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MEROMORPHIC SOLUTIONS OF LINEAR
DIFFERENTIAL SYSTEMS, PAINLEVE TYPE FUNCTIONS

LEV SAKHNOVICH

(communicated by Leiba Rodman)

Abstract. We consider the n x n matrix linear differential systems in the complex plane. We
find necessary and sufficient conditions under which these systems have meromorphic funda-
mental solutions. Using the operator identity method we construct a set of systems which have
meromorphic solutions. We prove that the well known operator with the sine kernel generates a
class of meromorphic Painlevé type functions. The fifth Painlevé function belongs to this class.
Hence we obtain a new and simple proof that the fifth Painlevé function is meromorphic.

1. Introduction

Let us consider the nxn matrix system of the form

dw
— =AX)W, 1.1
=AW W, (1)
where A(x) is the n x n matrix function. Further we assume that the matrix function
A(x) is holomorphic and single valued in a punctured neighborhood of a point x; .
Every fundamental solution W(x) of system (1.1) has the form (see [2, 25])

W(x) = S(x) (x — x0)®, (1.2)

where the matrix S(x) is holomorphic and single valued in the domain 0 < |x—xo| < p
and @ is a constant matrix.

DEFINITION 1.1.  (See [2, 25].) The point xy is called a regular point of system
(1.1) if the corresponding matrix S(x) is either holomorphic in a neighborhood of xo
or has a pole in xq .

DEFINITION 1.2.  We shall say that the regular point xy of system (1.1) is strongly
regularif ® =0 in formula (1.2).
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We use the following transformation

W(x) = F(x) Y(x), (1.3)

where .
F(x) =) filx = x0), (1.4)

k=t

fr are constant n X n matrices, detF(x) # 0, x # xo. Then system (1.1) takes the
form

dy
7 = BWY,
where IF
B(x) = F~'(x) A(x) F(x) fFfl(x)a.

The following theorem gives the condition of regularity .
THEOREM 1.1. (Horn’s theorem (see [2]) The point xo is regular for system (1.1)
if and only if there exists transformation (1.3) such that the corresponding matrix B(x)
has the form
Bx) = 20
X — X0

where By(x) is holomorphic in the domain 0 < |x — x| < p.

The conditions of Horn’s theorem are necessary conditions of the strong regularity.
In the present paper we give necessary and sufficient conditions of strong regularity.

Separately we consider the case when the entries of A(x) are meromorphic func-
tions.

If xo is a strongly regular point, then we say that the corresponding fundamental
solution is strongly regular at xp .

DEFINITION 1.3.  We say that the fundamental solution W(x) of system (1.1) is
global strongly regular if this solution is strongly regular for all singular points of A(x).
It is easy to see that the global strong solution is meromorphic. We apply the obtained
results to the canonical differential systems [19] with the spectral parameter p:

% — [P(x) +pQ(x)] W(x,p). (1.5)

We investigate in detail the special case when n =2, P(x) = 0, and

0x) = [rz(()x) ) ] (1.6)

Now we shall explain the connection of system (1.5), (1.6) with the classical second
order equations. The solution of this system

U(x,p) = col [ul (x,p), uz(x, p)]

satisfies the relations

% = ipr 2 (x) ua(x, p), % = ipr(x) u1(x, p).
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System (1.5), (1.6) reduces to two equations of the second order.

d duy
_ arz(x) o = % (x) ui (x, p), (1.7)
- %r‘z(x)iiuz P*r 2 (x) ua(x, p). (1.8)

Let us note that equations (1.7) and (1.8) are mutually dual [7, 11, 20] and play an
important role in a number of theoretical and applied problems (prediction theory [15],
vibration of a thin straight rod [5], generalized string equation [19]).

Using the operator identity method [19] we construct classes r(x) such that the
corresponding equations (1.7) and (1.8) have meromorphic solutions in respect to x
for all p. In particular we construct a class of the rational functions r(x) with this
property.

The operator identity method allows to construct an analytic continuation of 72(x)
from half-axis (0, 00) onto the complex plane. We have applied this approach to the
third and the fifth Painlevé functions. In particular we have obtained a new and simple
proof that the fifth Painlevé function is meromorphic (see [10]).

REMARK 1.1. The global Fuchsian theory (see [2, 25]) requires that the regularity
condition be met at infinity as well. In our approach this condition can fail for x = co.
Thus our theory can be applied to the important examples (see Sections 8-10) in which
classical Fuchsian theory does not work.

REMARK 1.2. The meromorphic solutions of the differential systems play an
important role in the spectral theory in the space with indefinite metric [17].

2. Conditions of strong regularity

Taking into account Horn’s theorem we begin with the matrix function A(x) which
can be represented in the form

a_

Alx) = +ayta(x—x0)+..., (2.1)

X — X0
where a; are n x n matrices. We investigate the case when xg is either a regular point
of W(x) or a pole. Hence the following relation

X) = bilx—x0)f, bw#0, (2.2)
k>m

is true. Here by are n x n matrices. We note that m can be negative. From formulas
(1.1), (2.1) and (2.2) we deduce that

(k+ 1) b1 = Y apb, (2.3)
JH=k
where j > —1, ¢ > m. Relation (2.3) can be rewritten in the recurrent form

[(k+ Dl —a1] by =Y aibe, k=m, (2.4)
JjHl=k
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where j > 0, £ > m. When k = m — 1 we have
(ml, —a_y) b, =0. (2.5)

From relation (2.5) we deduce the following assertion.
PROPOSITION 2.1. (necessary condition) If the solution of system (1.1) has form
(2.2) then m is an eigenvalue of a_; .

We denote by M the greatest integer eigenvalue of the matrix a_; . Using relation
(2.5) we obtain the assertion.
PROPOSITION 2.2. (sufficient condition) If the matrix system

[(k+ DL —a 1] b= > ajby, (2.6)
Jj+l=k

where m < k+1 < M has a solution by, by1, . ..,by and by, # 0 then system (1.1)
has a solution of form (2.2).

We consider the system of equations

dy
— =-YA 2.7
dx (‘x)7 ( )
where Y(x) has the form
x) = ch(x —x), ¢, #0. (2.8)
k=p
Formulas (2.1), (2.7) and (2.8) imply that
(k+ Dewr == > caj, (2.9)
=k

where j > —1, £ > p. We rewrite relation (2.9) in the form
Crt[(k+ DIy +a1] = Z Ceaj,
J+Hl=k

where j > 0, ¢ > p. In the same way as Propositions 2.1 and 2.2 we obtain the
following results.

PROPOSITION 2.3.  If the solution of system (2.7) has form (2.8) then —p is an
eigenvalue of a_.

PROPOSITION 2.4. Let —P be the smallest integer eigenvalue of the matrix a_, .
If the matrix system

crr [(k+ Dy +ay] =~ Z ceaj,
=k

where p < k+ 1 < P has a solution ¢, # 0,cpi1,...,cp, then system (1.1) has a
solution of form (2.2) .
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REMARK 2.1. If W(x) is a fundamental solution of system (1.1), then Y(x) =
W~1(x) is a fundamental solution of system (2.7).

PROPOSITION 2.5.  If W(x) and W~(x) satisfy relations (1.1), (2.1) and (2.7),
(2.8), respectively, then m and —p are eigenvalues of the matrix a_;. The corre-
sponding matrix a_ is either scalar or has at least two different integer eigenvalues.

Proof . Let the matrix a_; not be a scalar one. Then it follows from relation (2.5)
that
detb,, = 0. (2.10)

Let us suppose that a_; doesn’t have integer eigenvalues different from . In view of
Propositions 2.1 and 2.3 the equality p = —m 1is true. From relations (2.2), (2.8) and
the equality

W(x) Wl(x) =1,

we have by,c, = I, which contradicts relation (2.10). This proves the proposition. [J

3. Integer eigenvalues

We consider again differential system (1.1), where A(x) has form (2.1). Let T be
a constant matrix such that
TﬁlaflT =b_y,

where b_; is Jordan matrix, i. e. b_; has the following structure
b_lzdiag(Jl,Jg,...,Js), s<n.
Here Jy = Al + Hy, 1 <k <s,and

0 1 0 0
0 0 1 0
Hy = -
.o 1
0 0 O 0
We reduce system (1.1) to the form
dv
— = B(x)V,

where W(x) = TV, B(x) = T7'A(x)T. Now we describe the “shearing” transforma-
tion ( see [25], Ch. 5) which lowers the eigenvalue A, of the matrix b_; by one, while
leaving the others unchanged.

We denote by ¢ the order of Jordan matrix J; and represent B(x) in the form

1 by 0
B(x) = { 01 7

X — X0

} + B(x), (3.1)

where B(x) is holomorphic at xo and

Z_l :diag(]l,.lz,...7]s_1).
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The “shearing” transformation is defined by the relation (see [2, 25])

V=S8x)U. (3.2)
Here
_ | In—q 0
=[5 6
Using (3.2) we deduce that
du
E - (x) U,
where
d

C(x) =8 '(x) B(x) S(x) — S~ (x) o S(x).
It follows from (3.1) and (3.3) that

It is easy to see that the matrix c_; has the same eigenvalues as b_; except that the
eigenvalue A, has been decreased by unity.

THEOREM 3.1.  If the fundamental solution of system (1.1) is strongly regular
then all the eigenvalues of the corresponding matrix a_, are integers.

Proof. Using a finite number of pairs of constant and “shearing” transformations
we can reduce system (1.1) to the system
d ~ I
— W(kx) =Ax)W 34
W (x) = A) W), (34)
where all the integer eigenvalues of a_; coincide with the smallest integer eigenvalue of
a_1 , the non integer eigenvalues of a_; and a_; coincide. If the fundamental solution
W(x) of system (1.1) is strongly regular then the fundamental solution W (x) of system
(3.4) is strongly regular as well. If a_; has non integer eigenvalues then according
to Proposition 2.5 the matrix a_; has at least two different integer eigenvalues. The
theorem is proved. [

REMARK 3.1. In paper [21] we consider the Knizhnik-Zamolodnikov system of
linear differential equations. The coefficients of this system are rational functions.
Using the results of Sections 1-3 we prove that under some conditions the solution of
the KZ system is rational matrix function too. This assertion confirms partially the
conjecture of Chervov-Talalaev [3].

4. Examples

EXAMPLE 4.1. V. Katsnelson and D. Volok [14] investigated the case when the
point xy is a simple pole of W(x) and a holomorphic point of the inverse matrix function
W~1(x). They proved that in this case

2
a-,=—-a_y, a_japa_; = —apd_,. (4.1)
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It follows from the first of the relations (4.1) that the eigenvalues of a_; are equal —1
or 0. From Proposition 2.2 we deduce the assertion.

PROPOSITION 4.1.  Let conditions (4.1) be fulfilled. Then system (1.1) has a
strongly regular solution, where m = —1.

Proof . In the case under consideration we have m = —1, M = 0. Hence system
(2.6) takes the form

(In + Cl_l)b_l = 0, —Cl_lb() = aob_l. (42)
Comparing the first relations of (4.1) and (4.2) we obtain the equality
b_1=a_c,

where ¢ is an arbitrary invertible matrix. It follows from the second relation of (4.1)
that
by = apa_ic

satisfies the second equality of (4.2). The proposition is proved. [

EXAMPLE4.2. Let us consider the case when A(x) has a pole of the second order.
We suppose that the matrix A(x) has the form

Ax) = {““(x) an(x) ] (4.3)

any ()C) ann ()C)

where
an(x) = op+ar(x—xp)+..., (4.4)
azz(x) = BO + ﬁl ()C — X()) + ..., (45)
ap(x) = ya(x—x) T+ yvi(x—x0) "+, (4.6)
aj] (x) = IJQ()C — XQ)2 + ,LL}(X — )C())3 + ... (47)

We introduce the matrix function

A(x) = F'(x) A(x) F(x) —Fﬁl(x)di F(x), (4.8)
X
where
! 0
Fx) =] x—xo
0 1
It is easy to see that the matrix function V(x) = F~! (x)W(x) satisfies the equation
d _
—V=Ax)V.
o (x)

It is important that the matrix function A(x) has a pole of the first order. Indeed it
follows from formulas (4.3)—(4.8) that

A = 2

= +ay+...,
X — X0
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~ |1 v ~ | O Y-1
w=[o 5 | @[T ]
We shall consider the case when

V) = bilx —x0)f, bu#0,

k>=m

where

is true. Here b; are n X n matrices.

PROPOSITION 4.2. Let the matrix A(x) have the form defined by relations (4.4)—
(4.7). Then system (1.1) has a strongly regular solution if and only if

Y—2(00 — Bo) = V-1. (4.9)
Proof. In this case we have m = 0, M = 1. From equality
a_iby =0

we deduce that by has the following form

bo = [572 —1Y—2 ] _

N t

In view of (2.4) we have
(Ln — a—1)by = agby - (4.10)

Equation (4.10) has a solution b, if and only if relation (4.9) is fulfilled. From
Proposition 2.2 we deduce the desired assertion. [

COROLLARY 4.1. In addition to the conditions of Proposition 4.2 we suppose
that oy = Po. System (1.1) has a strongly regular solution if and only if y_1 = 0.

5. Differential Systems with spectral parameter

We consider the differential system with the parameter p:

WL _ [p(x) + p o)) Wi, p), (51)

where the n x n matrix functions P(x) and Q(x) can be represented in the forms
Pkx) = x”_*;o Yot (5.2)
o) = x":;ﬂ Yo+ (5.3)

Systems (5.1) play an important role in the spectral theory of the canonical differential
systems with the spectral parameter p (see [19]). Due to Theorem 3.1 the following
assertion is true.

PROPOSITION 5.1. (necessary condition) If system (5.1)—(5.3) has a strongly
regular fundamental solution W(x, p) for all p then all the eigenvalues of the matrix
p—1+ pPq—1 are integer and do not depend on p.
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EXAMPLE 5.1. Let n =2 and

AT |0 I
P-1= 0 AZ 5 q—1 = 0 0 .
We assume that A; and A, are integer numbers. The eigenvalues of the matrix

p—1+ pg—; are equal to A; and A, i. e. these eigenvalues are integer and do not
depend on p.

EXAMPLE 5.2. We consider the system
d
a W(X, p) = pA(X) W(X, p)7 (54)

where the matrix function A(x) is defined by relations (4.4)—(4.7). We introduce the
matrix

Al p) = pF () AW F) — F () S F (),
where :
F) = | x=x °
0 1

The matrix function V(x, p) = F~!(x) W(x, p) satisfies the equation

SV = [P+ p O]V,
where
d ! 0
P) = P W FW =[x x |, (55)
0 1
O(x) = F7'(x)A(x) F(x) (5.6)

It follows from (5.5) and (5.6) that

10 00
p—1—007PO—00>

_ |0 v N (A
ql_p|:0 0 :|a QO—P{O ﬁO .
Condition (4.9) takes the form

py-2(00 — Bo) = y-1-
Using Propositions 4.2 and 5.1 we obtain the following assertion.

PROPOSITION 5.2.  Let the matrix function A(x) be defined by relations (4.4)-
(4.7). System (5.4) has a strongly regular fundamental solution for all p if and only
if

do=Po, v-1=0.
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6. Global strongly regular solutions

In Sections 1-5 we investigated the strongly regular solutions in a punctured
neighborhood of the singular point xo. Now we deduce the conditions under which the
solution of system (5.1) is strongly regular for all complex x # oo and all complex
p # oo (global strongly regular solution). It is obvious that the global strongly regular
solution is meromorphic in x and entire in p.

Let us consider the differential system

aw

— = pA(x) W, 6.1
where the 2 x 2 matrix function A(x) has the form
_[ o 7

Ax) = { F? 0 ] . (6.2)

Here r(x) is a meromorphic function in the complex plane. We denote by x;,
k<n<oo,andby y;, | << m< oo, the different roots of r(x) and of r~
respectively. Proposition 5.2 implies the following result.

1 <
'),
THEOREM 6.1. Let all the roots x; and y, of r(x) and of r—'(x), respectively, be

simple. The fundamental solution W(x,p) of system (6.1), (6.2) is strongly regular
forall x and p if and only if

ra) =0, () #0, r"()=0, (1<k<n), (6.3)

qv0) =0, q'()#0, ¢'(v) =0, (1<l<m), qlx)=r""(x). (64)
The following assertions can be proved by the direct calculation.

PROPOSITION 6.1. The functions
I rx) =x,
II) r)(x) =sinx
satisfy all the conditions of Theorem 6.1. The corresponding x; and y,; are defined by
the relations:
I) n=1,m=0, x; =0,
) xp=km, yp=4In+m/2, —00 < k,{ < 0.

REMARK 6.1. Examples close to the case r(x) = sinx are contained in the book
by Kamke ([12], p. 408).

PROPOSITION 6.2. If r(x) is a polynomial and degr(x) > 2 then r(x) does not
satisfy conditions (6.3).

PROPOSITION 6.3. The functions

—A
B =g M

ra(x) = %(‘Zlb), M#A, Mp#

do not satisfy conditions (6.3), (6.4).
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PROPOSITION 6.4. The elliptic functions (see [1])

~sn(x) ~sn(x) ~cn(x)
rsx) = dn(x)’ rolx) = en(x)’ r7(x) = dn(x)
satisfy conditions (6.3) and (6.4). Hence the the corresponding systems (6.1), (6.2)
have strongly regular fundamental solutions.

This fact is important by investigating the systems of linear differential equations
with elliptic coefficients (see [8]).
Theorem 6.1 and Propositions 6.1-6.4 lead to the following problems.

PROBLEM 6.1. To construct meromorphic functions r(x) which satisfy conditions
(6.3) and (6.4).

PROBLEM 6.2. To construct rational functions r(x) which satisfy conditions (6.3)
and (6.4).

These problems will be investigated in the next sections.

The connection of system (6.1), (6.2) with the classical second order equations is
explained in the introduction.

7. Operator Identity

To solve Problems 6.1 and 6.2 we use the operator identity method (see [19]). We
introduce the operators

Af—l/f x) € L*(0,a),
and
Sf=f(x)+ / F@) k(x—1)
where the function k(x), (—a < x < a), is continuous and
k(x) = k(—x) = k(x). (7.1)
We use the following operator identity
AS — SA* = (D5 + ©,D7).
Here the operators ®@; and ®, are defined by the relations
P1g=M(x)g, Prg=g,
where !
M(x):/olk(u)du—&—%, 0<x<a (7.2)

Thus the operators ®; and ®, map the one-dimensional space of constant numbers g
into L2(0, @) . Let us consider the operator

Sef = £ () /f Ke—nd, f(x)€X0,6), 0<E<a  (13)
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We introduce the operator
Pef(x) =f(x), 0<x<{&<a,
and
Pef(x) =0, &<x<a.
Let us formulate the following results (see [17]).

THEOREM 7.1. We assume that there are points 0 < x; < x, < ... having no
limit points in [0,a] and such that the operator S; is invertible on L*(0,&) for each

5 S [0,(1)/{)(1,)62,...}.

Then the matrix function

B(§) =IT'S; 'PeI1, T = [@,®), (7.4)
is continuous and nondecreasing in each of the intervals (xi, Xi+1) . The matrix function
W(E,p) = L+ ipJTI"S; 'Pe (I — pA)~'TI (7.5)

is a fundamental solution for the system
W(E.p) =L +ipJ / " a0 W), (7.6)

where
J= { "4 ] . (7.7)
(The set of the points 0 < x; < x < ... can be either finite or infinite.)

THEOREM 7.2. Let B(x) be constructed by (7.4). Then B(x) is continuously
differentiable in the intervals between the singularities , and in these intervals

2

H(E) = B(E) = [1(E) (E)]’. (7.8)
where
4
() = M(E)+ / Pe(E.1) M) di, (7.9)
13
h(E) = 1+/O Ce(, 1) di. (7.10)

We use here the formula

<
Sglf :f(x)Jr/O Ce(x,2)f (1) dt.
We remark that H(&) has the special form [20]
H(¢E) = {Q(é) ! ¢ } (7.11)
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It follows from relations (7.6) and (7.7) that

‘Wf(l%p) = ipJH(x) W(x, p). (7.12)
Introducing U(x,p) = W(2x, p)e " we reduce system (7.12) to the form
c(z’ p) = ipJH(x) U(x, p), (7.13)
where
me =750 8 | (7.4

(x) = Q(2x).
Let us note that obtained system (7.13), (7.14) coincides with system (6.1), (6.2).

8. Rational r(x)

Let us consider the operator S¢ (see(7.3)), where k(x) satisfies conditions (7.1)
and is a polynomial of degree 2m . The kernel k(x — f) can be represented in the form

k(x —1) Zx*‘p5

where p,(¢) are the polynomials, degp,(7) < (2m — s). We introduce the matrix

2m
Ag = 8+ (<.p), | (8.1)
and the determinant
Ag = detAg.

In formula (8.1) we used the notation

¢ _
(f.8): = / £ ()80 dt

The solution g(x, &) of the equation

Seg =1 (%) (8.2)
has the form
2m
g, &) =1 (0) =D a(&) 2, (8.3)
s=0
where ¢,(§) = (g, ps)¢. It follows from (8.2) and Cramer’s rule that

)
dy(
Ag ’

N—
—
)
~
=

es(§) =
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where the determinant d,(&) is formed by replacing the column under number s in A

by the column COI[(f’;”O)é? (f7pl)§7 R (f7p2m)é:] .
Using (8.3) and (8.4) we have

£
$) =F () + / Ce(v,0)f (1), (8.5)
where
1 2m ‘
e (x,1) = A > D& 0)x'. (8.6)
5s=0

Here the determinant D,(&,¢) is formed by replacing the column under number s in

A¢ by the column col [po(t), p1(7), . . ., pan ()]
The expression
Do(§,¢)

[(0,8) = A

plays an important role in our theory.

From (8.5) and (8.6) we deduce the following assertion.

THEOREM 8.1. If k(x) satisfies conditions (7.1) and is a polynomial then the
corresponding function Q(&) (see (7.11)) is rational.

Proof. Let f(x) = 1 . In this case formula (8.3) gives

2m
g(x7§) = 1 + ZXYRAY(5)7
s=0

where the functions R(&) are rational. Hence the function g(&, &) = hy(&) is rational
too. The assertion of the theorem follows directly from the equality

07! (x) = 23(x),

which can be obtained from (7.8) and (7.11). O
We denote by &), &, ..., &, the roots of the polynomial Ag .

THEOREM 8.2. If k(x) satisfies conditions (7.1) and is a polynomial then the
corresponding matrix function W(&, p) defined by relation (7.5) is entire in respect to
© and meromorphic in respect to £ with the poles in the points £1,&,...,&,.

Proof. According to (7.2) the function M(x) is a polynomial. Hence the function
(I —Ap)~'M(x) is an entire function of p and x. Using (7.5) and (8.6) we deduce the
assertion of the theorem. [

REMARK 8.1. We consider Q(&) and W(&,p) for all the complex & # &,
(1 € k < n), and for all the complex p.

Due to analytic continuation the equality

dw
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is true for all complex & # &, (1 < k < n), and for all the complex p. Here the
matrix function H(&) is defined by formula (7.11). Theorems 7.2 and 8.2 imply the
following assertion.

COROLLARY 8.1. The function
1

{\/5 hz(ZX)}

is a rational function. The union of the sets of the roots and the poles of r(x) coincides
with the set

r(x) =

1 1 1
55175527"'755}1-
We shall use the relation (see [9], Ch. 4.)

BEE _r0.9sE 8, 685 =) (87)

From relation (8.7) and Corollary 8.1 we deduce the assertion.

COROLLARY 8.2.  If all roots of Az are simple then the corresponding function
r(x) satisfies the conditions (6.3), (6.4).

EXAMPLE 8.1. Let us consider the case when
k(x) = x2.
In this case we have
po(t) =2, pi(t) ==2t, pa(t) = 1.
Hence the determinants Az and do(&) are defined by the relations

L+&8/3 &4 &8s

Ae=| —& 1-28/3 —g44 |, (8.8)
3 & 1+&%/3
-& &4 &/s

do(&)=| 2xi 1-2&3/3 —E&*/4 |. (8.9)

~1 &  1+&Y3
It follows from (8.8) and (8.9) that

1 1
Ar = —— 80— —E041 8.10
¢ 10805 305 th (8.10)

ma—éﬂQ§f+§Q§>§Q§ﬂ.

The polynomial Az has nine different roots

6, 1 <k<3,
=< 15495,  4<k<6,
15-9v5,  7<k<0.
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By the direct calculation we prove the following assertion.

PROPOSITION 8.1.  The poles of T'¢(0,&) coincide with xi, (1 <k <9). These
poles are simple and the residues in the points xi, (1 < k < 3), are equal to 1 and in
the points x;, (4 < k<9), are equalto —1.

From relation (8.10) and Proposition 8.1 we deduce that

Hence the corresponding function r(x) = 1/[v/2h(2x)] is rational and satisfies con-
ditions (6.3) and (6.4) (see Problem 6.2).

9. Exponential r(x)

The following example was considered in the paper [17].

EXAMPLE 9.1. Let the operator S¢ have the form
S .
Sif :f(x) + ﬁ/ [ezl(x—t) + e—ll(x—t):|f(t) dt,
0
where B =B #0, A > 0. We find
¢
S =@ =KW T [ K00

where K(x) = [¢**, e~"*'] and

T(E) = E+ B! A le=*Esin A&
T | A e sinAE E+p!
By direct calculation we have
1
T
and @
u(x
==
where

ux) = x+ B =21 sinAx,
v(x) = x+B '+ A sinAx

It is easy to see that all the roots and the poles of h,(x) are simple. In the same way as
Corollary 8.2 we deduce the following assertion.
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PROPOSITION 9.1. The corresponding function
2x+ B+ A7 sin2A x
V2 (2x+ BT+ A~ sin24 x)

is rational and satisfies conditions (6.3) and (6.4).

r(x) =

10. Analytic continuation, Painlevé transcendents

Let us consider the operator

14
(Sef) () =f (x) + /O K(x, o) (1) dt (10.1)

on L2(0,&).

THEOREM 10.1.  Let the kernel k(x,t), 0 < x,t < oo, have an extension to a
Sunction k(z,w) which is analytic as function of z and w in a region G such that G
contains the set (0,00) and zt € G whenever z € G, 0 < t < 1. Then the function

o(&.f.8) = (S7'/.8)e

where f (x) and g(x) are entire functions of x, has an extension to a function 6(z,f, g)
which is analytic in G except at isolated points. All finite singular points of 6(z,f,g)
are poles.

Proof. For small &, the operator S¢ differs from the identity operator by an
operator of norm less than one. Therefore S¢ is invertible for 0 < & < & for some
e > 0. Foreach & in (0,00), define U from L*(0,1) to L?(0,&) by

(Uéf)(t):\/%f<%), 0<x<é.

Then Uz maps L*(0,1) isometrically onto L*(0, &), and

(U:'e)(x) = VEg(tg), 0O<r<L

Hence S} = Ungg U is a bounded operator on L?(0, 1) given by
1
S0 =1 () + & [ kEnEns @ (10.2)
Clearly S¢ is invertible if and only if 52 is invertible. Write

Se =1+T:. (10.3)

The assumptions of the theorem allow us to define an operator T(z) on L*(0, 1) by

T(z)f = Z/Olk(ZX, zt) f (¢) dt. (10.4)
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The operator T(z) is compact and depends holomorphically on z, and T(z) agrees with
the operator T(&) defined by (10.3) when z = & is a point of (0, 00). Since I+ T(&)
is invertible for small positive £, I + T(z) is invertible except at isolated points of G

(see Kato [13] Theorem 1.9 on p. 370) in which [I + T(z)] ' has the poles.
Hence the function ([I + T(z)] _lxm,x") is meromorphic if m and n are non-
negative integers. The assertion of the theorem follows from the relation

(Sglxn17xn)é _ ém+n+l(§g1xm7xn)l. 0

REMARK 10.1.  Arguments close to Theorem 10.1 are contained in the article [17].

The following kernels satisfy the conditions of Theorem 10.1:

ki(x,t) = 7%, Y =7, (10.5)
en) = 7 Ai(x) AP’ (1) — Ai(r) Al (1) R (106)

xX—1

where Ai(x) is the Airy function.
Let us introduce the functions

O(x) =Ju(VX), w(x)=x¢’, x>0,

and the kernel

ar) — y SOVO 00V 107)

xX—1

where Jy(x) is the Bessel function of order ¢, (o > —1).

REMARK 10.2. The sine-kernel k(x,?), the Airy-kernel k;(x,7) and the Bessel-
kernel k3(x, t) play animportantrole in the random matrix theory (see [6, 16], [22]-[24]).

REMARK 10.3. The region G in the cases ki(x,7) and kp(x,7) is the complex
plane. The region G in the case k3(x,t) is the complex plane cut by the half-axis
[0,00).

EXAMPLE 10.1. (fifth Painlevé transcendent) Let us consider the operator

Sf =1 @)y [ ka-wfde f0)eB(-aa,  (103)
where |f| <a, Yy =7 and _
sinx7
k(x) = g

The operator S, is invertible (see [6], p. 167), when |y| < 1. Hence we have

ST =f () + / L y)f (0) du, f () € L2(~0,1),
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where the kernel T',(x,u,y) is jointly continuous to the variables x,#,u,y. Together
with the operator S; we shall consider the operator

2
Saf =/ )+ [ Kx—v)f0)dv, fw) € 2020
0
The operator
Uf (x) =f(u+1)
maps unitarily the space L?(0,2¢) onto L*(—t,t). Itis easy to see that
U'SUf = Suf.

We have
2%

§271f =f(x) +/ Co(x,u,7) f (u) du, f(u) € L*(0,21),

0

where _
FZf(x7y7Y) :Ft(xit’yitaY)' (109)
It follows from (10.9) that

fz’(zta 2'[7 Y) = Fl‘(ta f Y)7 f21(2t7 Oa Y) = Ff(ta =, Y)

Now we consider the case when y = —1. For brevity we omit the parameter y = —1
in the notation T'(x,u, —1). Following C. Trace and H. Widom [22] we introduce the
functions

r(t) = " + /t Ti(t,u) e du (10.10)
and _:
q(t) = ™ + / T, (t, u) €™ du. (10.11)
Relations (10.9) and (10.10), (10.11) imploy that
q(2t) = r(t)e"™. (10.12)

We use the following relation (see [22])

d
TR 0] = |r() g (10.13)
where R(t,1) = I[;(¢,1). From (10.12) and (10.13) we have
1 2t 2
IR(1,1) = —/ ’q(v)‘ dv.
2 Jo
To prove the relation
1~ U u
R(1,1) = 5 (85", e"),, (10.14)

we use the notion of triangular factorization (see [9], Ch. 4; [18]).
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DEFINITION 10.1. The positive operator S acting in L?(0,a) admits a triangular
factorization if it can be represented in the form

S=S5_5". (10.15)
Here
0:5%" = 0520,
where
Q(::I*Péa Péf:f(x)7 0<x<§a
and

P:f =0, E<x<a, f(x)€L;(0,a)

Using M. G. Krein result (see [9], Ch. 4) on the triangular factorization of the
operator S with continuous kernel we obtain the assertion.

THEOREM 10.2. The operator

SF=f()— L /0 ST )

T xX—1

admits triangular factorization (10.15) and

ST =7 0)+ [ Fvaf ) du
0
Hence formula (10.11) can be written in the form

q(x) = S~ e, (10.16)

REMARK 10.4. Representation (10.16) of g(x) which contains the factorizing
operator S_ plays an essential role in our approach.

We use the notations

D(&) = det S, (10.17)
o) = 20/(3) /2(3)-
It is known (see [22]) that
o(x) = —2tR(t,1), x=2mt. (10.18)

Relations (10.14) and (10.18) imply that

o(x) = —(85, e ")y, x = 2nmt.

We note that the function o(x) is the fifth Painlevé transcendent (see [22]). Using
Proposition 10.1 and relation (10.18) we have obtained the new proof of the following
well-known fact (see [10]).

COROLLARY 10.1.  The fifth Painlevé transcendent o(&) can be extended to the
meromorphic function o(z).
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The function o(&) is a solution of the Painlevé equation ( Ps in the sigma form,
see [22])

(E6”)’ +4(E0’ — 0)(E6’ — o+ 07) =0. (10.19)
PROPOSITION 10.1.  All the poles 7 of 0(z) are simple with residues 7.

Proof. Looking at the Laurent expansion of o(z) at the poles z; we observe by

(10.19) that the principal term of o(z) has to be z/(z — zx) . The proposition is proved.

]

According to (10.3) and (10.4) the function D(&) can be extended to the entire
function D(z). From Proposition 10.1 and relation (10.17) we obtain the assertions.

COROLLARY 10.2. All the zeroes of D(z) are simple.

COROLLARY 10.3. All the eigenvalues of T(z) are simple.

EXAMPLE 10.2. (Painlevé type functions) Let us consider the operator Sz of form
(10.1), where k(x,t) = k;(x,t). We introduce the functions

o1(&,v,2) = (S5 '/, &), (10.20)

where f (x) = g(x) = ¢**, A = A. Using Theorem10.1 and Corollary 10.3 we obtain
the following assertion.

PROPOSITION 10.2.  The function c1(&,y, ) can be extended to the meromorphic
Sunction o1(z,y,A), all the poles of 61(z,y,A) are simple.

DEFINITION 10.2.  We call the functions oy(z,y,A) the Painlevé type functions.

We note that the fifth Painlevé transcendent o(z) is connected with the functions
of form (10.34) by the relation

o(z) = —oi(z/m, -1, ).
We separately consider the function
02(z,7) = 01(z2,7,0). (10.21)
It follows from (10.20) and (10.21) that
ox(2) = (57 ', 1), €>0,

where the operator S¢ and the kernel k(x,y) are defined by relations (10.1) and (10.5),
respectively. We introduce the operators of form (10.8) with the kernels k(x,y) and

ke () = 5 (Ko £4(—x)].

Let us denote the Fredholm determinants corresponding to k(x,y), k(x,y) and
k_(x,y) by D(y,t), Dy(y,t) and D_(y,t), respectively. We use the following
relations (see [16], Ch. 21.)

D(YJ) = D+(Y>I)D—(Y7t)>
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D_(y,1) '
R 1 +L Li(t,y,7)dy. (10.22)

It follows from (10.9) and (10.22) that

D*(Y7t) /2t~
=1+ [ Tult,y,y)dy.
D+(Y7t) 0 Zt( Y Y) Y

In view of (7.10) and (10.22) the relation

D_(y,1)
D+('}/> t)

is true. Using formulas (10.2)—-(10.4) we deduce the assertion.

= h2(2t)

PROPOSITION 10.3.  The functions D_(x,t) and D_(x,t) can be extended to the
entire functions D_(z,t) and D_(z,t), respectively.

Hence we have

COROLLARY 10.4.  The function hy(2t) can be extended to the meromorphic

function

ha(22) = 2219

D+('}/>Z) .
According to representation (7.5) and Theorem 10.1 equations (1.7) and (1.8)
have the strongly regular solutions u(x, p) and u(x, p), respectively, when

r~3(x) = 2h3(2x). (10.23)
From Theorem 6.1, Corollary10.4 and relation (10.23) we obtain

COROLLARY 10.5. The function

satisfies conditions (6.3), (6.4).

EXAMPLE 10.3. (third Painlevé function) Let us consider the operator (10.1), where
k(x,) is the Bessel kernel.

PROPOSITION 10.4.  The operator Sg defined by relations (10.1) and (10.7) is
invertible on L*(0, ), when |y| < 1.

Proof. The kernel k(x,t) has the form k(x,7) = yK(x,t), where

K(x,t) = %/0 O(xs) o(ts)ds,  ¢(x) = Jo (V). (10.24)

The operator Tz = Sg — I has the kernel k(x,7) and is self-adjoint. It follows from
(10.1) and (10.24) that

2

¢
/0 Jo(V/xs) f (x)dx| ds.

=1 [
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The last relation can be written in the form

! 2
(Tef .f ) = Y/O |[F(s)|"ds, (10.25)
where Ve
£
F(s) = / Vs Jo(sx) f (x*)V2x dx. (10.26)

The Hankel transformation (10.26) is unitary. So we have

(Tef.f)] |y|/ zde|y|/ If (x ydx (10.27)

Hence ||T¢|| < |y|. If |y| < 1 then the operator Sg is invertible. We shall consider
separately the case when y = &1. Let us assume that ||T¢|| = 1. In this case we have
for some f the equality

Tef =+, |Ifll £0. (10.28)
From relations (10.25), (10.27) and (10.28) we deduce that

F(s)=0, s>1.
But the function F(s) is analytic when Res > 0. Hence the equality F(s) = 0,
(s > 0), is true. It means that ||f (x)|| = 0 . We have obtained a contradiction, i. e.
|Te|| < 1. The proposition is proved. OJ
The operator S ! has the form

—1 ¢
Se f =f(x)+/0 Le (x, 0)f (¢)dt.

We consider the functions

4
a(&) = 0(8) + / Fe(.1) 0(0) d, (10.29)

We shall use the following relations (see [23])
1
[SR(s)])" = 7 4°(5) (10.30)

d
R(t) = ~% logdetS;.

Using M. G. Krein result (see [9], Ch. 4) on the triangular factorization of the operator
S with continuous kernel we obtain the assertion.

THEOREM 10.3. The operator S, defined by (10.1), (10.7) when o > 0 admits
triangular factorization (10.15) and

=7 ' v,u)f (u)du.
s =)+ [ T
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Formula (10.29) can be written in the form
q(x) =S~"¢. (10.31)
We introduce the notation
o(s) = sR(s,s).
Relations (10.30) and (10.31) imply that
_1
T4

Further we consider only the important case when y = —1, o« > 0.
We note that in this case the function o(x) is the third Painlevé transcendent (see
[22]). Using Proposition 10.1 and relation (10.32) we obtain the following fact (see

[10]).

COROLLARY 10.6. The third Painlevé transcendent o(&) can be extended to the
Sfunction o(z) which is analytic in G except at isolated points. All finite singular points
in G are poles. (The domain G is defined in Remark 10.3.)

The function o(&) is a solution of the Painlevé equation

ox) =7 (S:'9,9).- (10.32)

(§0") +0'(0 — £o') (40’ — 1) — 0" = 0. (10.33)

PROPOSITION 10.5. All the poles z; of 0(z) are simple with residues 7.

Proof. Looking at the Laurent expansion of o(z) at the poles z; we observe by
(10.33) that the principal term of o(z) hasto be z;/(z— z) . The proposition is proved.
O
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