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KANTOROVICH TYPE OPERATOR
INEQUALITIES FOR FURUTA INEQUALITY

YUKI SEO

(communicated by Chi-Kwong Li)

Abstract. In this paper, we shall present Kantorovich type operator inequalities for Furuta in-
equality related to the usual order and the chaotic one in terms of a generalized Kantorovich
constant, a generalized condition number and the Specht ratio, in which we use variants of the
grand Furuta inequality.

1. Introduction

In what follows, a capital letter means a bounded linear operator on a complex
Hilbert space H. Anoperator A is said to be positive (in symbol: A > 0)if (Ax,x) >0
forall x € H. The Léwner-Heinz theorem asserts that A > B > 0 ensures A”? > BP for
all 1 > p > 0. However A > B does not always ensure A? > B for p > 1 in general.
Related to this, Furuta [7] established the following ingenious operator inequality:

THEOREM F. (Furuta inequality)
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If A> B >0, then foreach r > 0
1 . Nt
(i) (B2APB%)% > (B:BPB?)? and
1 . L
(i) (A5APA%)? > (A5BPA%)? holdfor p >0 and q > 1 with (1+r)q > p+r.
3],

Alternative proofs of Theorem F have been given in [3], [12], and one-page proof
in [8]. It is shown in [14] that the domain of the parameters p, g and r drawn in Figure
is the best possible for Theorem F.

On the other hand, the celebrated Kantorovich inequality asserts that if A is a
positive operator on a Hilbert space H satisfying M > A > m for some scalars

M > m > 0, then (A~'x,x)(Ax,x) < (AZLZ’,)Z holds for every unit vector x in H.

2
The constant (AZ;;::? is called the Kantorovich constant. As an application of the
Kantorovich inequality, Fujii, Izumino, Nakamoto and the author [6] showed that > is
order preserving in the following sense:

M 2
%Az > B (1.1)

Related to this, Furuta [10] showed the following Kantorovich type operator in-
equality:

A>2B>0 and M>2A>m>0 imply

THEOREM A . Let A and B be positive operators satisfying M > A > m for some
scalars M >m > 0. If A > B >0, then

M\
(—) AP > K(m,M,p)AP > B? forall p > 1,
m

where a generalized Kantorovich constant K(m,M,p) ([10, 11]) is defined as

mMP — MmP p—1 MP—mP \’
(p—1)(M—m) p mMP — MmP

K(m,M,p) = (1.2)

for any real number p € R.

For positive invertible operators A and B on a Hilbert space H , the order defined
by logA > logB is called the chaotic order. Since logt is an operator monotone
function, the chaotic order is weaker than the usual one A > B. The following chaotic
Furuta inequality is due to Fujii, Furuta and Kamei [4], which is a generalization of
Ando’s theorem [1]:

THEOREM FC. (Chaotic Furuta inequality) If logA > log B, then for each r > 0
1 . N
(i) (B2APB%)7 > (B:B’B%)7 and
1 . L
(ii) (ATAPAZ)7 > (ATBPA?)Y
holdfor p >0 and q > 1 with rq 2 p+r.

Yamazaki and Yanagida [16] showed the following Kantorovich type operator
inequality related to the chaotic order which is parallel to Theorem A:
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THEOREM B . Let A and B be positive invertible operators satisfying M > A > m
for some scalars M > m > 0. If logA > logB, then

M p
<—> AP > K(m,M,p + 1)A? > B? forall p > 0.
m

In fact, logA > log B does not always ensure A > B in general. However, by
Theorem B, it follows that

(M + m)?
4Mm
Also, Specht [13] estimated the upper bound of the arithmetic mean by the geo-
metric one for positive numbers: For xy,--- ,x, € [m,M] with M >m >0,

X +...+x
S(h,l)"x1~-~xn>%> X,

logA >logB and M >A>m>0 imply A > B.

where h = % (> 1) is a generalized condition number in the sense of Turing [15] and
a generalized Specht ratio S(k,r) ([11]) is defined for r > 0 as

(K — 1)kF—

S(k,r) =
(k,7) relogk

(k>0,k#1) and S(1,r)=1. (1.3)

Yamazaki and Yanagida [16] investigated analytic properties of the Specht ratio via
a generalized Kantorovich constant and thereby showed a more precise characterization
of the chaotic order:

THEOREM C. Let A and B be positive invertible operators satisfying M > A > m
for some scalars M > m > 0. Then logA > log B if and only if

S(h,p)A? = B’ forall p >0,

whereh:%}l.

Moreover, in [2] we showed the following result related to Theorem C:

THEOREM D . Let A and B be positive invertible operators satisfying k > A > %
forascalar k > 1. Then
(i) A =B ifandonlyif
S(k,2(p—1)s)%Ap>Bp forallp>1,s>1withp—1>1.

s

(ii)  logA > logB if and only if

S(k,2ps)s A” > B*  forallp >0, s> 1.

In this paper, we shall present Kantorovich type operator inequalities for Furuta
inequality related to the usual order and the chaotic one in terms of a generalized
Kantorovich constant, a generalized condition number and the Specht ratio, in which
we use variants of the grand Furuta inequality.
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2. Usual order version

First of all, we present Kantorovich type operator inequalities for Furuta inequality
related to the usual order in terms of a generalized Kantorovich constant, a generalized
condition number and the Specht ratio.

THEOREM 1. Let A and B be positive operators satisfying A > B and M > A >
m for some scalars M > m > 0. Then for each r > 0 and o > 1

1

K(ma G =00 e (G =0) oy A5 5 (a5 prat)i (2.1)

holds forall p > 1, q > 0 suchthat p > a(l +r)q —

K(m'a M@ o) AT > (ASBrA%)i (2.2)
holds for all p > 1, q > 0 such that a(1 +r)g—r = p > (1 +r)q — r, where
K(m,M,p) is defined as (1.2).

In particular,

4m,z%r_(l+r)Mp;r (1+r)

holdsforall p > 1, ¢ > 0 suchthat p > 2(1 +r)qg —r.

In order to give a proof of Theorem 1, we cite the following variant [5, Proposition
6] of the grand Furuta inequality [9].

THEOREM G’ . If A > B > 0, then

(p+r S+

{Az(AzBPAz)AAz}q

holds forall p,r,t,s > 0 and q > 1 with (p+t+r)q > (p+7)s+r and (1+t+71)g >
(p+r)s+r.

Proof of Theorem I.  For each r > 0 and o > 1, it follows from Theorem G’
that

(p+r )A+t 1

A > {AS(ATBPAS) AT} (2.4)
holds forall p > 1 and t,s > 0 with

(I+t+roaz@p+r)s+t. (2.5)
+ )s+t L r I'\g L L
Put Ay =A@ and B; = {AZ(AZBPAZ)*A2}a, then A > B; > 0 by (2.4) and
M>=A>m>0 assures M e = A 2 mZ Tt > 0. By applying Theorem A to
A; and B;, we have
(p+r)s+t (p+r)s+t

K(m o« M @  a)A? > B
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Multiplying A 3 on both sides, we have

(p+7)s+t (p+7)s+t

Km @ M @ ,0)AP*" > (A5BPAT),

)

Putt:% and s = =. Since p > a(l +r)g—r and g > 0, then it

follows that # > 0, s > 0 and the condition (2.5) is satisfied. Therefore, we have

»QI'—‘

ptr

K(mﬁ?“*’”,Mﬁ‘%—“*”%a)A”” (ASBPAS)S

forall p > > 0 suchthat p > a(1+r)g—r,so that we have the desired inequality
(2.1).

Also, putting + = 0 and s = 5 in (2.4) and (2.5), we have (2.2) by the same
discussion above.

For (2.3), we have only to put o = 2 in (2.1).

Hence the proof of Theorem 1 is complete. [J

By Theorem A and Theorem 1, we have the following corollary.

COROLLARY 2. Let A and B be positive operators satisfying A > B and
M > A > m for some scalars M > m > 0. Then for each r > 0

M p+r (1+V> ptr r rol
(—) AT > (ARBPAY) (2.6)
m

holds forall p > 1, ¢ > 0 such that p = (1 +r)q —

Proof. By using Theorem A and Theorem 1, foreach r > 0 and o > 1

B (e (=) e-1)
<ﬂ> ! AG — <M) s AT > (A%BPAz’)é
m m

holds for all p > 1, g > 0 such that p > a(l + r)qg — r. If we put o« = 1, then we
have Corollary 2. [J

REMARK 3. Putting r =0, g =1 and p = o > 1 in (2.1) of Theorem 1 and
r =0, g =1 in (2.6) of Corollary 2, we have Theorem A. Hence Theorem 1 and
Corollary 2 can be considered as an extension of Theorem A.

Next, we present Kantorovich type operator inequalities for Furuta inequality
related to the usual order in terms of the Specht ratio.
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THEOREM 4. Let A and B be positive operators satisfying A > Band k > A > %
fora scalar k > 1. Then for each r > 0 and o > 1

S(k%*““) 25)F AT > (ASBPAT) (2.7)
holds forall p > 1, ¢ >0, s > 1 suchthatp > oc(1+r)g—r and o — 1 > %
o—1ptr 2 ptr r rol
S(k @ 7 ,25)5 Ad > (ATBPA%)1 (2.8)

holds forall p > 1, g >0, s > 1 suchthat o — 1 > % and a(l+r)g—r>p >

(1+r)q — r, where S(k,p) is defined as (1.3).

Proof. Foreach r > 0 and o > 1, it follows from Theorem G’ that

(p+rju+t
A o

> {AS(ATBPAT) AT )@ (2.9)
holds forall p > 1 and #,u > 0 with

(I+t+ra=p@P+ru+t (2.10)

* and Bl = {AZ(A 1BPA: ) } then A; > B; > 0 by (2.9) and
k>A> % > ( assures k
to A, and B;, we have

> 0. By applying (i) of Theorem D

(p+7)s+t

Sk, 2(c — 1)s)§ A > BY.

Multiplying A ? on both sides, we have

(p+r)u+t 2
s

Stk—a ,2(00—1)s)5 AP > (AZBPAS )"

holds forall p > 1, u,# >0 and s > 1 such that & — 1 > 1 and the condition (2.10).
Put t = % and u = 5' Since p > a(l + r)g — r and ¢ > 0, then it
follows that # > 0, u > 0 and the condition (2.10) is satisfied. Therefore, we have
ST 2(a — 1)s)F AT > (ATBPAS)T
forall p > >0and s > 1 suchthat p > a(l +r)g—r and oo — 1 > -, so that

we have the desued inequality (2.7).

Also, putting r = 0 and u = é in (2.9) and (2.10), we have (2.8) by the same
discussion above.

Hence the proof of Theorem 4 is complete. [J

REMARK 5. Putting r =0, g = 1 and p = o > 1 in (2.7) of Theorem 4, we
have (i) of Theorem D because

2
s

S(kP~1,2s)5

2
s

= S(k,2(p — 1)s)*.

Hence Theorem 4 can be considered as an extension of (i) of Theorem D.
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COROLLARY 6. Let A and B be positive operators satisfying A > B and
k>A> %forascalar k> 1. Then for each r > 0

(kT ) AT > (ASBPATY (2.11)
holds forall p > 1, ¢ > 0 such that p > (1 +r)q —
Proof. Since it follows from [11, Lemma 2.46] that

lim S(k,s)s = k,

§— 00

we have this corollary by using Theorem 4. [

3. Chaotic order version

In this section, we present Kantorovich type operator inequalities for Chaotic
Furuta inequality related to the chaotic order in terms of a generalized Kantorovich
constant, a generalized condition number and the Specht ratio.

THEOREM 7. Let A and B be positive invertible operators satisfying logA >
logB and M > A > m for some scalars M > m > 0. Then for each r > 0 and
a>1

Kma@ 1T a7 ) ) AT > (ASBrAY) (3.1)
holds forall p > 0, g > 0 suchthat p > org —r.
K(m'™@ M@ o) AT > (A5BPA%)i (3.2)

holds for all p > 0, q > 0 such that arq —r > p > rq — r, where K(m,M,p) is
defined as (1.2).

In particular,

p+r

(ma rJrMI%*r)ZAz%

ptr

PP
dma "M "
holds forall p > 0, g > 0 such that p > 2rq —r.

> (ASBPAS)G (3.3)

In order to give a proof of Theorem 7, we cite the following variant [5, Proposition
7] of the grand Furuta inequality [9].

THEOREM H . Let A and B be positive invertible operators. If logA > logB,
then

(p+1)s+r

T > (A (A%BPA%)SA%}é
holds for all p,t,s,r >0 and g > 1 with t+r)gq= p+10)s+r
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Proof of Theorem 7. We can prove this theorem by a similar method as
Theorem 1 by using Theorem H instead of Theorem G’. [

By Theorem 7 and Theorem B, we have the following corollary.

COROLLARY 8. Let A and B be positive invertible operators satisfying logA >
logB and M > A > m for some scalars M > m > 0. Then for each r > 0

p+r

M T_r +r r r
<—> AT > (ASBrAY)i (3.4)
m

holds forall p >0, g > 0 suchthat p > rq —r.

REMARK 9. Putting r =0, g =1 and p = a — 1 > 0 in (3.1) of Theorem 7
and r =0, g = 1 in (3.4) of Corollary 8, we have Theorem B. Hence Theorem 7 and
Corollary 8 can be considered as an extension of Theorem B.

Similarly, we have the following result which is considered as an extension of (ii)
of Theorem D.

THEOREM 10. Let A and B be positive invertible operators satisfying logA >
logB and k > A > %forascalar k > 1. Then for each r > 0 and o > 1

p+r Z
s

S(kT 7, 25) AT > (ASBPA%) (3.5)

holds forall p >0, g >0, s>1suchthatp}Otrq—rcmdoz—l2l

s’

—1 p+r Z )+
N

ST T, 25)F AT > (ASBPAY)T (3.6)

holds forall p > 0, g 20, s > 1 suchthat ¢ — 1 > % and oorq —r =2 p = rq—r,
where S(k,p) is defined as (1.3).

Proof. We can prove this theorem by a similar method as Theorem 4 by using
Theorem D (ii) and Theorem H instead of Theorem G’. [

COROLLARY 11. Let A and B be positive invertible operators satisfying logA >
logB and k > A > % for a scalar k > 1. Then for each r > 0

mr_,

(KT > (ASBPA%) (3.7)

holds forall p > 0 and q > 0 suchthat p > rq —r.
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Let A and B be positive invertible operators. We consider an order A% > B? for
0 € (0, 1] which interpolates the usual order A > B and the chaotic one logA > log B
continuously, where the case of § = 0 means the chaotic order. The following
corollaries are easily obtained by Theorem 1 and Theorem 4 respectively:

COROLLARY 12. Let A and B be positive invertible operators satisfying M >
A > m for some scalars M >m > 0. If A°> > B% for § € (0,1], then for each r = 0
and o0 > 1

K(mﬁ(w (847)) M a7 (B = (8+1) a)AP% > (A%BPA%)é (3.8)

holds forall p > 6, q > 0 suchthat p > o(6 + r)q — r, where K(m, M, p) is defined
as(1.2).

COROLLARY 13. Let A and B be positive invertible operators satisfying k >
> 1 forascalar k> 1. If A° > B® for § € (0,1], then for each r > 0 and o > 1

p+r

ST ) 203 AT > (ATBPAT)

<=

(3.9)

holds for all p > &, q 2 0 such that p > a(d + r)q — r, where S(k,p) is defined as
(1.3).

REMARK 14. Corollary 12 interpolates (2.1) of Theorem 1 and (3.1) of Theorem
7 by means of a generalized Kantorovich constant. Let A and B be positive invertible
operators satisfying M > A > m for some scalars M > m > 0. Then the following
assertions holds: o - -

(i) A > B implies K(ma("T ~(147) Mﬁ“’T—(”’)),a)A”T > (ASBPAY)
forall p > 1, ¢ >0 suchthat p > (1 +r)q —

(ii) A% > B® implies K (m a1 (5 =(040) MO!l I(Mf(‘sﬂ)),a)A’% > (ASBPA%)i
forall p > &, g > 0 such that p > ( r)q —

(iii) logA > log B implies K (m@ <’ﬂ—’>
forall p > 0, g > 0 with p > arqg —

(p+r - ptr

M7 L) AT > (ASBPA%)T

It follows that a generalized Kantorovich constant of (ii) interpolates the scalar
of (i) and (iii) continuously. In fact, if we put § = 1 in (ii), then we have (i).
Also, if we put § — 0 in (ii), then we have (iii).
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