define the operators Ay

and D in £ (H) by

Apz = <Z,€1>€1 +9Z(1+n71)<276n> €n
n=2

Dz = 92 (z,en)en

n=1

Then we have

(10]

(11]

(12]

9
a ==, =3 === and =2.
1= 2 Y h
Moreover, it turns out that the non-real spectrum of A can only accumulate to co.
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