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Abstract. We prove local and global versions of Borg—Marchenko-type uniqueness theorems for
half-lattice and full-lattice CMV operators (CMV for Cantero, Moral, and Veldzquez [19]) with
matrix-valued Verblunsky coefficients. While our half-lattice results are formulated in terms of
matrix-valued Weyl-Titchmarsh functions, our full-lattice results involve the diagonal and main
off-diagonal Green’s matrices.

We also develop the basics of Weyl-Titchmarsh theory for CMV operators with matrix-
valued Verblunsky coefficients as this is of independent interest and an essential ingredient in
proving the corresponding Borg—Marchenko-type uniqueness theorems.

1. Introduction

Since Borg—Marchenko-type uniqueness theorems were first formulated in the
context of scalar Schrodinger operators on half-lines, we start with a brief review of
these results: Let H; = —%:2 +V, Ve L' ([0, R]; dx) forall R > 0, V; real-valued,
j = 1,2, be two self-adjoint operators in L?([0, 00); dx) which, just for simplicity, have
a Dirichlet boundary condition at x = 0 (and possibly a self-adjoint boundary condition
at infinity). Let m;(z), z € C\R, be the Weyl-Titchmarsh m -functions associated
with H;, j = 1,2. Then the celebrated Borg—Marchenko uniqueness theorem, in this
particular context, reads as follows:

THEOREM 1.1. Suppose
my(z) = my(z), z€ C\R, then Vi(x) = Va(x) fora.e. x € [0,00). (1.1)

This result was published by Marchenko [72] in 1950. Marchenko’s extensive
treatise on spectral theory of one-dimensional Schrodinger operators [73], repeating the
proof of his uniqueness theorem, then appeared in 1952, which also marked the appear-
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ance of Borg’s proof of the uniqueness theorem [14] (apparently, based on his lecture
at the 11th Scandinavian Congress of Mathematicians held at Trondheim, Norway in
1949).

We emphasize that Borg and Marchenko also treat the general case of non-Dirichlet
boundary conditions at x = 0 (in which equality of the two m -functions also identifies
the two boundary conditions), moreover, Marchenko also simultaneously discussed the
half-line and the finite interval case. For brevity we chose to illustrate the simplest
possible case only.

To the best of our knowledge, the only alternative approaches to Theorem 1.1 are
based on the Gelfand-Levitan solution [37] of the inverse spectral problem published
in 1951 (see also Levitan and Gasymov [71]) and alternative variants due to M. Krein
[64], [65]. For over 45 years, Theorem 1.1 stood the test of time and resisted any
improvements. Finally, in 1998, Simon [89] proved the following spectacular result, a
local Borg—Marchenko theorem (see part (i) below) and a significant improvement of
the original Borg—Marchenko theorem (see part (ii) below):

THEOREM 1.2.
(i) Let a >0, 0 < &€ < m/2 and suppose that

() —ma@)| = O mEe) (1.2)

|z‘~>00
along the ray arg(z) = w — €. Then
Vi(x) = Va(x) fora.e. x € 0,4]. (1.3)

(i) Let 0 < € < m/2 and suppose that for all a > 0,

(@) —ma(2)] = O™y (1.4)

|z‘~>00
along the ray arg(z) = w — €. Then
Vi(x) = Va(x) fora.e. x € [0,00). (1.5)

The ray arg(z) =m — €, 0 < € < 1/2 chosen in Theorem 1.2 is of no particular
importance. A limit taken along any non-self-intersecting curve 6 going to infinity in
the sector arg(z) € ((n/2)+ €, m— ¢€) is permissible. For simplicity we only discussed
the Dirichlet boundary condition u(0) = O thus far. However, everything extends to
the case of general boundary conditions u'(0) 4+ hu(0) = 0, h € R. Moreover, the
case of a finite interval problem on [0,5], b € (0, 00), instead of the half-line [0, c0)
in Theorem 1.2 (i), with 0 < a < b, and a self-adjoint boundary condition at x = b
of the type /() + hpu(b) = 0, hj, € R, can be handled as well. All of this is treated
in detail in [54].

Remarkably enough, the local Borg—Marchenko theorem proven by Simon [89] was
justa by-product of his new approach to inverse spectral theory for half-line Schrodinger
operators. Actually, Simon’s original result in [89] was obtained under a bit weaker
conditions on V; the result as stated in Theorem 1.2 is taken from [54] (see also [53]).
While the original proof of the local Borg—Marchenko theorem in [89] relied on the full
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power of a new formalism in inverse spectral theory, a short and fairly elementary proof
of Theorem 1.2 was presented in [54]. Without going into further details at this point,
we also mention that [54] contains the analog of the local Borg—Marchenko uniqueness
result, Theorem 1.2 for Schrodinger operators on the real line. In addition, the case of
half-line Jacobi operators and half-line matrix-valued Schrodinger operators was dealt
with in [54].

We should also mention some work of Ramm [82], [83], who provided a proof
of Theorem 1.2 (i) under the additional assumption that V; are short-range potentials
satisfying V; € L'([0, 00); (1 + |x|)dx), j = 1,2. A very short proof of Theorem 1.2,
close in spirit to Borg’s original paper [14], was subsequently found by Bennewitz [9].
Still other proofs were presented in [60] and [61]. Various local and global uniqueness
results for matrix-valued Schrédinger, Dirac-type, and Jacobi operators were considered
in [21], [38], [52], [85], [86], and [87]. A local Borg—Marchenko theorem for complex-
valued potentials has been proved in [16]; the case of semi-infinite Jacobi operators
with complex-valued coefficients was studied in [104]. This circle of ideas has been
reviewed in [48].

After this review of Borg—Marchenko-type uniqueness results for Schrodinger
operators, we now turn to the principal object of our interest in this paper, the so-
called CMV operators. CMV operators are a special class of unitary semi-infinite
five-diagonal matrices. But for simplicity, we confine ourselves in this introduction to
a discussion of CMV operators on Z, that is, doubly infinite CMV operators. Let o
be a sequence of m x m matrices, m € N, with entries in C, & = {4 }rez such that
||| mxm < 1, k € Z. The unitary operator U on ¢*(Z)™ then can be written as a
special five-diagonal doubly infinite matrix in the standard basis of £2(Z)™ asin (2.18).
For the corresponding half-lattice CMV operators U, 4, , in £2([ko, 00) N Z)™ we refer
to (2.33) and (2.34).

The actual history of CMV operators (with scalar coefficients o € C, k € Z) is
quite interesting: The corresponding unitary semi-infinite five-diagonal matrices were
first introduced in 1991 by Bunse—Gerstner and Elsner [17], and subsequently discussed
in detail by Watkins [103] in 1993 (cf. the recent discussion in Simon [94]). They
were subsequently rediscovered by Cantero, Moral, and Veldzquez (CMV) in [19]. In
[92, Sects. 4.5, 10.5], Simon introduced the corresponding notion of unitary doubly
infinite five-diagonal matrices and coined the term “extended” CMV matrices. For
simplicity, we will just speak of CMV operators whether or not they are half-lattice
or full-lattice operators. We also note that in a context different from orthogonal
polynomials on the unit circle, Bourget, Howland, and Joye [15] introduced a family
of doubly infinite matrices with three sets of parameters which, for special choices of
the parameters, reduces to two-sided CMV matrices on Z. Moreover, it is possible to
connect unitary block Jacobi matrices to the trigonometric moment problem (and hence
to CMV matrices) as discussed by Berezansky and Dudkin [11], [12].

The relevance of this unitary operator U on ¢(Z)™ , more precisely, the relevance
of the corresponding half-lattice CMV operator U, o in £2(Ny)™ is derived from its
intimate relationship with the trigonometric moment problem and hence with finite
measures on the unit circle 9D. (Here Ny = N U {0}.) This will be reviewed
in some detail in Section 2 but we also refer to the monumental two-volume treatise
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by Simon [92] (see also [91] and [93]) and the exhaustive bibliography therein. For
classical results on orthogonal polynomials on the unit circle we refer, for instance,
to [6], [45]-[47], [62], [96]-[98], [101], [102]. More recent references relevant to the
spectral theoretic content of this paper are [23], [42]-[44], [56], [57], [59], [81], and [90].
The full-lattice CMV operators U on Z are closely related to an important, and only
recently intensively studied, completely integrable nonabelian version of the defocusing
nonlinear Schrodinger equation (continuous in time but discrete in space), a special case
of the Ablowitz—Ladik system. Relevant references in this context are, for instance,
[1]-[5], [41], [49]-[51], [68], [74]-[77], [88], [100], and the literature cited therein. We
emphasize that the case of matrix-valued coefficients g is considerably less studied
than the case of scalar coefficients.

We note that our discussion of CMV operators will be undertaken in the spirit
of [52], where (local and global) uniqueness theorems for full-line (resp., full-lattice)
problems are formulated in terms of diagonal Green’s matrices g(z,xp) and their x-
derivatives g'(z,xo) at some fixed xo € R, for matrix-valued Schrédinger and Dirac-
type operators on R and similarly for matrix-valued Jacobi operators on Z. While we
prove half-lattice and full-latice uniqueness results in our principal Section 4, we now
confine ourselves in this introduction to just two typical results for CMV operators on
Z with matrix-valued coefficients:

We use the following notation for the diagonal and for the neighboring off-diagonal
entries of the Green’s matrix of U (i.e., the discrete integral kernel of (U — zI)™!),

g(z.k) = (U~ I2) 7' (k, k),
h(z,k) = { (U~ Iz~ (k— 1K), kodd,

keZ, ze€D. 1.6
(U—1Iz)"'(k,k—1), keven, ¢ (L6)

The next uniqueness result then holds for the full-lattice CMV operator U.

THEOREM 1.3. Let m € N and assume o = {oy}rez be a sequence of m x m
matrices with complex entries such that || 0 ||emxm < 1 and let ko € Z. Then any of
the following two sets of data

(i) g(z,ko) and h(z, ko) for all z in a sufficiently small neighborhood of the origin
under the assumption that h(0, ko) is invertible;

(i) gz, ko — 1) and g(z,ko) for all 7z in a sufficiently small neighborhood of the
origin and O, under the assumption Oy, is invertible;

uniquely determine the matrix-valued Verblunsky coefficients {4 }rez, and hence the
full-lattice CMV operator U defined in (2.18).

In the subsequent local uniqueness result, g¥) and A"} denote the corresponding
quantities in (1.6) associated with the matrix-valued Verblunsky coefficients o), j =
1,2.

THEOREM 1.4. Let m € N and assume o) = {a,gé)}kez be sequences of m X m
([)‘ <1,keZ, {=1,2. Moreover,

o

CmXm
assume ky € Z, N € N. Then for the full-lattice problems associated with o) and
a@ the following local uniqueness results hold:

matrices with complex entries such that
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(i) Ifeither hV)(0, k) or h'?(0, ko) is invertible and

Hg(l)(z7 k()) - g(2>(z, kO)Hmem + Hh(l>(z> kO) - h(Z)(Z7 k())‘ cmxm ziO O(ZN)7
then o' = &) for ky— N <k <ko+N+ 1. (1.7)
(ii) If OC,EOI) = Ot,gf), a,fy is invertible, and
Hg(l>(z> ko—l)_g(2>(Z, ko—l)HCme—FHg(l)(Z, kO)_g(2>(Z> kO)’ cmxm sz O(ZN)>

then o") = o\ for ky—N—1 < k < ko+N-+1. (1.8)

The special case of CMV operators with scalar Verblunsky coefficients has recently
been discussed in [22].

Finally, a brief description of the content of each section in this paper: In Sec-
tion 2 we develop the basic Weyl-Titchmarsh theory for half-lattice CMV operators
with matrix-valued Verblunsky coefficients. The analogous theory for full-line CMV
operators is developed in Section 3. Weyl-Titchmarsh theory for CMV operators
with matrix-valued Verblunsky coefficients is a subject of independent interest and of
fundamental importance in the remainder of this paper. Section 4 contains our new
Borg—Marchenko-type uniqueness results for half-lattice and full-lattice CMV opera-
tors with matrix-valued Verblunsky coefficients. Appendix A summarizes basic facts
on matrix-valued Caratheodory and Schur functions relevant to this paper.

2. Weyl-Titchmarsh Theory for Half-Lattice CM'V Operators
with Matrix-Valued Verblunsky Coefficients

In this section we present the basics of Weyl-Titchmarsh theory for half-lattice
CMYV operators with matrix-valued Verblunsky coefficients. We closely follow the
corresponding treatment of scalar-valued Verblunsky coefficients in [56].

We should note that while there is an extensive literature on orthogonal matrix-
valued polynomials on the real line and on the unit circle, we refer, for instance, to [7],
[8], [10, Ch. VII], [13], [18], [20], [24]-[35], [39], [40], [63], [66], [67], [69], [78]-[80],
[84], [105]-[108], and the literature therein, the case of CMV operators with matrix-
valued Verblunsky coefficients appears to be a much less explored frontier. The only
references we are aware of in this context are Simon’s treatise [92, Part 1, Sect. 2.13]
and a recent preprint by Simon [94].

In the remainder of this paper, C"*" denotes the space of m x m matrices with
complex-valued entries endowed with the operator norm ||-||zmxm (We use the standard
Euclidean norm in C™ ). The adjoint of an element y € C"*" is denoted by y*, and
the real and imaginary parts of y are defined as usual by Re(y) = (y + y*)/2 and

Im(y) = (y — v*)/(2i).

REMARK 2.1.  For simplicity of exposition, we find it convenient to use the
following conventions: We denote by s(7Z) the vector space of all C-valued sequences,
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and by s(Z)" = s(Z) @ C™ the vector space of all C" -valued sequences; that is,

: (61
9(-1) (9(k))2
0={0(K) ez =| 00) | es@)", ok = eC" kel
¢(1) : (2.1)
(@(K))m

Moreover, we introduce s(Z)"*" = s(Z)"®@C", m,n € N, thatis, ® = (¢y,...,¢,) €
s(Z)™", where ¢ € s(Z)" forall j=1,...,n.

We also note that s(Z)"*" = s(Z) @ C"*", m,n € N; which is to say that the
elements of s(Z)™*" can be identified with the C™*" -valued sequences,

(1) @E) .. (@),

O={D(K) }hez=| ®(0) |, (k)= : : eCm™n ke,
o(1) (@Em1 - (D)) (2.2)

by setting ® = (¢,...,¢,), where

¢j(:_1) (D(k))1,

¢=1 90) |es(@)", ¢k = : eC" j=1,....n, ke Z.
(1) (D(K))m; (2.3)

For the elements of s(Z)"*" we define the right-multiplication by n X n matrices
with complex-valued entries by

Cl1,1 e Cln n n
OC = ($1,-.-,0) | - Col = Do D iga | € s(Z)™
j=1 j=1

Cn,1 cee Cnyn

(2.4)

for all @ € s(Z)"*" and C € C"™". In addition, for any linear transformation
A:s(Z)" — s(Z)", we define A® forall ® = (¢y,...,9,) € s(Z)"*" by

AD = (A¢y,...,A¢,) € s(Z)"". (2.5)

Given the above conventions, we note the subspace containment: ¢*(Z)" =

2(Z) @ C™ C s(Z)" and (Z)"™" = (2(Z) ® C™" C s(Z)™". We also note
that £(Z)™ represents a Hilbert space with scalar product given by

oo

@ We@n= Y > OE),WE), owe @) (2.6)

k=—o0 j=1
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Finally, we note that a straightforward modification of the above definitions also yields
the Hilbert space ¢2(J)™ as well as the sets ¢2(J)™*", s(J)™, and s(J)"™*" for any
JCZ.

We start by introducing our basic assumption:

HYPOTHESIS 2.2. Let m € N and assume o = {0y }rez is a sequence of m X m
matrices with complex entries' and such that

o]l gmsm < 1, k € Z. (2.7)

Given a sequence o satisfying (2.7), we define two sequences of positive self-
adjoint m x m matrices {px}rez and {pi}rez by

pr=In— 040, kezZ, (2.3)
5k = In - OﬂkOC;:, ke Z, (2 9)

and two sequences of m x m matrices with positive real parts, {ax ez C C™*™ and
{bk}kGZ C mem by

a =1In+ 0, kezZ, (2.10)
by=1,—o, keZ. (211)

Then (2.7) implies that p; and Ox are invertible matrices for all k € Z, and using
elementary power series expansions one verifies the following identities for all £ € Z,

51?:105/(:05/([)2:17 aljﬁlitl :plitlal?> (212)
aipy Cax = awp ar,  bipy Cb = bipy by,
@ Py 2bi + arpg *by = bipy tax + bipy 2 = 2. (2.13)

According to Simon [92], we call o4 the Verblunsky coefficients in honor of
Verblunsky’s pioneering work in the theory of orthogonal polynomials on the unit circle
[101], [102].

Next, we introduce a sequence of 2 x 2 block unitary matrices ©; with m x m
matrix coefficients by

@k:<_a" p’;), ke, (2.14)
Pr 04
and two unitary operators V and W on #2(Z)™ by their matrix representations in the
standard basis of £2(Z)™ by

B2 0 _ Oor—1 0
(o

0 0

'We emphasize that oy € C"X"™ | k € Z, are general (not necessarily normal) matrices.

)

Ot (2.15)
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where

Vor—12k—1 Vou_ W W
%12kt Vi) L g 2% 2k I )
Vok2k—1 Vok 2k Wort12c Worg12x+1 (2.16)

Moreover, we introduce the unitary operator U on ¢?(Z)™ as the product of the unitary
operators V and W by
U=VW, (2.17)

or in matrix form in the standard basis of £>(Z)™, by

0 —opp_1 —o*, —poy 50[21 0
U= PoP—1 PoOlil —Olékal O{gpl 9 s
0 —0p1 —O; —P203 203

0 0201 prof  —oxoz oxps O

(2'.18)

Here terms of the form —opro,_ | and —o5,00x41, k € Z, represent the diagonal
entries Upi—1x—1 and Uy of the infinite matrix U in (2.18), respectively. We
continue to call the operator U on ¢?(Z)" the CMV operator since (2.14)—(2.18) in
the context of the scalar-valued semi-infinite (i.e., half-lattice) case were obtained by
Cantero, Moral, and Veldzquez in [19] in 2003, but we refer to the discussion in the
introduction about the involved history of these operators.

LEMMA 2.3. Let z € C\{0} and {U(z,k)}rez,{V(z, k) }kez be two C"*"-

valued sequences. Then the following items (i)~ (iii) are equivalent:

(i) (UU(z,-))(k) = zU(z, k), (WU(z,"))(k) =zV(z, k), keZ.

(2.19)
(i) (WU(z,"))(k) = zV(z,k), (VV(z,-))(k) = U(z,k), ke Z.

(2.20)
(i) <ggg> = T(z, %) (gg: B) ke (2.21)

Here U, V, and W are understood in the sense of difference expressions on s(Z)"*™

rather than difference operators on (*(Z)" (cf. Remark 2.1) and the transfer matrices

T(z,k), z € C\{0}, k € Z, are defined by
o o !

(5% ), v
A R

(pk o p! >
1 ~ , keven.
Py Pr Ok

T(z, k) = (2.22)

Proof. The equivalence of (2.19) and (2.20) is a consequence of (2.17) and
equivalence of (2.20) and (2.21) is implied by the following computations:
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Assuming k to be odd and utilizing (2.8), (2.9), and (2.12), one verifies equiva-
lence of the following items (i) —(v):

(i) (U(Z’ g) —T(z,k) (ggz - B) (2.23)
{pkUzk =oqU(z,k—1)+zV(z,k— 1), (2.24)
o2V (z, k) = U(z,k — 1) + o' zV(z,k — 1). '
(il {ZVzkl )= —aqU(z, k — 1) + pU(2, k),
PV (2 k) = Uz k= 1) + o5 (= U(z, k= 1) + peU(z, k). (2.25)
{ZVZkl 706kU(Z,k71)+5kU(Z,k),
wZV Z, pk ( k— 1) + pka]jU(Z, k) (226)
V(z,k—=1)\ U(z,k—1)
o <(Ven) e ("en) 227
Similarly, assuming k to be even, one verifies that the items (vi)— (viii) are equivalent:
) Uz, k)\ U(z,k—1)
(vi) (V(Z, k)) = T(z,k) (V(z,k B 1)) (2.28)
(vil) { peV(z, k) = awV(z,k— 1) + U(z,k — 1),
pkU(Z, k) = V(Z,k — 1) + O!;U(Z,k — 1) (229)
U(z,k—1)\ _ V(z,k—1)
(viii) ( Uz, k) ) = @k( Vi k) ) (2.30)

Finally, taking into account (2.15) and (2.16), one concludes that

o Ul(z, 2k) V(z,2k)
21\ (e, 2k+ ~ N\ V(g 2k +1
(z,2k — z, 2k — 1
®2k< VZ 2k Z 2/{ , keZ (231)
is equivalent to

(WU(z, ) (k) = zV(z,k), (VV(z,-))(k) = U(z,k), ke Z.
(2.32)

O

We note that in studying solutions of (UU(z,))(k) = zU(z,k) as in Lemma
2.3 (i), the purpose of the additional relation (WU(z,-))(k) = zV(z, k) in (2.19) is to
introduce a new variable V that improves our understanding of the structure of such
solutions U'.

If one sets o, = I,, for some reference point ky € Z, then the operator U
splits into a direct sum of two half-lattice operators U_ 4, _; and U,y acting on
02((—o0,ko — 1) N Z)™ and on ¢?([ko, 00) N Z)™ , respectively. Explicitly, one obtains

U=U_4_1®U,y in ((—00,ko — 1] N Z)" & £*([ko, 00) N Z)™.
(2.33)
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(Strictly, speaking, setting ox, = I, for some reference point ko € Z contradicts our
basic Hypothesis 2.2. However, as long as the exception to Hypothesis 2.2 refers to only
one site, we will safely ignore this inconsistency in favor of the notational simplicity it
provides by avoiding the introduction of a properly modified hypothesis on {oy }iez )
Similarly, one obtains W_ 4 1, V_4 _y and W, , V_; such that

Uty = VigWeg. (2.34)

LEMMA2.4. Let z € (C\{O}, ko € Z, and {ﬁJr(Z, k, k())}k>k0, {R\Jr(Z, k, kO)}k}kg
be two C" " -yalued sequences. Then the following items (i)—(vi) are equivalent:

(i) (Us P (2, ko)) (k) = 2P (2, &, ko),
(W, 1P (2, ko)) (K)=2R , (z, k, ko), k > ko. (2.35)
(i) (W 4P (2, -, ko)) (k) = 2R (2, k, ko),

~

(Vi iR (2, - ko)) (k) = Po (2, ks ko), & > ko. (2.36)
o (Pilzk ko) Pi(z,k— 1,k)
(m(ﬁ@&%Q_T@HGMMfL%Q’k>M

R R ko, ko), ko odd,
with initial condition P (z,ko, ko) = { ZA Hekto), koo
R+ (Z, kOa k0)7 k() even. (237)

Next, consider C"™*" -valued sequences {P_(z,k, ko) }e<to» {R-(2,k, ko) sk
Then the following items (iv)—(vi) are equivalent:

(iv) (U_4,P_(z, -, ko)) (k) = zP_(z, k, ko),
(W_ 4, P_ (2, ko)) (k) = zR_(z,k, ko), k < ko. (2.38)
(v) (W_ 4P (2, ko)) (k) = zﬁ (z,k, ko),

(V_4oR_(z, ko)) (k) = P_(z,k, ko), k < ko. (2.39)

P_(z,k—1),k _(z,k, k
o (5 AT S (B ERR) g,
R—(Z>k - 17k0) R—(Z> k7 kO)
_R\—(Z> k0>k0)7 ko odd,

with initial condition P_(z, ko, ko) = { ~
—zR_ (Z, k(), ko), ko even. (240)

Here Uik, Vig,, and Wy g, are understood in the sense of difference expressions
on the set s(Z N [ko, 00))™ ™ rather than difference operators on ¢*(Z M [kg, £00))"
(cf Remark 2.1).

Proof. Equivalence of (2.35) and (2.36) is a consequence of (2.34).
Next, repeating the proof of Lemma 2.3 one obtains that

(W+,koi)\+ (Za ) ko))(k)zzk\+ (Za k7 k())a (V+,ko§+ (Za ) ko))(k):ﬁ+(z7 ka k())a k>k07
(2.41)
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is equivalent to

<1f+(z, k, ko)> = T(z,k) @*(Z’k B 1”‘0)) k > ko (2.42)
Ry (2, k, ko) "U\Ry (z,k— 1,ko))’ '

Moreover, in the case ko is odd, the matrices V ;, and W_ ;, have the structure,

Oyr1 0 I 0
Vg = Oy+3 . Wy, = Oy+2 7
0 0 (2.43)
and hence,
(W sy P (2, -, ko)) (ko) = 2R (2, ko, ko) (2.44)
is equivalent to
P (2, ko, ko) = 2R (z, ko, ko). (2.45)
In the case ko is even, the matrices V, x, and W, ; have the structure,
I 0 Ok+1 0
Vg = O+2 . Wiy = Oy+3 , (2.46)
and hence,
(Vi Ry (2, -, ko)) (ko) = Py (z, ko, ko) (2.47)
is equivalent to
IA’+(Z, ko, ko) = ﬁ+(z, ko, ko). (2.48)

Thus, one infers the equivalence of (2.36) and (2.37) from the equivalence of (2.41)
and (2.42) with (2.44)—(2.45) and (2.47)—(2.48).
The results for {P_(z, k, ko) }x<k, @and {R_(z,k, ko) x<k, are proved analogously.
(]
Analogous comments to those made right after the proof of Lemma 2.3 apply in
the present context of Lemma 2.4.

Next, we denote by (11: ii’;lzz;) and (gi((jl’:g’))) , 7 € C\{0}, four linearly
ko) ) rez ko) J ez,

independent solutions of (2.21) satisfying the following initial conditions:

(P+(z,ko,ko)) _ { (), ko odd, <Q+(z,ko,ko)) [ CR) koodd,
(

R (z,ko, ko) 5’;), ko even, Sy (z,ko, ko) (;:1’”), ko even.
(2.49)

<P(z,k0,k0)> _ { (M), koodd, (Q(a ko, ko)) _ { ("), ko odd,
S

R_(z, ko, ko) (_I;I’”), ko even, (z,ko, ko) (ZI{Z’), ko even.

(2.50)

Then Py (z,k, ko), O+ (2, k ko), R (z,k, ko), and Sy (z,k, ko), k, ko € Z, are C"*" -
valued Laurent polynomials in z. In particular, one computes
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k ko — 1 ko odd ko + 1
(P+(z, k, ko)) (zpko (I a;;)) (z1m> (pk;L(Im + za,:;H)>
R (z,k, ko) pkU Ly — O4,) In ;5,;1+1(21m + Ogyt1)
(o) | Gl | ()| o)
S+ (z,k, ko) pkU m + Cliy) —In Prorr (& — Oyi1)
(p (z,k, k0)> <pko —2ly — o, > ( In ) <p,;,i1(—1m + ag;ﬂ)>

R_ (Z7 k, ko) Pko I + ako —I pk0+1( ak0+1
(Q(kaa kO)) <pk0 — o) > (Im> (Pk Y (S e >
S_(z,k, ko) Oy (21 — O, In Ot (I + Oty 11)

k ko -1 ko even ko + 1
(P+(z, k, k0)> (p,q,‘(lm O, ) (1) (ﬁ,;ﬂ (eln + ak0+1)>
Ry (z,k ko) pkol(lm o) L pko+1 n + O 1)
<Q+(z, k, k0)> < Pry ! (I + 01y > (zm) < Pry 1 (2l — Olky1) )
Sy (Z7 k, kO) pko ( Ly — ak(]) I pko+l(7%1’" + akoH)
(P (z,k, ko)> < O (I + 204,) > (zzm) <z5k0i1<lm — aku+1>>
R_(z,k, ko)) | \pp (=2l — o)) L Oy (=L + 0 1)
(Q_(z, k, k0)> <pk01( z%)) (d,,,) (zpkoﬂ( m + akoﬂ))
S—(z,k ko) Py, (2 — o) In Prgis I + 055 )

(2.51)

REMARK 2.5. Subsequently, we will have to refer to the leading-order terms of
certain matrix-valued Laurent polynomials at various occasions. To put this in precise
terms we now introduce the following conventions: We will refer to the terms

—(k+1)/2 k odd
Z ) 0 )
2.52
{ */2, k even, ( )
as the leading-order terms of the Laurent polynomials
z P (z,ko + k, ko), R—(z, ko — k. ko),
27104 (z,ko + k, ko), S—(z,ko — k, ko), ko 0dd, (2.53)
Ry (z,ko + k. ko), 27 '"P_(z,ko — k, ko), '
Sy(z, ko +k ko), 2 'Q—(z, ko — k, ko), ko even,
and similarly, we will refer to the terms
(k+1)/2 k odd
Z b O )
2.54
{ k2 k even, ( )
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as the leading-order term of the Laurent polynomials
R+(Z7 kO + k> k0)7 P_ (Z> kO - k7 k0)7
St (z,ko + k, ko), Q—(z,ko — k. ko), ko odd,
P+(Za k() + k7 k()), R_ (Z7 kO - ka k()),
Q1 (z,ko + k, ko), S—(
REMARK 2.6. We note that Lemmas 2.3 and 2.4 are crucial for many of the proofs
to follow. For instance, we note that the equivalence of items (i) and (iii) in Lemma 2.3
proves that for each z € C\{0}, any solutions {U(z, k) }xez of UU(z,-) = zU(z,-) can
be expressed as a linear combinations of P, (z,-, ko) and Q(z,-, ko) (or P_(z,-, ko)
and Q_(z,-,ko)) with z-dependent right-multiple C"*™ -valued coefficients. This
equivalence also proves that any solution of UU(z,-) = zU(z, ) is determined by the
values of U and the auxiliary variable V at asite k. In the context of Lemma 2.4, we
remark that its importance lies in the fact that it shows that in the case of half-lattice CMV
operators, the analogous equations have solutions, which up to right-multiplication
by z-dependent C™*™ -valued coefficients, are given by {Pi(z,k,ko)}rez for each
z € C\{0} . Consequently, the corresponding solutions are determined by their value at
a single site kg .

(2.55)

2, ko — k, ko), ko even.

Next, we introduce the modified matrix-valued Laurent polynomials Py (z,k, ko)
and Q4 (z,k, ko), z € C\{O}, k, ko € Z, by
Pi(z,k, ko)Z{ Prlakko)fz koodd, 5 ko)={ P-Ghk), — kodd,
P (z,k, ko), ko even, —P_(z,k,ko)/z, ko even,
(2.56)
0_(z,k, ko), ko odd,
—Q_(z,k, ko)/z, ko even.
(2.57)

In the remainder of this paper we use the following abbreviations for subarcs A
of O,

0O { 0+ (z, k. ko) /z, ko odd,

Q+(Za k7 k()): Q+(Z7 k, ko), k() even, Q* (Za k7 k())_{

Ar={"coD|0<p <0}, (=€ 0¢€l0,2n). (2.58)
The next auxiliary result is of importance in proving orthonormality of the matrix-
valued Laurent polynomials Py and Ry .

LEMMA 2.7. Let {Fy(-,k,ko)},>,, denote two sequences of C"*™ -valued func-
<
tions of bounded variation with Fy(1,k, ko) = 0 for all k;ko that satisfy
(Ui,koFi(C7 7k0))(k) = / dFi(C/7k> kO) €/> C € 8D7 k;k(), (259)
A

where Uy g, are understood in the sense of difference expressions on s(Z N [ko, £00))"*™
rather than difference operators on (*(Z N [ko,£00))™ (cf. Remark 2.1). Then,
Fyi(- k ko) also satisfy

Fall koko) = / Pu(l ko) dFa( kok), L€ OD, KZky.  (2.60)
Ag
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Proof. Let {Gi(-,k,ko)};=, denote the two sequences of C™*" -valued func-
. <
tions,

G (L, K ko) = / Pull ko ko)dFs( ko), £ € 0D, KZko.  (261)
A
¢
Then it suffices to prove that Fy (&, k, ko) = G+ (8, k, ko), € 0D, kzk().

First, we note that according to (2.49), (2.50), and (2.56), P+ (&, ko, ko) = I,
and hence,

Gi(g, ko,ko) = /A dFi(gl,ko,ko) = Fi(g,ko,ko), g € 0D. (262)
4

Moreover,

(Ut 4Gx(8, - ko)) (k) :/A (Ui aoP (L', ko)) (K)dF £ (&', ko, ko)
¢

:/ dG+ (L' k ko) E', £ € OD, kZko.
" (2.63)

Next, defining K+ (¢, k, ko) = F+({,k,ko) — G+(E, k. ko), { € OD, k=ko, one
obtains

Ko (€, ko, ko) = 0 and (Us i Ko (C, - ko)) (K) :/ K (' koko) O, € € 0D, K2ko,
Ag

or equivalently,

Ki(C, k07k0) =0and (Ui,koKi(C7 7k0))(k) = (LKi('7k> ko))(€)> C € 8D7 kgk(%

(2.64)

where I denotes the boundedly invertible operator on C”*™ -valued functions K of
bounded variation defined by

LR@ = [ aw@)g 0@ = [ @ ee)
Ag Ag

Finally, since, . commutes with all constant m x m matrices, one can repeat the
proof of Lemma 2.4 with z replaced by L and obtain that (2.64) has the unique solution
K+ (L kko) =0, £ € 0D, k=ko, and hence, F (&, k ko) = G+ (L, k, ko), & € 0D,
k=ko . 0

Next, following [10] (see also [13]), we prove a matrix-valued version of the
“orthogonality" relation for matrix-valued Laurent polynomials Py and R .

Let Ay = {Ax(€) }oez € S(Z)™™, k € Z, denote the sequences of m x m matrices
defined by
Ly, ¢=k,

(A () = { o ip MEZ (2.66)
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Then using right-multiplication by m x m matrices on s(Z)"*™ defined in Remark
2.1, we get the identity

X, (=k,
X € Cmxm, (2.67)

(mm®={o s

and hence consider Ay as a map Ag: C"*™ — §(Z)"*™ | In addition, we introduce the
map Af:s(Z)™ " — C™*™, k € Z, defined by

A;® = D(k), where ® = {®(k)}rez € s(Z)"*". (2.68)

Similarly, one introduces the corresponding maps with Z replaced by [ko, +00) N Z,
ko € Z, which, for notational brevity, we will also denote by A, and A, respectively.
Next, we call sequences of C"*" -valued functions {®(-,k,ko)},>, orthonor-

<

mal? on 9D with respect to some C”*" -valued measures dQ (-, ko) , defined on 0D,
if the following identity holds for all &, k¥’ Eko ,

f q):t(é’v k, kO) in(€7 kﬂ) (D:t(C, klv kO)* = ak,k’lm- (2'69)
oD

We will also call the sequences of C"*" -valued functions {® (-, k, ko)},>,, complete
<

with respect to the measures dQ4 (-, ko) if the collections of C™ -valued functions

((D:t ('7 ka kO))IJ

¢iJ’(-,k, ko) = . (270)

(q):t('>k7 ko))m:/ j=1l,...m, k;ku

form complete systems in L*(0D;dQ (-, ko)) .

LEMMA 2.8. Let ko € Z. The sets of C"*" -valued Laurent polynomials
{PL(- k, ko)*}kzko and {Ry (- k, ko)*}kzko form complete orthonormal systems on

0D with respect to C"*™ -valued measures dQ4 (-, ko) defined by
dQx(C, ko) = d(Ay Evy y, ($)Ay), & € 9D, (2.71)

where Eyy Lo () denotes the family of spectral projections of the half-lattice unitary
operators Ug

Usn = §dbo,, (0)¢ (2.72)
Explicitly, P+ and Ry satisfy,

% Pﬂ:(Ca k7 k()) dg:‘:(&:7 k()) Pﬂ:(Ca k/7 k())* = 6k,k’lma ka klzk()a
oD (2.73)

f\ R:t(C7 k> kO) in(€>k0) R:t(C7 k/>ko)>k = Sk,k’1m7 k7 k/§k0~
o (2.74)

2This is denoted by pseudo-orthonormality in [10, Sect. VII.2.6]
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Proof. Fix an integer k;=ko and let {F.(-,k, ko)};=,, denotetwo C™*™ -valued
<
sequences of functions of bounded variation,
Fi(§ k ko) = A By, (DA, § €D, kZko. (2.75)
Then,

(Ui io F (S, k0)) (k) = (Ui ko Euy g, (§)Ak,) (k) = (/ dEy,,, () C’Am) (k)

A¢

:/ d(A,’jEUi.ko(C')Akl)C':/ dF+ (L' k ko) L',

Ag Ag (2.76)
€ 0D, k=k,
and hence it follows from Lemma 2.7 that
Fi (8 k ko) :/ Pi(8 k ko) dF1(8' ko, ko), & € OD, kZko, (2.77)
A
¢

or equivalently,

AZEUi,kO(C)Akl :/ ﬁ:‘:(clvk7k0)d(A;:OEUj:.kO(C/)Akl)’ £ € 0D, kzko. (278)
A

In particular, taking k; = k' and k; = ko, one obtains, respectively,

NiEu., (Ohe = / Po(L ko) d(AL o, (C)A), € €D, kZko, (279)
Ag

and

AZ’EUi.kO(C)AkO :/A ﬁ:‘:(clak/vk())d(AZoEUi.ko(C/)AkO)
¢

:/ Po(Q' K ko) dQs(C ko), ¢ € 0D, K Zko.
Ag

(2.80)
Taking adjoints in (2.80) one also obtains
At Eu g, (§)Dw :/ dQi (¢ ko) P+(L' K ko)*, € 0D, K Zko.
N (2.81)

Thus, inserting (2.56) and (2.81) into (2.79) and letting 6 — 27, { = €, yields
(2.73),

Sl = f P (Cok ko) dQu (8, ko) P (8K ko)
oD

- f Po(Gokoko) dQs (ko) Po (LK k), kK Zho,
oD (2.82)
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Finally, (2.74) is a consequence of (2.73) and the relation
1
Ry(z,k ko) = E(Wi,kopﬂ:(za ko)) (k), z€ C\{0}, kzkm (2.83)

where W 4, are the unitary block diagonal semi-infinite matrices defined in (2.34).

To prove completeness of {Py(-,k, ko)*}kzk0 and {Ry(-,k, ko)*}kzk0 we first
note the subsequent fact that can be inferred from the definitions of Py and Ry and,
in particular, from (2.21), (2.22), (2.49), and (2.50),

span{Py(C, k. ko)"};=; = span{Ry({,k ko)"},>, = span {Cklm}k 5. (2.84)
< < S

Hence, it suffices to prove that {Cklm} rez are complete with respect to dQ. (-, ko).

Suppose F € L?(0D;dQ. (-, ko)) is orthogonal to all columns of {1, forall k € Z,
that is,
0

QU k) F() = 1 | eCm, ke (2.85)
oD 0

Note that for a scalar complex-valued measure dw equalities 55 do($)"=0,neZ,
imply that ¢ dRe(w({)) " = § dIm(w({)) " = 0, and hence one concludes from
[36, p. 24]) that dw = 0. Applying this argumentto d(Q4 (-, ko)F ()¢, £=1,...,m,
one obtains

0
dQi(k)F(-)=| | eC™ (2.86)
0
Multiplying by F(-)* on the left and integrating over the unit circle then yields
P B mnscaon = . FQ a@uCl) Q=0 (287
O

We note that dQ4 (-, ko), ko € Z, defined in (2.71) are normalized, nonnegative,
nondegenerate, C"*" -valued measures supported on infinite subsets of 9D, that is,
for any C™*" -valued Laurent polynomial P(z) the following properties hold,

(i) f 49 (¢ ko) = I, and f P(Z)dQu (L ko) PO)* > 0.
oD oD

(2.88)
(ii) X P(z) =z "A_, + ... + 7'A, and either A, or A_,, is invertible,
(2.89)
then f P(£) Ao (C, ko) P(C)* > 0, (2.90)
oD
(iti) If % P(£)dQ4 (&, ko) P()* =0 then P(z) = 0. (2.91)
oD

The infinite support property of the spectral measure is a consequence of the fact
that we have infinitely many linearly independent orthogonal Laurent polynomials
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P . Property (i) follows from (2.71), and properties (ii) and (iii) are implied by
the orthogonality relations (2.73), (2.74), and the fact that the matrix-valued Laurent
polynomials P1 and Ry have invertible leading-order coefficients (cf. Remark 2.5).

COROLLARY 2.9. Let ko € Z. Then the operators Uy g, are unitarily equivalent
to the operators of multiplication by { on L*(0D;dQ (-, ko)) . In particular,

0(Us,) = supp (dQx (-, ko). (2.92)

Proof. Consider the linear maps % 1 £3([ko, £00) N Z)"™ — L2(9D; dQu (-, ko))
from the space of compactly supported sequences £3([ko, =00) NZ)™ to the set of
C™ -valued Laurent polynomials defined by

(% +F)(z Zpi 1/Z,k, ko) F(k), F € 03([ko, £00) N Z)™. (2.93)
k=ko

Using (2.73) one shows that F({) = (Z +F)({), F € 22([ko, £00) N Z)™ has the
property

112 0mas aay) = j{ A(C) dQu+ (¢, ko) F(0) (2.94)
+o0
- f 0Pk ko) AR (Eoko) Y P (oK ko) F(K)
de - =
- k;k F(k)* (fgmpi(g, k ko) Qs (8, ko) P (S, k ,ko)*> F(K)
= ZF ||F||e2 [ko,~E00) NZ)™ (2.95)
k=ko

Since £3([ko, 200) N Z)™ is dense in ¢*([ko, £00) NZ)", %+ extend to bounded
linear operators . : ¢*([ko, 00) N Z)" — L*(0D;dQ+ (-, ko)) , and the identity

+oo 400
(%:I:(U:I:,kOF))(é’) = Zﬁi(&:,k, ko)*(Uj:,koF)(k) = Z(Ui,koﬁi(C’ ',ko))(k)*F(k)
k=ko ko
Y PG k) F ) = L) (2.96)
k=ko

F € *([ko, £00) N Z)™,

holds. The ranges of the operators % are all of L?(0D;dQ. (-, ko)) since the sets of
Laurent polynomials {P (-, k,ko)*},>, are complete with respect to dQ (-, ko), and
<

hence %4 are onto. Finally, one computes the inverse operators %/, I

(% 'F) (k) = fgmﬁi(é,k,ko)in(C,ko)f(C), F € L*(0D;dQ4 (-, ko)), (2.97)
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which together with (2.95) implies that %/ are unitary. In addition, (2.96) implies that
the half-lattice unitary operators U 4, on ¢2([ky, +00) N Z)™ are unitarily equivalent
to the operators of multiplication by { on L*(9D;dQ (-, ko)),

(%:Usp % 'F)(E) = CF(C),  F € L(0D;dQu4 (- k). (2.98)
]

COROLLARY 2.10. Let ky € 7Z.
The matrix-valued Laurent polynomials { P (-, k, ko) } x>k, can be constructed by Gram—
Schmidt orthogonalizing

{ €1m7 Im> €21m7 C_llm> €3Im7 C_21m7 ey kO Odd,
Ly SLuy $ 'Ly §P Ly $7 %y Gy .., ko even
in the context of matrix-valued Laurent polynomials orthogonal with respectto dQ., (-, ko) .

The matrix-valued Laurent polynomials {R (-, k, ko) } x>k, can be constructed by Gram—
Schmidt orthogonalizing

Loy Cluy § oy $PLy § 20y CPLy, ..., ko odd,

Im7 C_llm> Clnu C_21m7 €21m7 C_31m7 R kO even

in the context of matrix-valued Laurent polynomials orthogonal with respectto dQ. (-, ko) .
The matrix-valued Laurent polynomials {P_(-, k, ko) }r<k, can be constructed by Gram—

Schmidt orthogonalizing

{ Ima *&:Ima g_llmy *Czlm, g_zlmy 74‘3[’"7 ceey kO Odd,

—CLy Ly — 8Ly § Uy — 8Ly 2Ly ..., ko even

in the context of matrix-valued Laurent polynomials orthogonal with respectto dQ_ (-, k) .

The matrix-valued Laurent polynomials {R_ (-, k, ko) }r<k, can be constructed by Gram—
Schmidt orthogonalizing

_Im> C_llnu _Clmy €_21m7 _€21m7 C_31m7 R kO Odd,
Ly, —Clny $ Uy =8Pl $20, =83y ..., ko even
in the context of matrix-valued Laurent polynomials orthogonal with respectto dQ_ (-, k) .

Here the Gram—Schmidt orthogonalization procedure employs left-multiplication
by constant (i.e., §-independent ) m x m matrices as discussed in [10, Sect. VIL.2.8].

(2.99)

(2.100)

(2.101)

(2.102)

Proof. The result is a consequence of the definition of the Laurent polynomials
P, and R4 and Lemma 2.8. O

We note that the Gram—Schmidt orthogonalization process implies that all matrix-
valued Laurent polynomials constructed in Corollary 2.10 have self-adjoint invertible
leading-order coefficients (cf. Remark 2.5).

The next result clarifies which measures arise as spectral measures of half-lattice
CMYV operators and it yields the reconstruction of the matrix-valued Verblunsky coef-
ficients from the spectral measures and the corresponding orthogonal Laurent polyno-
mials.
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THEOREM 2.11. Let ko € Z and dQ (-, ko) be nonnegative finite measures on
0D, supported on infinite sets, and normalized by

j‘{ 44 (L, ko) = L. (2.103)
oD

Moreover, assume that dQ 4 (-, ko) are nondegenerate in the sense that expressions of
the form

fén P(£)dQ+(E, ko)P(L)* (2.104)

are invertible for all C™*" -valued Laurent polynomials P(z) = z7"A_, + ... + 7"A,
with either A_, = I, or A, = I,,. Then dQ4 (-, ko) are necessarily the spectral
measures for some half-lattice CMV operators Uy y, with coefficients {04 }x>ky+1,
respectively, {0y }k<k,, defined by

{ j;a]}]) €R+(€7k - 1ak0)dg+(€7k0)P+(€?k - 17k0)*a kOdd’
o = — (2.105)
faDP+(C,k — 1,ko)dQ (8, ko)R: (E,k — L, ko)™, keven
forall k > ko + 1, and
B _{ $op CR-(L,k — 1,ko)dQ_ (L, ko)P— (L, k — 1,ko)*, K odd, (2106)
Ty PGk — 1, ko)dQ (L k)R- (G k — 1, k)", keven

forall k < ko. Here the matrix-valued Laurent polynomials {Py (-, k, ko) }x>k, and
{R (- k, ko) }k>k, denote the orthonormal Laurent polynomials constructed in Corol-
lary 2.10.

Proof. First, using Corollary 2.10, one constructs the orthonormal polynomials
{P+(- k ko) bizk, and {R (-, k, ko) bz, -

Next, we will establish the recursionrelation (2.37). Assume & is odd and consider
the matrix-valued Laurent polynomials P and R,

P(g) = 5kP+(€7ka kO) - €R+(€,k - 17k0)7 (2107)
R($) = pkR(C k, ko) — P (L, k — 1, ko), (2.108)

where pg, pr € C™™ are self-adjoint invertible matrices chosen such that the leading-
order terms of the Laurent polynomials 03P, (&, k, ko) and pxR.(C,k, ko) cancel the
leading-order terms of (R, ({,k — 1,ko) and {~'P,({,k — 1,ko), respectively (cf.
Remark 2.5). Using Corollary 2.10 one then checks that the Laurent polynomials P
and R are constant m X m matrix left-multiples of P, (-,k—1, ko) and R, (-,k—1,k),
respectively,

oxP (8, k — 1, ko) = peP+ (8, k ko) — CR1 (8, k — 1, ko), (2.109)
R, (£, k —1,ko) = kR (E, k, ko) — P (L, k — 1, ko),
(2.110)

with oy, o € C™ ™ constant m x m matrices. Moreover, using (2.109), (2.110), and
Lemma 2.8 one computes,
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I — j{ CR (G, k — 1,ko) d (&, ko) C 'R (L K — 1, ko)
[2)1)

_ fém (P (8, k ko) — P (C K = 1, ko)) A (€ ko)
< (PP (&, k, ko) — auP (8 k — 1,kg))”
i oo, (2.111)

D C_IPJr(Cvk - 17k0) dgi(é’,k()) &:PJr(Cak - 17k0)*

) (ka+(§, ko ko) — R (§,k — 1,ko))dQ(, ko)

X (ka+(€7ka k()) - &kRJr(Cak - 17k0))*
= Pt + 00y, (2.112)

I
A

S
[

SO S

and

Oy = % OCkP+(C,k— l,ko)in(g,ko)P+(€,k— l,ko)*
oD
= fém (5kP+(C, koko) — SR (Cok — 1,ko))dQu (&, ko) P (G k — 1, ko)*
= ng €R+(C>k - 17k0) in(chO) P+(C7k - 1>k0)*7 (2113)

&k :% &kR+(€,k_ 17k0)in(€7k0)R+(C7k_ 1>k0)*
oD

= fgﬂ) (ka+(€7 k, ko) - €71P+(€,k — l,ko))dgi(€7 kO) R+(€7k _ l,ko)*

= EPL(E k= 1, ko) dQ (E ko) R (E Kk — 1, ko)™ (2.114)

Thus, (2.111)—(2.114) imply that oy = o4, px = /In — & 0 ,and Py = /LIy — Ok 0y,

and hence (2.109) and (2.110) yield the recursion relation (2.37). A similar argument
also proves the recursion relation (2.37) for the case k even.

Finally, using Lemma 2.4 one concludes that the Laurent polynomials
{P4+(-,k ko) }x>k, form a generalized eigenvector of the operator U, , associated
with the coefficients oy, oy, P introduced above. Thus, the measure dQ. (-, kg) is the
spectral measure of the operator U, j, .

Similarly one proves the result for dQ_ (-, k) and (2.106) for k < kg . O

LEMMA 2.12. Let z € C\(0D U {0}) and ko € Z. Then the following identity
holds,

04 (z,k ko) = iffm g:(ﬁi(g,k, ko) — P (z,k, ko))dQi (¢, ko), k= ko,
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Sy (z,k ko) = if C“(Ri(g, k,ko) — R (2, k, ko)) dQu (E, ko), k= ko.
om &2 (2.115)

Proof. To simplify our further notation we agree to write both equalities in (2.115)
as a single one,

(Ceri)= 4, E((etrh)-(eihn) Jamc . tzh

where the integration on the right-hand side is understood componentwise, that is, an
expression of the type ¢, (g;gg) dQ. (8,ky) with Gi(z) and Gy(z) some C"™*™-
valued Laurent polynomials is defined by

@) _ (($2G1(£) a2 (S ko)
F, (G Jmstem = (20 G aE i) @)

First, we prove (2.116) for the right half-lattice Laurent polynomials and for kg
even. In this case (2.56) and (2.57) imply that (2.116) is equivalent to

Ger) =g, (i) - (m) Jaostcr
k > ko, ko even. (2.118)

Let ko € Z be even. It suffices to show that the right-hand side of (2.118), temporarily
denoted by the symbol RHS(z, k, ko) , satisfies

T(z,k + 1) 'RHS(z,k + 1,ko) = RHS(z,k, ko), k > ko, (2.119)

Q+ (Za k(), k0)> _ <Im

T(z,ko + 1) 'RHS(z, ko + 1,k —( )
(ko + 1) (@ ko + 1K) = {62 o o) I (2.120)

One verifies these statements using the equality,

T(z, k 4+ 1)"'RHS(z, k + 1, ko)
{+z

op & —z

“ <P+(C,k+1,k0)
R (L, k+ 1,ko)

= RHS(z,k, ko) + (T(zk+ 1)~ =T k+1)71)

>d£2+(C, k), keZ. (2.121)

For k > ko, the last term on the right-hand side of (2.121) vanishes since for k odd,
T(z,k + 1) does not depend on z, and for k even, it follows from Corollary 2.10
that Py (-, k + 1,ko) and Ry (-,k + 1,ko) are orthogonal in L?(0D;dQ, (-, ko)) to
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span{l,, CI,,} and span{l,, {~'I,}, respectively. Hence one computes

fém E+z (T(z,k + 1) =Tk + 1)—‘) (P+(C’k + l’ko))dSL(C,ko)

£-z R ({.k+1,ko)
S = (I STE D) (ki )i e
“F (e, ) (i) ee
IS Jmeno= () e

Thus, (2.119) is implied by (2.121).

For k = ko even, one obtains that RHS(z, ko, ko) = O since by (2.49) one has the
normalization P (z, ko, ko) = R4 (2, ko, ko) = I, . Then using the fact that by Corollary
2.10, Py (-, ko+1,ko) and R (-, ko + 1,ko) are orthogonal to constant m X m matrices
in L2(0D;dQ. (-, ko)) and that by (2.51),

P (8 ko + 1,ko) = Py 1 (Sl + 0o11),
Ry (8, ko+ 1,ko) = pk_ojrl(cillm + OC:OH), (2.123)

one computes,

CPL (L ko + 1, ko) (£ ko) = f Po(Coko + 1 k)dS, (Co ko) (Cl)*

oD oD

= j{ P (8 ko + 1,ko)dQ (8, ko)P (L ko + 1, ko) Prys1 = Prot1,
oD (2.124)

f LR (Coko 4+ 1 ko) (€, ko) = f Ro(Coko + 1ko)d (L ko)(E 1)
oD oD

= j{ R (& ko + 1,ko)dQ (&, ko)R (L, ko + 1, ko) " Pror1 = Pro+15
oD (2.125)

and hence,

/ S (Mo + 1) = (ko + 1)) (2@’ o 17k0)>d9*(§’k°)

DC—Z (C,ko-l-l,ko)
:]{ < P (§ + 2R (8, ko + 1, ko)
oD 5];}1(C71 +Z71)P+(€7k() + 1,/{0)

1 .
- R ko 4+ 1,k — —1,

:f (f)l"“_gl H(Ek 0>)d9+(§,ko) — ( f)kl“f"“) - ( >
oD pk+1€ P+(€7 ko + 1>k0) Pr11Pk+1 I,

Thus, (2.120) is a consequence of (2.121), (2.126), and the fact that RHS(z, ko, ko) = 0.

>d£2+(§, ko) (2.126)
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Next, we prove (2.116) for the right half-lattice Laurent polynomials and ky odd,
Si(z,k, k R(C, k, k Ry (z,k, k
(o) - () ()
Q+(Za k7k0) oD C—Z P+(C7 k> kO) P+(Z7 k> kO)
k > ko, ko odd. (2.127)
Let ko € Z be odd. We note that for U(z, k), V(z,k) € C"*", k € Z, z € C\{0},

(ggk ) (g ) (2.128)

(;ik > <Z ) (2.129)
where

77 s I, In
U(z,k) = 2 'U(z,k) and T(z, k) = (Z?I 0 ) T(z, k) (IO ZO ) . (2.130)

Thus, it suffices to show that the right-hand side of (2.127), temporarily denoted by
RHS(z, k, ko) , satisfies

is equivalent to

T(z,k+ 1) 'RHS(z, k + 1,ko) = RHS(z, k, ko), k > ko, (2.131)
=~ — S+ (z, ko, ki -1,
T(Z7k0+1)_1RHS(Z,kO+1,k0): <~+(Z 0 0)) _ ( )

Q+(Z7 k07k0) I, (2132)

At this point one can follow the first part of the proof replacing T by T , (11:1) by

R, 0. S:
(7). (5) v (G ) et
The result for the remaining Laurent polynomials P_(z,k,ko), R—_(z,k, ko),

O_(z,k, ko), and S_(z,k, ko) is proved similarly. O

LEMMA2.13. Let ko € Z andlet my (-, ko) denotethe C"*" -valued Caratheodory
and anti-Caratheodory functions

m(z,ko) = £AL (Ug o + ) (Usy, — )" Ay, (2.133)
_ if 494 (Coko) 22 e\, (2.134)
) C <
with
jf dQ. ({ ko) = 1. (2.135)
oD

Then the following relations hold,
Q:l:(Z7 *y k()) + P:‘:(Z7 K k())ﬂ’H:(Z, k()) € gz([koa :tOO) N Z)me’ zZ€ C\(aDU{O})7
(2.136)

S4(z,- ko) + Ri(z, - ko)ma(z, ko) € £3([ko, £00) N Z)™ ™,z € C\ (0D U {0}).
(2.137)
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Proof. Equality (2.134) is implied by (2.71) and (2.72).
Next, let B 4,(z) denote operators defined on £2([ko, 200) N Z)™ by

Bi(z) = (Usk +2)(Usy, — Zl)fl7 z € C\oD. (2.138)

Since Uy, are unitary, the operators By 4 (z) are bounded for all z € C\0D, and
hence one has

B:t,ko(Z)Ako = {AZB:I:JCO (Z)Ako }ke[kg,:too)mz c 52([](07 :I:oo) n Z)me' ( )
2.139

Using the spectral representation for the operators By 4 (z) and equalities (2.80),
(2.115), and (2.134), one obtains

MBan @i = § GTIPLC k) a0 k)

= +[04 (2, k ko) + Px(z,k, ko)ms (2, ko)], k= ko.

(2.140)

Thus, (2.136) is a consequence of (2.56), (2.57), (2.139), and (2.140).

. Py (kavk(]) O+ (Z,k,ko) .
Moreover, since (Ri&’k’k[)) )keZ and (S:t (e kko) )kez’ z € C\{0}, satisfy (2.21),

Lemma 2.3 implies that

(W(Qi (Z7 ) kO) + Py (Z7 ) ko)mi (Z7 ko)))(k) = Z[Si (Z> k, kO) + Ry (Z7 k, kO)mi (Z> kO)]7
ke, (2.141)

and hence (2.137) follows from (2.136) and (2.141). O

LEMMA 2.14. Let ko € Z. Then the relations in (2.136) (equivalently, those in
(2.137) ) uniquely determine the C"*™ -valued functions m (-, ko) on C\(0DU{0}).

Proof. We will prove the lemma by contradiction. Assume that there are
two C"*™ -valued functions my (z,ko) and m.(z,ko) satisfying (2.136) such that
m4 (20, ko) 7 m+ (20, ko) for some zg € C\(OD U {0}). Then there is a vector x € C™"
such that (m.(zo, ko) — m-(z0, ko))x # 0 and by (2.136),

P+ (20, ko) = Py (20, -, ko) [my (z0, ko) — (20, ko)Jx € €% ([ko, £00) N Z)",
z € C\(0D U {0}). (2.142)

Since P4 (z0, ko, ko) # 0, the sequence of vectors {p, (z,k, ko) b=k, is not identically
zero, and hence, by Lemma 2.4, p. (20, -, ko) is an eigenvector of the operator U, 4,
corresponding to the eigenvalue zo € C\OD. This contradicts unitarity of U, g, .
Similarly, one proves the result for m_(z, ko). Moreover, one easily supplies a
proof that utilizes (2.137) instead of (2.136). O
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COROLLARY 2.15. There are solutions (gﬁjg ) , k € Z, of (2.21), unique up

to right-multiplication by constant m X m matrices, so that for some (and hence for
all) k € Z,

Wil ), 2a(z, ) € Ak, £00) NZ)"™™ 7 C\(D U {0}). (2.143)

Proof. Since any solution of (2.21) can be expressed as a linear combination of
P (z,+,ko) nd 0+ (z,+,ko)
R4 (z,:ko) S+t (z,5ko)

) is implied by Lemmas 2.13 and 2.14, respectively. (]

the Laurent polynomials ( ) , existence and uniqueness of the

Vi (z)
Xi(zv‘>

For the next result we recall the definition of a; and b in (2.10) and (2.11).

solutions (

LEMMA 2.16. Let z € C\{0} and ko € Z. Then the following relations hold for
all k € Z,

(P (Z’ k’ k() B 1)) _ (P+(Z7 k’ k0)> M

R_(z,k,ko — 1) R (z,k ko) 2
(Q+(Z’ k, k0)> M (2.144)
S+(Z> k7 kO) 2 ’ )
(0-Gebbo= 1) _ (Pl
S_(z,k ko — 1) R (z,k ko) 2
(Q+ (K, k0)> Pia'ax, — iy,
S+(zk ko) 2 ’ (2.145)
and
P_(z,k, k P (z, k k kK
( ¢ °)> = ( 0 °)>c(z, ko) (Q*(Z 0)>d(z, ko),
R_ (Z’ k7 k()) R+(Za k7 k()) SJr(Z7 k, k()) (2146)
Q— (Z7 k> kO)) <P+(Z7 k> kO)) <Q+(Z, k, k()))
= d(z, ko) + c(z, ko),
<S(Zv k. ko) Ry (2 k ko) ) s k) ) SR (2.147)
where
57 ko odd, E, ko odd,
c(z,ko) = { 1252 and d(z, ko) = 12;
5<, koeven =%, ko even. (2.148)

Proof. Since the left and right-hand sides of (2.144)—(2.147) satisfy the same
recursion relation (2.21), it suffices to check (2.144)—(2.147) at only one point, say, at
the point k = ko . The latter is easily seen to be a consequence of (2.51). ]
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THEOREM 2.17. Let ko € Z. Then there exist unique C"*™ -valued functions
M (-, ko) such that for all z € C\(0D U {0})

U:‘:(Za 'ak()) = Q+(Z, 'ak()) +P+(Z7 '7k0)M:|:(Za k()) € gz([koﬂ :tOO) N Z)mxm7
(2.149)

V;t(Z, '>k0) = S+(Z7 '7k0) +R+(Z> '>k0)Mi(Z7 k()) € 62([](07 :lZOO) N Z)mxm
(2.150)

Proof. The assertions (2.149) and (2.150) follow from Lemma 2.13, Corollary
2.15, and Lemma 2.16. O

We will call Uy (z,-, ko) the Weyl-Titchmarsh solutions of U. By Corollary 2.15,
U+(z,,ko) and Vi(z,-, ko) are unique up to right-multiplication by constant m x m
matrices. Similarly, we will call m.(z, ko) as well as M1 (z, ko) the half-lattice Weyl—
Titchmarsh m-functions associated with Uy, . (See also [90] for a comparison of
various alternative notions of Weyl-Titchmarsh m-functions for Uy, with scalar-
valued Verblunsky coefficients.)

Lemma 2.13, Corollary 2.15, and Lemma 2.16 imply that for all z € C\0D,

M. (z, ko) = m(z, ko), (2.151)
M. (0, ko) = I, (2.152)
M_(z,ko) = [(1 4 2)Ln + (1 — 2)m_ (2, ko)][(1 = 2)I + (1 + 2)m_(z, ko)] ",

(2.153)

M_(z,k) = [(Dy, ax, + Py, aiy) + (P, o — Pi iy )m— (2, ko — 1)]
1

X [P axy — P ak,) + (O bro + Pi, by )m— (2. ko — 1)]
(2.154)

M_(0,ko) = (0 + L) (0t — 1) " (2.155)

In addition, it follows from (2.134) and Theorem A.2 that my(z, ko) are C"*"-
valued Caratheodory and anti-Caratheodory functions, respectively. From (2.151) one
concludes that M (z, ko) is also a Caratheodory function. Using (2.153) one verifies
that M_(z, ko) is analyticin D since the anti-Caratheodory function m_ (-, ko) satisfies
Re(m_(z,ko)) = (m_(z,ko) +m_(z,ko0)*)/2 < 0 for z € D. Moreover, utilizing
(2.12), (2.13), and (2.154), one computes,

Re(M_(z,ko)) = [M_(z, ko) + M_(z,ko)*]/2
= [(02051;1 - akongl) +tm_ (Z7 ko — 1)*(17;:051;1 + bkoplgl)]ilRe(m* (Z’ ko — 1))

~— —1 _=x ~— —1g% —1
X [(pkulak() - pk()lako) + (pkolbk() + pk()lbko)m_(z7 ko - 1)] I (2'156)

and hence, M_(-, ko) is an anti-Caratheodory matrix.
Next, we introduce the C"*™ -valued functions @4 (-,k), k € Z, by

O (z,k) = [Mi(z, k) — L))[Ms(z, k) + 1,]”", z € C\oD.
(2.157)
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Then (2.152) and (2.155) imply that
@, (0,kp) =0 and ®_(0,ko) " = 0y, . (2.158)
Moreover, one verifies that
My (z,k) = [Iy — ®1(z, k)] [l + Pi(z, k)], z€ C\ID,
(2.159)

m_(z,k) = [ehy + ©_(2,k)] [zl — ®_(z,k)], z€C\OD
(2.160)

(cf. Remark 2.20). In addition, we extend these functions to the unit circle 9D by
taking the radial limits which exist and are finite for Lebesgue almost every { € 0D,

M (G, k) = lim M (G, ), (2.161)
(. h) = lim®s (G k), KEZ (2.162)

LEMMA 2.18. Let z € C\(OD U {0}), ko,k € Z. Then the functions ®4 (-, k)
satisfy

ZVi(Z,k,ko)Ui(Z,k,ko)_l, k odd,

D (z,k) = —1
U:I:(Z7 ka kO)V:l:(Z7 ka k()) ) k even
B { Uy (z,k, ko) "'V (z,k ko), kodd,

B Vj:(Z, k7 k())_lU:t(Za k7 k0)7 keven)

where Uy (-, k, ko) and Vi (-, k, ko) are the C"™*™ -valued functions defined in (2.149)
and (2.150), respectively.

(2.163)

Proof. Using Corollary 2.15 it suffices to assume k = ky. Then the statement is
immediately implied by (2.49), (2.149), (2.150), and (2.157). O

LEMMA 2.19. Let k € Z. Then the C"™ " -yalued functions ®.(-,k)|p (resp.,
®_(-,k)|p ) are Schur (resp., anti-Schur ) matrices. Moreover, ®y satisfy the
Riccati-type equation

D (7,k)p; oy ®s (2, k — 1) + 204 (2, k)0 ' — o ' ®s(z,k — 1) = zp; oy,

z€C\dD, k € Z. (2.164)

Proof. Lemma 2.18 and (2.157) imply that the functions @ (-, k)[p (resp.,
®_(-,k)|p ) are Schur (resp., anti-Schur ) matrices.

Let k be odd. Then applying Lemma 2.18 and the recursion relation (2.21) one
obtains

q):t (Z7 k) = ZV:‘: (Z7 ka kO)U:l: (Za k7 k())il
= p; ' [Us(z,k— 1,ko) + 20 Vi (2, k — 1, ko))
X [oaUs (2, k — 1,ko) + 2V (2, k — 1, ko)] ™'

=p; ' [@x(z,k — 1) + 205 ] [ou @ (2, k — 1) + 2l o
(2.165)
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For k even, one similarly obtains

q):t (Z7 k) = U:I:(Z7 k, kO)V:t(Z7 k, k0)71
= 0 [ U,k = 1, ko) + Va2, k = 1, ko))
X [Us(z.k — 1, ko) + oxV(z, k — 1’k0)]715k

= 0 ' [20g + @x(z k= 1)] [chy + @i (5, k= )] P
(2.166)

REMARK 2.20. (i) In the special case o = {04 }rez = 0, one obtains
My(z,k) = +1,,, @ (z,k)=0, ®_(z,k)"'=0, z€C,keZ. (2.167)

Thus, strictly speaking, one should always consider ®_' rather than ®_ and hence
refer to the Riccati-type equation of ®_",

@ (k) o tog @ (2, k— 1)+ (2, k) o — 2o P (k- 1) = p e,
z€C\dD, k € Z, (2.168)

rather than that of ®_, etc. In fact, since M_(-, k) is an anti-Caratheodory matrix and
hence [M_(z,k) — I,] is invertible (cf. [99, p. 137]), we should have introduced the
Schur matrix

D_(z7,k)"" = [M_(2,k) + L,][M_(z,k) — L,]”', z€C\oD, (2.169)

rather than the anti-Schur matrix ®_ (-, k) . For simplicity of notation, we will typically
avoid this complication with ®@_ and still invoke ®_ rather than ®_! whenever
confusions are unlikely.

(ii) We note that @ (z,k)*!, z € 9D, k € Z, have nontangential limits to 0D
Lebesgue almost everywhere. In particular, the Riccati-type equations (2.164), and
(2.168) extend to JD Lebesgue almost everywhere.

The Riccati-type equation (2.164) for the Schur matrix @, implies the norm
convergent expansion,

Dy (k) =Y ¢k, zeD, ke, (2.170)
j=1

O 1(k) = =04y,

01 2(k) = —Prs10G 1 20k41, (2.171)
i1

01 (k) =D pres1@yjoe(k + P 016 o (k) + prs1 941 (k+ 1P, j = 3.
—1
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Similarly, the corresponding Riccati-type equation (2.168) for the Schur matrix o!
implies the norm convergent expansion

O (z,k) =D "¢ ;(kI, zeD, ke, (2.172)
j=0
O—o(k) = o4,

¢ 1 (k) = PxOU—1P%, (2.173)

-1
o (k) = — Z‘P—J—lfe(k — Do g o o(k)pe + P o1 (k— Dpr, j = 2.
=0

3. Weyl-Titchmarsh Theory for CMV Operators on Z with Matrix-valued
Verblunsky Coefficients

In this section we present the basics of Weyl-Titchmarsh theory for CMV operators
on the lattice Z with matrix-valued Verblunsky coefficients. The corresponding case
of scalar-valued Verblunsky coefficients was dealt with in detail in [56].

We start by introducing the C"™*™ -valued CMV Wronskian of two C™*™ -valued
sequences Uj(z,-), j=1,2,

W(U(1/z,k), Us(z, k))

(_1)k+1 _ y . _ . N
= L [00/20 U k) = (U2 DR UG )W),

ke Z, zeC\{o}, (3.1)

Next we verify that the Wronskian of any two solutions of UU(z, -) = zU(z, -) is indeed
k -independent as expected:

LEMMA 3.1. Suppose Uj(z,-) satisfy UU;(z,-) = zUj(z,-), j = 1,2, where U is
understood as a difference expression (rather then an operator in ¢*(Z)™™ ). Then
the Wronskian in (3.1) is independent of k € 7 and the following identities hold:

WL (1280, UGz 00) = 0 041207 Uale k) = Vi1 /2,007 Vale )

- (D) (5 %) (BER).
k€ Z, z € C\{0}, (32)

where Vi(z,-) = V*Uj(z,-), j=1,2, and

W(PJr(l/Z ka k0)7 Q+(Z7 k7 kO)) = Inn (33)
WU (1/Z,k, ko), U—(z,k, ko)) = M (z,ko) — M_(z, ko), (3.4)
k,ko € Z, z € C\{0}.
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Proof. First, we note that (3.2) is implied by (3.1). Next, employing Lemma 2.3,
U; and V;, j = 1,2, satisfy the recursion relation

Uj(z,k)\ _ Ui(z,k — 1) -
(Vj(z,k)> = T(Z’k)<vj(z,k_ 1)>, j=1,2, ke Z, zeC\{o}, (3.5)

and hence
W(U(1/2.00, Ua(e. ) = ([éj(}ff, 0) (5 S (FeEd)
- S (M) moewr (55, ) men (VER0D)

)
Vil( )
( ) (1/Zk71) m U(Z,k*l)
2 (Vl(l/z, —1)) ( ,,,) <V§(z,k—1)) (3.6)
=W(U(1/2,k—1),Us(z,k— 1)), keZ, ze C\{0}.

Here we used the following identity which is implied by (2.12) and (2.22)

T(1/z, k)" (’g Olm> T(z,k) = (0"" I‘i) , keZ, zeC\{0}. (3.7)

Finally, taking k = ko and utilizing (2.49), (2.50), (2.149), (2.150), and (A.9),
one obtains (3.3) and (3.4) from (3.2). O

For notational simplicity we abbreviate the Wronskian of U, and U_ by
W(Z,k()) = W(U+(1/Z, k,k()),Uf(Z,k, k())) (38)

Then, using (2.152), (2.155), and (3.4), one analytically continues W(z, ko) to z =10
and obtains

W(Z, ko) =M+(Z, ko) —M_(Z, ko), keZ, zeC. (3.9)
Moreover, one verifies a certain symmetry property of the Wronskian W(z, k),

M. (z,ko)W(z, ko) "M _(z,ko) = M_(z,ko)W(z, ko) "M (z,ko), k€ Z, z€C.
(3.10)

Next we prove an auxiliary lemma that will play a crucial role in our computation
of the resolvent for the CMV operator U.

LEMMA 3.2. Let k,ky € Z and z € C\{0}. The the following identities hold,

P (z,k, ko
R (z,k, ko
P (z,k, ko
R.(z, k. ko

O (1/Z,k ko) + Q1 (z,k, ko) P+ (1/Z, k ko)™ = 2(—=1)*"1L,,,  (3.11)
S (1/Z,k, ko)* 4+ Sy (z,k, k)R (1/Z, k, ko)* = 2(—1)*1,, (3.12)
S, (1/Z,k,ko)* + Q. (z,k, ko)Ry (1/Z, k, ko)* = 0, (3.13)
0+ (1/Z,k, ko)™ + S4(z,k, ko) P+ (1/Z, k, ko)™ = 0, (3.14)

NN NN
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and

U+(Z> k7 kO)W(Z> kO)_l U—(I/Z k> kO)>k -U_ (Z7 k> kO)W(Z7 kO)_1U+(1/Z7 k> kO)>k

=2(=1)*1,, (3.15)
Vi(z,k, ko)W (z, ko)~ U_(1/Z, k, ko)* — V_(z,k, ko)W (z, ko) U (1/Z,k, ko)* = 0.
(3.16)

Proof. First, we note that for k = ko equalities (3.11)—(3.14) follow from (2.49).
Then one uses an induction argument to prove (3.11)—(3.14) for k # ko. This involves
a consideration of a number of cases all of which follow the same pattern. Therefore,
we limit out attention to just one of these cases. Suppose (3.11)—(3.14) hold for some
k € Z even. Then utilizing (2.21) together with (2.8) and (2.9), one computes

P+(Z> k+ 17 kO)Q+(1/Z7 k+ 17 kO)* + Q+(Z7 k+ 1> kO)P+(1/Z7 k+ 17 kO)*
= 5];}1 Olg+1 [PJr (Za k7 kO)Q+(1/Z7 ka k())>k + Q+ (Z7 ka kO)P+(1/Z7 ka k())*] (XI:<+15]:+11
+ 5,;11 (R (z,k, ko)S+(1/Z, k. ko)* + S4(z, k, ko)R+ (1/Z, k, ko)*]ﬁ,;ll
+ Zﬁkjrl] [R+ (Z7 k> kO)Q+(1/Z7 k> kO)>k + S+(Z> k7 kO)P+(1/Z7 k> kO)*] a]:(gﬁkjrl]
+ D1 Otk [P (2. K, ko) S (1/Z, K ko)™ + Qu (2. Kk, ko)Ro (1/Z, k ko) | iz
= 2 [ o Bk — B3] = 20~ L, (3.17)

Similarly, one checks equalities (3.12)—(3.14) at the point k + 1. Then inverting the
matrix T(z, k) and utilizing (2.21) in the form,

Pf(ZJC*l),k -~ Pf(Z,k,k)
<R_(z,k— 1,k0())> = T(z, k) 1<R_(Z7 b k2)> (3.18)

one verifies (3.11)—(3.14) at the point k — 1. Similarly, one verifies (3.11)—(3.14) at
the points k£ + 1 and k — 1 under the assumption of & odd.
Next, using (2.149), (2.150), (3.9), (3.10), (3.11), and (3.14), one verifies (3.15)
and (3.16) as follows:
Uy (2, k ko)W (z, ko) "' U—(1/2, k ko)* — U— (2, k, ko)W (2, ko)~ U (1/Z, k, ko) *
= Q4 (z,k, ko) W(z, ko) ™" [My (2, ko) — M_(z,k0) [P (1/2, k, ko)*
+ P2,k ko) [Mis (2, ko) — M— (2, ko) W(z, ko) ™' Q- (1/Z, k, ko)*
+ P2,k ko) [M— (2, ko) W(z, ko) ™' M.y (2, ko)
= M. (2, ko) W(z, ko)~ M (2, ko) | P+ (1/2, k. ko)

= Q+(Z7 k> kO)P+(1/Z> k7 k())* + P+(Z> k7 kO)Q+(1/Z> k7 k())* = 2(_1)k+llm7
(3.19)

V(2 k ko)W (z, ko) " U_(1/Z, k, ko)* — V_(z, k, ko)W (2, ko) " U (1/7, k, ko) *
=S4 (z,k, ko)W (z, ko) ' [My(z, ko) — M_(z,ko) | P+ (1/Z, k, ko)*
+ R+(Z> k7 kO) [M+(Z> kO) -M-_ (Z7 kO)] W(Z> kO)_lQJr(l/Z? k7 kO)*
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+ Ry (z,k, ko) [M.y (2, ko) W(z, ko) "' M_ (2, ko)
-M_ (Z7 kO)W(Z? k0)71M+ (Za k())] P+(1/Za k7 k())*
= S, (z,k, k)P (1/7Z,k, ko)* + Ry (z,k, ko) Q.+ (1/Z,k, ko)* = 0. (3.20)

O

LEMMA 3.3. Let z € C\(OD U {0}) and fix kg € Z. Then the resolvent
(U — zI)~" of the unitary CMV operator U on (*(Z)™ is given in terms of its matrix
representation in the standard basis of (*(Z)" by

U- (Z7 ka kO)W(Z7 k())il U+(1/Z7 kla kO)*7
1 k <k ork=k odd,
(U_ZI)_l(k>k/) = 52 o -1 ’ = 1/
2z U+(Z> k7 kO)W(Z7 kO) U_(l/Z,k 7k0)*> (321)
k> Kk ork =Kk even,
k k' €Z.

Moreover, since 0 € C\o(U), (3.21) analytically extends to z = 0.
In particular, one obtains for any z € C\0D,

(U —zl)~" (k. k)
{ [y + M_(z,k)|W(z,k) " I, — M (2,k)], kodd,
Iy — My (2, K)]W (2, k) Iy + M_(2,k)], K even,
(U—zl)~ l(kfl k—1)
{ o tlar — bEM (2, k)W (z, k)~ ax + M_(z,k)bi]p; ', k odd,
T2\ 5o Nag + oM — (2, k)]W (z, k)~ [af — M (z, k)b 1p; ", k even, (3.23)
U

k
k
(U—z2) " (k—1,k)

(3.22)

_ -1 { o; Hap — bM (2, k)IW (2, k)~ [In — My (2, k)], k odd, (3.24)
2z | o ak + biM_ (2, k)W (2, k) " Iy + My (2,k)],  k even, .
(U—z) Yk, k—1)
_ -1 { Ly + My (2,k)]W (2, k)~ ax + M_(z,k)bi]p ', kodd, (325)
22 | [Iy — My (2, K)]W(z, k)~ [af — M_(z,k)b}]p; ", Kk even. '

Proof. Let

, U_(z,k, ko)W(z,ko) ' U(1/Z,K  ko)*, k <k ork = k" odd,
G(Z> k7k 7k0) = 1 _
U, (z,k, ko)W(z, ko) 'U_(1/z,k', ko)*, k> k' ork =k’ even,
kK € 7.
(3.26)
Then (3.21) is equivalent to

(U —2)G(z, -, K ko) = 22Ay, K ko € Z. (3.27)
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First, assume k' to be odd. Then,

(U = 2D)G(z, -, K ko)) (£) = (VW — 2D)G(z, -, K, ko)) (£) =0, £ € Z\{K, K + 1},
(3.28)

and by (3.15), (3.16),
( (U = 2D)G(z, -, k', ko)) (K') ) B ( (VW — 2I)G(z, -, k', ko)) (K) )
(U —=2)G(z, -, k' ko)) (K’ + 1) (VW —z2D)G(z, -, k' , ko)) (K" + 1)
B V_(z,k ko)W (z, ko)~ 1U+(l/z,k’ ko)* (z, k', K ko
N ®kl+l (ZVJr(Z7 k' + 1,/{0)W(Z, k()) (I/Z,k k() ) Z(G(Z kK + 1 k' k()))
B Vi (z, k' ko)W (z, ko)~ " (l/z K ko)* G(z,k K ko)
= ®wn (V+(z, K+ 1, ko) W(z, ko)~ U_(1/2,K, ko)* ) Z(G (e K + 1,k ko))

o U+(Z7k/akO)W(Zako)_lU*(l/Z7k/7k0) o G Z k/ K k())
T UL @K+ L ko)W(z ko) T U_(1/2,K ko))~ “\G(z. k' + 1, K, ko)

_ Z<2(_12)kl“’m) - <2Z01) (3.29)

Thus, for £ odd, (3.27) is a consequence of (3.28) and (3.29).
Next, assume k' to be even. Then,

(U = 2D)G(z, -, K, ko)) (£) = (VW — 2)G(z, -, K, ko)) (£) =0, £ € Z\{K —1,K'},
(3.30)

and by (3.15), (3.16),
(((Uzl)c(z,-,k',ko))(k' - 1)> _ <((VWzI)G(z, K ko))(k’ - 1)>
(U =2D)G(z,", K ko)) (K') (VW —2)G(z, -, k', ko)) (K')
-0 <ZV(Z,k’ — l,k())W(Z,k()) 1U+ l/Z kK k() *> ( Z, kK 71 k’ k()))
TR\ V(5 K ko) Wz ko) T U (12, K ko)* G(z, k', k' ko)
- .0 V_(Z,k/ — l,ko)W(Z,ko) 1U+ l/Z,k/ k() Z,k/ —1 K ko)
— "’( V_(z,k ko)W(z, ko)~ U (1/Z, k', ko)* > ( Gz, k' K, ko) >

. U_(Z,k/ — l,ko)W(Z,ko) 1U+(1/Z,k/ k() . Z,k/ — 1 k/ ko)
—° U- (Z7 k/a kO)W(Za k()) 1U+(1/Za k/a k()) ¢ G(Z7k ak/a k())

_Z(Z(—?)k’lm) = (2z01m>' (3.31)

Thus, for k' even, (3.27) follows from (3.30) and (3.31), and hence one obtains (3.21).
Finally, using (2.51) and (2.149) one verifies the identities
Iy + My (z,k)], kodd,
Ux(z, k. k) = { d L)
—IL,+My(z,k), keven,
—1
-z a; —b;My(z,k)], kodd,
Ui(Z,kLk){N?k la; — biM(z, k)]

pk [Clk + bij: (Z, k)]a k even. (333)

(3.32)
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Inserting (3.32) and (3.33) into (3.21) and utilizing the fact that (anti-)Caratheodory
matrices satisfy My (1/z,k)* = —My(z,k), k € Z, z € C, one obtains (3.22)—(3.25).
O

Next, we briefly turn to Weyl-Titchmarsh theory for CMV operators with matrix-
valued Verblunsky coefficients on Z. We denote by dQ(-,k), k € Z, the 2m X 2m
matrix-valued measure,

Qo0(8.k) Qo1(L,k)
dQ(§k) =d (sz(f,g(c,k) sz?,i(@k))

:d<A;:_1EU<c>Ak1 Az_lEmc)Ak) ceom.

MNEs(OM-1  AEu(E)M (3.34)

where Ey(-) denotes the family of spectral projections of the unitary CMV operator U
on (*(Z)™,

U= ngdEU(g) ¢, (3.35)

We also introduce the 2m x 2m matrix-valued function .# (-, k), k € Z, by

_ ([ Moo(z. k) Moy(z,k)
M (2,k) = ( Mﬁ’,ﬁé, k) M(l),iév k))

_ (A;g_l(ru +2)(U—z)'Aoy A (U+20)(U - zI)_lAk>

Af(U+zD)(U —zD) A AU+ 2)(U —20)~ 1A,
:j[ dQ(C, 0 ST e\, (3.36)
oD -z
We note that
Moo(- k+ 1) = My(- k), keZ (3.37)
and
My (z, k) = AU+ z2)(U — )AL
_ f 490 SEE ceC\om, ke, (3.38)
oD -z
where
dgl,l(Ca k) = dAZEU(&:)Ak, 4,’ € 0D. (339)

Thus, Moo|p and M, ;|p are m x m Caratheodory matrices. Moreover, by (3.38) one
infers that

M1(0,k) =1,, keZ. (3.40)
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LEMMA 3.4. Let z € C\OD. Then the functions My (- k), ¢,¢' = 0,1, and
My (- k), k € Z, satisfy the following relations
{ P [ap —biM (2, k)W (2, k)~ ar+M— (2. k)bilpy ', k odd,

B )
Mo = e b (2, W 2, )l M. 2 BB, K even, 341

e =t b ) e O
Mo (z,k) _{ lik,l[z M- DI =M )] Kodd.
P lax+bM (2, W (2, k)~ I + My (2, k)], keven, (343
Mool ) = — { [l + Mo (2, k)W (2, k)~ l[ak+M—(z7k)bk]P; , kodd,
; [l — Mo (2 )W (2, K) " [af = M_ (2, K)B1PL ' keven, (3 44)

where ap =1, + oy and by =1, — o, k € 7.
Proof. The result is a consequence of Lemma 3.3 since by (3.36) one has
My (z,k) = Ny (1 +22(U = 2) ™Ay
= 1,8 +U—2) Mk—1+Lk—1+1). (3.45)
O
Finally, introducing the m x m matrix-valued functions ®;, 1( k), ke Z, by
D 1 (z,k) = [M1,1(z, k) — L] [M11(z, k) + L, "
=1, —2[My(z,k) +L,]"", z€C\oD, (3.46)
then,
M1 (2, k) = [Ly + @11 (2, k)][In — P11 (2, k)]
=2, — ®14(z,k)] " —I,, z€C\OD. (3.47)

LEMMA 3.5. The C"*" -valued function ®,,|p is a Schur matrix and ®,; is
related to ®4 by

D_(z,k)" 1D, (2,k), kodd,
1

C\0D, k € Z. 3.48
D, (z,k)P_(z,k)~ ", keven, 2€C\ID, k€ (3.48)

Dy (z,k) = {

Proof. Suppose k is odd. Then(3.9), (3.10), and (3.42) imply that

My (2, k) + Ly = [Ly + M_(2,k)]W(2,k) " [y — M (z, k)]
+ My (2, k) = M_ (2, k)]W(z, k) ™" + W(z, k) [M, (2, k) — M_(z,k)]
= [y + Mo (2, k)| W(z, k) [Ly — M_(z,k)]. (3.49)
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Using (2.157), (3.9), (3.46), and (3.49), one computes

@1 (z,k) = Ly — 2[Ly — M_(2, k)] "' W(z, k) [Ln + M (z,k)] "
= [l — M (2, k)]~ [l — M— (2, K)}[1y + M- (2, k)] — 2W (2, k)]
X Ly + M (z,k)] 7" (3.50)
=Ly —M_(z,)] Ly + M_(2,k)][Ly — M (2, k)][Ln + M (2, k)]
=®_(z,k)" ', (z,k), z€C\ID, k€ Z.

The result for k even is proved similarly. ]

Next we introduce a sequence of C"*?™ -valued Laurent polynomials {P(z, k, ko) }rez
by

P(Z, k, ko) (Po(Z, k, ko),Pl(Z, k, ko))

1 1 x

32 Pk 5-d
(P+(z,k,ko),Q+(z,k,ko))< EUOE ") ko odd,

—2:P0 bk

1~ 1
(P+(Z, k, ko), Q (2, k, ko)) (?fo 21k0 > , ko even.
zpko _Ebko

(3.51)

Then it is easy to see that Pj(z,-, ko), j = 0,1 are linear combinations of P (z, -, ko)
and Q,(z,-, ko), and hence satisfy UP;(z, -, ko) = zPj(z,-, ko), j = 0,1. Moreover,
(2.51) and (3.51) imply that

P(Z7k0 - 17k0) = (PO(Z7kO - 1>k0)7P1(Z>k0 - 17k0)) = (Im>0)7
P(Z7 kOakO) = (PO(Zv kOakO)7P1(Za k07k0)) = (07Im)a (352)

and hence any solution U(z,-) of UU(z,-) = zU(z,-) can be expressed as
U(z,-) = Po(z, -, ko)U(z, ko — 1) + P1(z, -, ko) U(z, ko). (3.53)

Our next goal is to show that the Laurent polynomials {P(z,k,ko)* }rez form
complete orthonormal system in L?(0D;dQ(-,ko)). To do that we first prove an
auxiliary result analogous to Lemma 2.7.

LEMMA 3.6.  Suppose {F(-,k)}rez is a sequence of C™*™ -valued functions of
bounded variation with F(1,k) = 0 for all k € Z that satisfies

(UF(C,))(k) = / AF(C 0, LoD, ke, (3.54)

Ag

where U are understood in the sense of difference expressions rather than difference
operators on (*(Z)". Then, F(-,k) also satisfies

F(LK) = / Po(C' K, ko) dF(C kg — 1) + / PA(C k ko) dF (' ko),
Ag Ag (3.55)

CeaD, kk € Z.



572 S. CLARK, F. GESZTESY, AND M. ZINCHENKO

Proof. Let {G(-,k, ko) }rez denote the sequence of C™*™ -valued functions,

G( k ko) = / Po(l' ko) dF(C kg — 1) + / PA(L' ko ko) dF(L ko),
Ag Ag (3.56)

£ edb, kk € 7.

Then it suffices to prove that F({, k) = G({,k, k), { € 0D, k,ky € Z.
First, we note that (3.52) and (3.56) imply that

G<c,ko—1,ko>=/A dF(C ko — 1) = F(Coko — 1),
¢
G(L ko ko) = / dF(C ko) = F(Cko), L €D, ko € Z, -
Ag .

and

(UG, - ko)) (k) = / (UP(L', - ko)) () dF(E kg — 1)
Ag

+ / (UPL(E', - ko) )(K) dF(L' ko)

Ag
:/ dG(L k ko) ¢, ¢ € dD, k ko € Z.
Ag (3.58)
Next, defining K({,k, ko) = F($, k) — G(&, k. ko), { € 0D, k,ky € Z, one
obtains

K(&, ko — 1, ko) = K(&, ko, ko) =0,

(UK(€7 7k0))(k) = /A dK(€/>k7 kO) CI7 C S a]D)7 k7 kO S Z7
¢

or equivalently,
K(& ko — 1, ko) = K(&, ko, ko) = 0, (3.59)
(UK(€7 7k0))(k) ( ( k kO))( ) g € a]D)> k> kO S Z>

where L denotes the boundedly invertible operator on C”*™ -valued functions K of
bounded variation defined by

(LK) = / K, (LK) = / k() (3.60)

Az Az

Finally, since, . commutes with all constant m X m matrices, one can repeat
the proof of Lemma 2.3 with z replaced by L and using (3.53) obtain that (3.59)
has the unique solution K({,k,ky) =0, § € 0D, k,ky € Z, and hence, F({, k) =
G(C,k, ko), £ € 0D, k,ko €Z. O
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LEMMA 3.7. Let ko € Z. Then the set of C*™ ™ -valued Laurent polynomials
{P(-, k, ko)* }rez forms a complete orthonormal system on O with respect to C*"<2m
valued measure dQ(-, ko). Explicitly, P(-,k, ko), k € Z, satisfy,

f P(L k ko) dQ(E ko) P(CK ko) = Suprls KK €2 (3.61)
oD

and the collection of C*" -valued Laurent polynomials

(P('7 k, ko))lJ
- (3.62)

(P("k7 ko))2m~J' j=1,...2m, keZ
form complete systems in L*(0D;dQ(-, ko)).

Proof. Fix an integer k' € Z and let {F(-,k,k")}xez denote the C"*" -valued
sequences of functions of bounded variation defined by

F(C k) = AEy(O)Aw, ¢ €D, keZ (3.63)
Then,
(UF(E,-,K))(k) = (UEy(E)Aw) (k) = (/ dEy(L") C’Ak'> (k) (3.64)
Ag

:/ d(A,jEU(C’)Ak/)C’:/ AF(C K K)E, CedD, ke,

Ag A¢
and hence (3.55) in Lemma 3.6 implies that
dF(C, k. k') = Po(8, k, ko) dF(C, ko — 1K) + P1(E, k, ko) dF (L, ko, k'),
{e€dD, keZ, (3.65)
or equivalently,

dF(€>k/>k):dF(€>k/>k)*:dF(C7 k/7k0_1)P0(€7 k> kO)*+dF(€>k/>k0)Pl(€>k7 kO)*7
£ edD, ke (3.66)

In particular, taking X' = ko — 1 and k' = kg, one obtains from (3.66),
dF(€>k0 - 1>k) = dF(€7kO - 17k0 - I)PO(C7k>k0)*

FAF(C ko — 1,ko) PL(C, K, ko), (3.67)
dF (&, ko, k) = dF(C, ko, ko — 1) Po(C, k, ko)™ + dF(C, ko, ko) P1(&, k, ko))",
e, keZ.

Next, setting k = k' in (3.67) and plugging it into (3.65), one obtains
1
dF (LK) = > Pi(§ k ko) dF (L ko — 1+ € ko — 1+ £) P (LK ko),
0,01=0
£ edD, kK €Z. (3.68)
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Integrating (3.68) over the unit circle 9D and observing that by (3.34) and (3.63)
dF (8, ko — 1+ L kg — 1 +€") = dy (2, ko), ¢,¢' = 0,1, one obtains

1
6k,k/1m = f\ Z P[(€> k7 kO) dQ[,[’(C7 kO) P[’(C7 k/7 kO)*7 g S 8D7 k7 k/ S Z>
D 1o (3.69)

which is equivalent to (3.61).
To prove completeness of {P(-, k, ko)* }rez we first note the fact,

k k—1
bl Al & Ly 0
Span{P(Z7kv kO)*}kGZ = Span {( k—1 > ) < k ) ) < ) ) ( )}
7', 7, 0 1, keZ
k
bl o 0
= span {( ) , ( P )} . (3.70)
0 ) ) ien

This is a consequence of investigating the leading-order coefficients of P (z,k, ko) and
0.4 (z,k, ko) (cf. Remark 2.5) and (3.51)). Thus, it suffices to prove that {(CZ'" ),
&
Let F = (2’) € L?(0D;dQ(-, ko)) and suppose F is orthogonal to all columns
of (C];)Im) and (Cfl ) for all k € Z, that is,

( ) ) } is a complete system with respect to dQ(+, ko).
kez

gklm : —k
F(50) a@rF©) = § ¢t ot ko) Fl) + s (6. ko) (9
oD oD

0
=|:]ec™ (3.71)

and

. (éh,) e sre

. M 1dQ10(8, ko) Fo(E) + dQi.1 (8, ko) Fi(8)]

0
=|:]ec™ (3.72)
0

forall k € Z. Note that for a scalar complex-valued measure do equalities § dw({) ("
=0, n € Z, imply §dRe(w({)){" = §dim(w({)) " = 0, and hence [36, p.
24]) implies that dw = 0. Applying this argument to d(QooFo + Qo,1F1), and
d(QioFo+ Q1.1F1);, £ =1,...,2m, one obtains

0

dQooFo +dQo F; = | 1 | e C, (3.73)
0
0

dQ oFy +dQ F; = | : | eC™™ (3.74)
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Multiplying (3.73) by F; ontheleft and (3.74) by F} on the left and adding the results
then yields

IF 20200 ko)) = ng F(8)"dQ(C, ko) F(E) = 0. (3.75)
]

COROLLARY 3.8. The full-lattice CMV operator U is unitarily equivalent to the
operator of multiplication by { on L*(0D;dQ(-, ko)) for any ko € Z. In particular,

o(U) = supp (dQ(-, ko)), ko € Z. (3.76)

Proof. Consider the linear map % : (2(Z)" — L*(D;dQ(-, ko)) from the space of
compactly supported sequences ¢3(Z)™ to the set of C2" -valued Laurent polynomials
defined by

oo

(%F)z) = > P(1/2.k ko) F(k), F € Q(Z)". (3.77)

k=—o0

Using (3.61) one shows that F({) = (ZF)({), F € (3(Z)™ has the property

IF 122 0maa(. sy = f A(C) dQ(¢, ko) F(&) (3.78)

_ fim P(C ko) Qs (Coko) S Po(CoK ko) F(K)
=

k'=—o0

Zw F(k)° ( § Pk R0 AU R) PER o)) FIR)

o0

Y FR)F(k) = |Fll (3.79)

k=—o0

Since ¢3(Z)™ is densein £*(Z)™, U extends by continuity to a bounded linear operator
U HZ)" — L*(0D;dQ(-, ko)), and the identity

o0 o0

(% (UF))(§) = > P(Ekko) (UF)(K) = > (U"P(&, - ko)) (k)" F (k)
Pl Pl (3.80)
= > (PG koko)) F (k) = L(ZF)(Q), F el ()",
k=—o0

holds. The range of the operator % is all of L*(0D;dQ(-, ko)) since the C>"*" -
valued Laurent polynomials {P(-, k, ko)* }xcz are complete with respect to dQ(-, ko) .
Hence the inverse operator % ~! exists on L?(9D;dQ(-, ko)) and is given by

(% ~'F)(k) = éDP(C,k,ko)dQ(C,ko)I?(C), F € [*(0D;dQ(-, ko)), (3.81)
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which together with (3.79) implies that %/ is unitary. In addition, (3.80) shows that
the full-lattice unitary operator U on ¢?(Z)™ is unitarily equivalent to the operators of
multiplication by ¢ on L*(9D;dQ(-, ko)),

(U ~'F)(§) = (F(C), F e L*(0D;dQ(- k). (3.82)

O

4. Borg—Marchenko-type Uniqueness Results for CMV Operators with
Matrix-valued Verblunsky Coefficients

In this section we prove (local and global) Borg—-Marchenko-type uniqueness
results for CMV operators with matrix-valued Verblunsky coefficients on half-lattices
and on the full lattice Z. We freely use the notation established in Sections 2, 3, and
Appendix A.

We start with uniqueness results on half-lattices.

THEOREM 4.1. Assume Hypothesis 2.2 and let ky € Z, N € N. Then for the
right half-lattice problem the following sets of data (i)—(v) are equivalent:

) N
(l) {Olk0+k}k:1. (41)
N
(i) { j‘{ Q. (¢ ko) gk} . 42)
oD k=1
i) 1my i (ko N_ , where my (ko), k > 0, are the Taylor coefficients of m (z, ko
) k=1 )
atz =0, that is, m(z,ko) = Zk:O my x(ko)Zt, z € D. (4.3)
iv) s My (ko N_ , where M y(ko), k > 0, are the Taylor coefficients of M1 (z, ko
» k=1 p
atz =0, that is, M. (z,ko) = Zk:o M. 4 (ko)Z*, z € D. (4.4)

(v) {¢+7k(k0)}iv:l, where ¢ (ko), k > 0, are the Taylor coefficients of @ (z, ko)
atz =0, that is, ®(z,ko) = Zk:O 0. 1(ko)Z*, z € . (4.5)

Similarly, for the left half-lattice problem, the following sets of data (vi)—(x) are
equivalent:

. N—1
(Vl) {akU_k}k:O . (46)
N
vi) { § s} (47)
oD k=1

(viii) {m,wk(ko)}iv:l, where m_ i (ko), k > 0, are the Taylor coefficients of m_(z, ko)
atz =0, thatis, m_(z,ky) = Zk:() m_ 4 (ko)Z". (4.8)
(ix) {M_’k(ko)}g:_ol, where M_ (ko), k = 0, are the Taylor coefficients of M_(z, ko)
atz =0, thatis, M_(z,ko) = > . M_ x(ko)Z". (4.9)

k=0
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x) {q>_’k(ko)}kN:_ol, where ¢_ . (k ), k > 0, are the Taylor coefficients of ®_(z, ko) ™"
atz =0, that is, ®_(z,ko)” Zk o 9—k(ko)z (4.10)
Proof. (i) = (ii) and (vi) = (vii): First, utilizing relations (2.37) and (2.40)

with the initial conditions (2.49) and (2.50), one constructs {P(z, ko £k, ko)}Y_, and
{R1(z,ko £ k, ko) }kN: | - We note that the Laurent polynomials

{ 7Py (2, ko + k, ko), R_(z,ko — k, ko), ko odd, @.11)
Ry (z,ko + Kk, ko), 2 'P_(z,ko — k, ko), ko even, '
are linear combinations of
{ Ly 27 oy 2y 272y 2Py« - -, 25720, 27602, K 0dd, “.12)
Ly 2 oy 2y 2 2, 2Py - . 2520, 22, k even, '
and
{ Ri(z, ko + k, ko), P_(z, ko — k, ko), ko odd, (4.13)
P (z,ko + k,ko), R_(z,ko — k, ko), ko even,
are linear combinations of
{ Loy 2y 7 Ly 2Ly 2 2y <« . 2~ D2, 2602 0 K odd, (4.14)
Ly, 2,z Ly, 2L, 2 2, . . 220, 2%, k even. '

Moreover, the last elements of the sequences in (4.12) and (4.14) represent the leading-
order terms of the Laurent polynomials in (4.11) and (4.13), respectively, and the
corresponding leading-order coefficients are invertible m x m matrices (cf. Remark
2.3).

Next, assume ky and k to be odd. Then utilizing (4.13) and (4.14) one finds
m x m matrices Cy; and D+ ;, 0 < j < k, such that

k
Z_(k_l)/zlm = ZC+J R+(Z> kO +]7 k0)7
j=0
k
2L, =N "D R (2 ko + s ko), (4.15)
Jj=0

k
P, =N C P (2, ko — j ko),
Jj=0
k
P2, =N "D P2,k —j ko), (4.16)
j=0

and, using (2.73) and (2.74), computes

k _ (k+1)/2 (k=1)/2
f;}Din(C,ko)C %@D(c 1) A9 (C. ko) (¢~ *-721,,) ZDiJCiZm
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The other cases of ky and k follow similarly.
(ii) = (i) and (vii) = (vi): Since dQ.i(-,ko) are nonnegative normalized
measures, one has

ngin(c,ko) (= (fgmdszi(c,ko) C")* and f[émdgi(g’k()) i (4.18)

that is, the knowledge of positive moments imply the knowledge of negative ones.
Applying Corollary 2.10 one constructs the matrix-valued orthonormal Laurent poly-
nomials {P+({, ko + k, ko)1, and {R4({, ko + &, ko)}kN:I . Subsequently applying
Theorem 2.11, in particular, formulas (2.105) and (2.106), one obtains the coefficients
(i) and (vi)

(i) < (iii) and (vii) < (viii) : These follow from (2.134) and (4.18),

mi(Z,ko) = ingin(C,ko) g+§ = =+I, :I:Zsz (ﬁDin(C,ko) Ck) 7

k=1
zeD. (4.19)
(iif) < (iv): This is implied by (2.151).
(iv) & (v): Thisis a consequence of (2.157) and (2.159), together with the facts:

For |z sufficiently small, || M (z, ko) —In||cnxm < 1 by (2.152),and || @, (z, ko)||cmxm <
1 by (2.158). Hence,

M, (z,ko) = [In — @ (2, ko))~ [l + @ (2, ko))

Zf() [Im + CDJr (Z7 k())] Z (I)+ (Z> kO)k7 (420)
k=0

O, (2.k) = [27 My (2 ko) — In]] [l + 27 M, (2. ko) — 1] "

o0

= —Zz Ly — M (2, ko)1*. (4.21)
(ix) < (x): This is implied by (2.155), (2.157), (2.159), and the fact that, for |z
sufficiently small, ||®_(z,ko) ! ||cnxm < 1 by (2.7) and (2.158). Hence,
M_(z,ko) = [®_(z,ko) ™" — L) ' [®_ (2, ko) ™" + L]

=, [0 ko)T 1] kz_;qa_(z, ko) ¥, (4.22)

D_(z,ko) ™" = [M_ (2. ko) + In|[M_ (2, ko) — M_(0, ko) +M_(0, ko) — I,] "
= [[M_(z,ko) + Ln][M—(0, ko) — Lu) "]
X HM* (Z7 k()) - M_ (0, kO)H (0 kO) m] ! + Im]

=, Mz ko) + 1] [M (0, ko) — 1] '] (4.23)

x i (z,ko) — M_ (0, ko)][Ln — M_(0,ko)]~']".
k=0

—1
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(viii) < (x): This follows because (2.135), (2.160), and the fact that
|®_(z,k0) || cmxm < 1, z € D, together imply that

m_(z,ko) = [z2®_ (2, ko) ™" + L) 'z ®_ (2, ko) ™" — L]
Iy [

D [ =2 (z ko)1, (4.24)

20
Zq)f(LkO)_l = [Im +m_ (Z kO)H m *m—(z kO)]_l
=2"Ly + m_(z,ko)) [In — 27" [T + m_(z,ko)]]

= [Z(I)_ (Z7 kO)_l -
Z*}O

e
k

—1

(4.25)
i i Z k())] . O
k=1

Next, we restate Theorem 4.1:

THEOREM 4.2.  Assume Hypothesis 2.2 for two sequences o', o and let
ko € Z, N € N. Then for the right half-lattice problems associated with oV and or®
the following items (i)—(iv) are equivalent:

() oV =a?, ke+1<k<k +N. (4.26)
(i) ml (ko) = mP (e ko) = o). (4.27)
Gii) MY (z, ko) — M'P (2, ko) =, 0@ (4.28)
(iv) @ (z,k) — D (z, ko) _ o). (4.29)

7—

Similarly, for the left half-lattice problems associated with oY) and o', the following
items (v)—(viii) are equivalent:

v V=0, k-N+1<k<k. (4.30)
i) mM(z, ko) — m? (2, ko) = o(z") 4.31)
i) MY (z,k) — MP (2, k) = o(z¥) (4.32)
i) ®Y (z,ko) ™" — ®P (2, ko) ! = o' (4.33)
—
Proof. This is an immediate consequence of Theorem 4.1. (]

Finally, we turn to CMV operators on Z and start with two auxiliary results that
play a role in the proofs of analogous Borg—Marchenko-type uniqueness results for
CMYV operators on Z.



580 S. CLARK, F. GESZTESY, AND M. ZINCHENKO

LEMMA 4.3. Let A, B,C, D denote some m X m matrices. Suppose that A # 0,
B is invertible, and A, B, C, D satisfy

2vIAllD] + el IB= < 1. (4.34)

Then the matrix-valued Riccati-type equation

XAX + BX +XC+D =0, ||X||<w, (4.35)
2 (Al B~
has a unique solution X € C"*™ given by
1—|c| ||B~! 1—|c|B-Y\> |D
X = tim 3, with || < LS ||_\/( TR
TS 2[AT BT 2AATIETT )~ AT (436

where
Xo=0, X,=F(X,_1), n€N, and F(X)= B 'XAX—-B~'XC—-B~'D. (4.37)
A similar result also holds if A # 0, C is invertible, and A, B, C, D satisfying

2vVIIAILIDI+ 18] e < 1. (4.38)

In this case, the matrix-valued Riccati-type equation

XAX +BX +XC+ D =0, ||X||<%, (4.39)
2jAl e
has a unique solution X € C™*™ given by
1—|B|c! 1—|BllIc-Y\*> |Ip
O . ] ||\/( sl icl)’ 1oL
s 2TAT T AATICT )~ T4 (4.40)

where

Xo=0, X,=G(X, 1), neN, and G(X) = —XAXC~ ' —BXC~! —DC .
(4.41)

Proof. Since B is invertible, the equation for X in (4.35) is equivalentto F(X) =
X . Therefore, it suffices to show that F(-) is a strict contraction on some closed ball
of radius A centered at the origin, B, = {X € C™*" | || X|| < A}, and that F(-)

preserves B; , thatis ||F(X)|| < A whenever || X|| < A.
. = cliB"|
First, we check that for any A < SMATIET

on B, . Let X,Y € By, then

the map F(-) is a strict contraction

IFG) = FO)I < [IAIIBTHHIXI + Al B+ ICIHB=H] IX — Y]
< Al B~ + el B~ ] IIxX = v, (4.42)
22 JAIB= + el 1B~ < 1.
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Next, we check that F(-) preserves B, forany A satisfying

_ 2 —
L—|[ClIB~"] \/(IIICI |31|> R e (a1
2(Af 1B 2(|Af 1Bl 1Al 2AIIB=HE

4.43)
Let X € By, then by (4.43)
IFCON < IA[HIB=HIA + [ICIHIBTHIA + DB < A (4.44)

Thus, Banach’s contraction mapping principle implies that F(-) has a unique fixed
point X for which (4.35) and (4.36) hold.
The second part of the Lemma is proved similarly. ]

COROLLARY 4.4. Let A;, B;, C;, Dj, j = 1,2, denote some m X m matrices.
Suppose that either By and B, are invertible and

O< Al 187 <a, G, 1D <b, j=1,2, (4.45)
or Cy and C, are invertible and
0 <[4l I <a, Bl 1Dl <b, j=1,2, (4.46)

for some a,b > 0 satisfying 2ab(1 + 2a*) < 1. Then there exist unique solutions X;,
Jj = 1,2, of the matrix-valued Riccati-type equations

1—ab
XAX;+ BXj + X,G+ D=0, X < 5= j=12,
“ (4.47)
and the following estimate holds
X1 = Xa|| < Aa,b)[[|[A1 = Ao|| +[|B1 = Ba|| + || C1 — Co|| + [|D1 — Da[ ],
(4.48)
where A(a,b) is given by
2% 2 24°0? 4a°>  _4d’p’
max {a, e @b+ 155+ ey (1—ab)2}
A,(Cl, b) = b 4a’b 0.
(1 —ab) - 725 (4.49)

Proof. Suppose B;, j = 1,2, are invertible and note that b < 1/(2a(1 + 24%))

implies
(2\/ Il 1] + |c,||) 187 < (2v/ab + ba

2aV2 442 +1  2a(2a+ L) +1
Glav2rdas ] ZaQaty) bl (4.50)
2(1 + 2a?) 2(1 + 2a?)
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and

_ _ 2
LGB (L= IGIIB ™ |1y
2[ A8l 2[Ail 1877l 14l
2ab_1—ab _1-|IGI[B ]

< < ALy (4.51)
l—ab = 24 21145 1187

Then Lemma 4.3 implies that the matrix-valued Riccati-type equations in (4.47) have
unique solutions X; satisfying [|X;|| < &, j = 1,2 and X; = F;(X;), where
Fj(X) = —B;'XA;X — B, 'XC; — B, 'D;, j = 1,2. Hence, one computes
X1 = Xao|| = [[F1(X1) — F2(X2)|
< ||BY ' X1A X1 — By ' X0A0X0|| + ||B ' X1 C1 — By ' X, G|
+[|By D1 = B, D
< LA X I+ A2l 1B IHIXa ]+ 1B IC ] 11Xy — X
+ 1B XX 1A — Azl + (B3 [ X[l IC1 — €|
+ 1B [Py — D2
+ LA + ISl 1+ 10 1B 1B, 181 — B

< (240 ) -l (2200 ) s, By
S\i-aw 7 b (1—ab)? 1—ab “ e
4a’b? 2a°b
+72HA1*A2||+ IIC1 — C2|| +al|D1 — D3| -
(1 —ab) 1 —ab (4.52)
Finally, utilizing b < 1/(2a(1 + 2a?)), one verifies that
4a’b 4a3b + ab(1 — ab)
1- b)=1-
(1 —ab ) 1 —ab
ab(1 + 4a?) 1 +4d?
l-—m—>1—-—————— =0, 4.53
~ 1 —ab 20+ 247 1 (453)
and hence (4.48) and (4.49) follow from (4.52), and (4.53).
The case of C; being invertible, j = 1,2, is proved analogously. O

Given these preliminaries, we introduce the following notation for the diagonal and
for the neighboring off-diagonal entries of the Green’s matrix of U (i.e., the discrete
integral kernel of (U —zl)~!),

g(z,k) = (U — Iz) "1 (k, k), (4.54)
[ (U—Iz)7 (k= 1,k), kodd,
h(z,k) = { (U I (kk— 1), keven keZ, zeD. (4.55)

Then the subsequent uniqueness results hold for the full-lattice CMV operator U':
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THEOREM 4.5. Assume Hypothesis 2.2 and let ky € 7Z.. Then any of the following
two sets of data
(i) g(z,ko) and h(z, ko) for all z in some open (nonempty) neighborhood of the
origin under the assumption that h(0, ko) is invertible;
(i) gz, ko — 1) and g(z,ko) for all z in some open (nonempty) neighborhood of
the origin and o4, under the assumption Oy, is invertible;
uniquely determine the matrix-valued Verblunsky coefficients {04 }rez, and hence the
full-lattice CMV operator U.

Proof. Case (i) . First, we note that (2.18) implies that

— " . —oy, 0, koodd,
8(0,k0) = (U™ iyt = (U oty = (Uro)* = { fa*o o k
ko+10%o 5 0 even, (4.56)

HO. ko) { (U:)ko_l,ko = (Uko,ko_l): = —pk:a,fujl, ko odd, 457
(U™ Dtoso—1 = Ukg—14)" = =04 1 0ky» ko €ven.

Since h(0, ko) is invertible, one can solve the above equalities for py, and oy, ,
8(0,ko)h(0, ko) ™" = 0w, ko 0dd, (4.58)
h(0,ko)~'g(0,ko) = Py "o, = oy, ko even, (4.59)

implying

, { [Ln + (0, ko)h(0, ko) ~']*[2(0, ko)A (O, ko)_l}]_m, ko odd, (4.60)
k() - _ .
[ + [1(0, ko)~ g(0, ko) ] [1(0, ko)~ 2(0, ko)]] ~"/%, ko even,
and hence, |
0, ko)h(0, ko)~ pr,, Ko odd,
o, = { 80 ko)h(0, ko)™ pu, - ko (4.61)
h(O, ko) g(O, kO)pko> k() even.
Using (2.10) and (2.11), one also obtains ax, = I, + 0%, and by, = L, — O, .
Next, utilizing (3.22), (3.24), and (3.25), one computes,
8z ko)h(z, ko) ™! = = [l + M_(z,ko)l[az, — by M~ (z,ko)] ™' px,, ko 0dd,
h(z ko)~ 'g(z, ko) = —pi,la, — b, M—(z,ko)] ™" [In + M_(z.ko)], ko even.
(4.62)
Solving for M_(z, ko), one then obtains
20(2 ko) b 2(z, ko) — prh(z, ko)™ — Iy, ko odd,
M_(z. ko) = { 8(z ko)l ’jjg( o) = O _(1 o) ’ (4.63)
2[g(z, ko)by, — h(z, ko)px,) " &(2, ko) — Imy ko even.

The right-hand side of the above formula is well-defined for sufficiently small |z]
since by g(z, ko) — px,h(z, ko) for ko odd and g(z, ko)bj, — h(z, ko)px, for ko even are
Cm*m _yalued analytic functions having invertible values at the origin,

b;,8(0, ko) — Pr,h(0, ko) = (0t — In)py, 'h(0, ko), ko odd,

8(0, ko)bje, — h(0,ko)pr, = h(0, ko)py. ' (0, — L), ko even.
(4.64)
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Next, having M_(z, ko) for sufficiently small |z|, one solves the equation

Piy laf, = bi,M— (2, ko)|[M.s (2, ko) — M—(z,ko)] ™" [l — M (2, ko)),

1 ko odd,
h(Z> k()) = _2_ —17,,% * 131
z [Im - M+(Z7 ko)] [MJr (Z7 kO) -M_ (Z7 ko)] [ak(] -M- (Z7 ko)bko]pko )

ko even,

(4.65)
for M, (z,ko) and obtains,

~1
2L + 28(z, ko)) [In + z[bj; 8(z, ko) — P, (2, ko)]] = I, K 0dd,

2[ L + 2lg(z ko)bf, — h(z,ko)Pro]] [ + 28(z ko) — Ly ko ezven. |
4.66

The right-hand side of (4.66) is well-defined for sufficiently small |z| since both
L+ 2(b} g(z, ko) — Pro (2, ko)) and I, 4 z(g(z, ko) by, — h(z, ko)px,) are C"*™ -valued
analytic functions having invertible values at the origin.

Finally, Theorem 4.1 (parts (i), (iv) and (vi), (ix)) implies that M (z, ko) for z
in some small neighborhood of the origin uniquely determine Verblunsky coefficients
{outrez -

Case (ii). Suppose ko is odd. Then (2.157), (3.22), (3.23), and

M+(Z, ko) = {

2l + 28(2, k0)] = (I + M_ (2, ko)W (2, ko) ™" [In — M1 (z, ko)]
+ My (z, ko) — M_(z,ko)]W(z, ko) ™"
+ W(Z7 ko)il [MJr (Z7 kO) M- (Z7 ko)]

= [Im + M+(Z7 kO)]W(Z7 kO)il [Im —M_ (Z, kO)]
(4.67)

imply the identity,

Zpkog(z7 ko — 1)pko

= % [(Inﬂroc,fo)*(Imfoqfu)MJr (z, ko)] W(z, /’C())71 [(IerOéko)JrM, (z, ko)(lm*ako)]
= 3 = M (2 k)] + 0+ M (2 )W e )
X [[Ln + M_(z,ko)] + [In — M—(z, ko)] 0t, | (4.68)

= %[_CDJr (Z7 kO)‘*‘a/?o] [Im+M+ (Z7 k())]W(Z, kO)_l [Im_M— (Z7 kO)] [—(I)_ (Z, kO)_l +Oﬂk0]
= oy, — D (2, ko)|[In + 28(2, ko) ][04y — P (z,ko) "]
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Moreover, (4.67) also implies

28(2, ko) [In + 28 (2, ko)] ! [ +28(2,ko)] 28 (2, ko) = I — [ + 28(2,ko)] ™
= [In—M_(z,ko)] " [[Ln—M— (2, ko)][Ln+M. (2, ko)| —2W (2, ko) | L+ M (z, ko)] "
= [Ln—M_(z,ko)] l[m+ (2, ko) =M (2, ko) —M (2, ko)M 4 (z, ko) ]
X [Im+M+(Z kO)]
= [y — M_(2,k0)] ™" (L + M_ (2, ko) ][I — M (2, ko)) [In + M (2, ko)) ™!
=d_(z,ko)” <I>+ (z, ko). (4.69)

Introducing the C™*"™ -valued analytic functions A(z, ko) and B(z,ko) by

A(z,ko) = In + 28(z, ko) and B(z,ko) = z0x,8(z, ko — 1) Pk, — 04, A(2, ko) Otk s
(4.70)

one rewrites (4.68) as

+ 0 Az, ko)P_(z,ko) ' = 0. (4.71)

Multiplying both sides by @, (z,ko) on the right and utilizing (4.69) then yields the
Riccati-type equation for @, (z, ko),

D, (z,ko)A(z, ko) 0, D (2, ko) + B(z, ko) P+ (z, ko) — D+ (2, ko)28(z, ko)
+ oy, 28(2, ko) = 0. (4.72)

Since by (2.152) and (2.157) @, (0, ko) = 0 and by (4.70)

28(z, ko) — 0, A(z ko) — Ln, B(z,ko) — o Oty (4.73)
Z— Z— Z—

Lemma 4.3 implies that equation (4.72) uniquely determines the analytic function
@ (z,ko) for |z] sufficiently small.
Having @ (z, ko) , one obtains ®_(z,ko) ! from (4.68) for |z| sufficiently small,

D_(z,ko) " = o, — [In + 28(2, ko)) [0, — @4 (z,k0)] ' 20x,8 (2, ko — 1) g,
(4.74)

The right-hand side of (4.74) is well-defined since 1,, + zg(z, ko) and o — @, (z, ko)
are C"*" -valued analytic functions invertible at the origin.

Finally, Theorem 4.1 (parts (i), (v) and (vi), (x)) implies that ® (z, ko)™ for
|z] sufficiently small uniquely determine the Verblunsky coefficients {0y }rez -

The case of ky even is proved similarly. |

In the subsequent result, g¥) and 1Y) denote the corresponding quantities (4.54)
and (4.55) associated with the Verblunsky coefficients o), j = 1,2.
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THEOREM 4.6.  Assume Hypothesis 2.2 for two sequences o'V, a® and let
ko € Z, N € N. Then for the full-lattice problems associated with o'V and o> the

ollowing local uniqueness results hold:
8 q
(i) Ifeither hV)(0,ko) or h'®)(0, ko) is invertible and

18 (2, ko) — 82 (z, ko) || e + (|2 (2. k0) = 2P (2, k0) || comscm o o(z"),

then ol = ol for ky—N <k <ko+N+ 1. (4.75)
(i) If OC,EOI) = ,Ef), a,fy is invertible, and
Hg(1>(z, ko—l)—g(z)(z, ko—l)H(Cme—l-Hgm(Z, ko)—g(2>(z, ko)’ omxn =, o(Z),
then oY = o) for ko —N— 1<k <ko+N+1. (4.76)

Proof. Case (i). The result is implied by Theorem 4.2 (parts (i), (iii) and (v),
(vii) ) upon verifying that (4.63), (4.66), and (4.75) imply

HMSrl)(Z> ko) — M(f)(z, kO)H(Cme Zio O(ZN+1)7

M0 ko) = M2 (2 ko) | g =, 0(). (4.77)

Case (ii). The result is a consequence of Theorem 4.2 (parts (i), (iv) and (v),
(viii) ) upon verifying that Corollary 4.4, (4.70), (4.72), (4.74), and (4.76) imply

= o(").
G =0 (4.78)
O

H<I><+1)(Z7 ko)— P (z, kO)H T Hqﬁ_l)(b ko)~ =P (2, ko) !

C

Appendix A. Basic Facts on Caratheodory and Schur Functions

In this appendix we summarize a few basic properties of matrix-valued Caratheodory
and Schur functions used throughout this manuscript. (For the analogous case of matrix-
valued Herglotz functions we refer to [55] and the extensive list of references therein.)

We denote by D and 0D the open unit disk and the counterclockwise oriented
unit circle in the complex plane C,

D={zeC||z<1l}, oD={{ecC]||{|=1} (A.1)
Moreover, we denote as usual Re(A) = (A + A*)/2 and Im(A) = (A — A*)/(2i) for

square matrices A with complex-valued entries.

DEFINITION A.1. Let m € N and Fy, ®,, and ®~! be m x m matrix-valued
analytic functions in D.
(i) Fy is called a Caratheodory matrix if Re(F4(z)) > 0 forall z € D and F_ is
called an anti-Caratheodory matrix if —F_ is a Caratheodory matrix.
(i) @4 is called a Schur matrix if || @ (2)||cnxm < 1, forall z € D. ®_ is called an
anti-Schur matrix if ®-' is a Schur matrix.
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THEOREM A.2. Let F be an m x m Caratheodory matrix, m € N. Then F
admits the Herglotz representation

F(z):ic+jémdg(g) g*i z€D, (A2)
C = Im(F(0)), f[i) d8(g) = Re(F(0)), (A3)

where dQ denotes a nonnegative m x m matrix-valued measure on 0D . The measure
dQ can be reconstructed from F by the formula

0 i NN I
Q(Are((¢,¢])) = limtim = ?gM d0Re(F(r0)). (A4)
where
ArC((eiel,ei%]) = {C S 8D|91 <0< 92}, 0, € [0,27’[), 0, < 6, <6, +2m.
(A.5)

Conversely, the right-hand side of equation (A.2) with C = C* and dQ a finite
nonnegative m x m matrix-valued measure on 0D defines a Caratheodory matrix.

We note that additive nonnegative m x m matrices on the right-hand side of (A.2)
can be absorbed into the measure d<Q since

$ a1, zen, (A6)
oD <
where 10

d‘bl()(g) = E7 g = ei07 9 S [07271:) (A7)

denotes the normalized Lebesgue measure on the unit circle 9D .
Given a Caratheodory (resp., anti-Caratheodory) matrix F (resp. F_ ) defined
in D asin (A.2), one extends Fy to all of C\OD by

Fi(z) =iCy j:j{ dQ.($) %, z€ C\oD, Ci =C]L. (A.8)
oD -
In particular, _
Fi(z) = —Fi(1/2)*, zeC\D. (A.9)

Of course, this continuation of F|p to (C\ﬁ , in general, is not an analytic continuation
of Fi|p.

Next, given the functions Fy defined in C\OD as in (A.8), we introduce the
functions 4 by

D (z) = [Fe(z) — L) [F+(z) +1,]"", z€ C\OD. (A.10)

We recall (cf., e.g., [99, p. 167]) that if +Re(F1) > 0, then [Fy =+ I,] is invertible.
In particular, @, |p and [®_]~!|p are Schur matrices (resp., ®_|p is an anti-Schur
matrix). Moreover,

Fi(z) = [In — ®+(2)] ' [In + P£(2)], z€ C\OD. (A.11)



588

S. CLARK, F. GESZTESY, AND M. ZINCHENKO

Acknowledgments. We are indebted to Konstantin A. Makarov and Eduard Tseka-

novskii for helpful discussions.

REFERENCES

M. J. ABLOWITZ AND J. F. LADIK, Nonlinear differential-difference equations, J. Math. Phys. 16,
598-603 (1975).

M. J. ABLOWITZ AND J. F. LADIK, Nonlinear differential-difference equations and Fourier analysis, J.
Math. Phys. 17, 1011-1018 (1976).

M. J. ABLOWITZ AND J. F. LADIK, A nonlinear difference scheme and inverse scattering, Studies Appl.
Math 55, 213-229 (1976).

M. J. ABLOWITZ AND J. F. LADIK, On the solution of a class of nonlinear partial difference equations,
Studies Appl. Math. 57, 1-12 (1977).

M. J. ABLOWITZ, B. PRINARI, AND A. D. TRUBATCH, Discrete and Continuous Nonlinear Schridinger
Systems, London Math. Soc. Lecture Note Series, Vol. 302, Cambridge Univ. Press, Cambridge, 2004.
N. I. AKHIEZER, The Classical Moment Problem, Oliver & Boyd., Edinburgh, 1965.

A. 1. APTEKAREV AND E. M. NIKISHIN, The scattering problem for a discrete Sturm-Liouville problem,
Math. USSR Sb. 49, 325-355 (1984).

M. BAKONYI AND T. CONSTANTINESCU, Schur’s Algorithm and Several Applications, Pitman Research
Notes in Math. 261, Longman, Essex, U.K., 1992.

C. BENNEWITZ, A proof of the local Borg—Marchenko theorem, Commun. Math. Phys. 218, 131-132
(2001).

JU. BEREZANSKIIL, Expansions in Eigenfunctions of Selfadjoint Operators, Transl. Math. Mongraphs,
Vol. 17, Amer. Math. Soc., Providence, R.I., 1968.

YU. M. BEREZANSKY AND M. E. DUDKIN, The direct and inverse spectral problems for the block Jacobi
type unitary matrices, Meth. Funct. Anal. Top. 11, 327-345 (2005).

YU. M. BEREZANSKY AND M. E. DUDKIN, The complex moment problem and direct and inverse spectral
problems for the block Jacobi type bounded normal matrices, Meth. Funct. Anal. Top. 12, 1-31 (2006).
YU. M. BEREZANSKII AND M. I. GEKHTMAN, Inverse problem for the spectral analysis and non-abelian
chains of nonlinear equations, Ukrain. Math. J. 42, 645-658 (1990).

G. BORG, Uniqueness theorems in the spectral theory of y'' +(A —q(x))y = 0, Proc. 11th Scandinavian
Congress of Mathematicians, Johan Grundt Tanums Forlag, Oslo, 1952, pp. 276-287.

O. BOURGET, J. S. HOWLAND, AND A. JOYE, Spectral analysis of unitary band matrices, Commun.
Math. Phys. 234, 191-227 (2003).

B. M. BROWN, R. A. PEACOCK, AND R. WEIKARD, A local Borg—Marchenko theorem for complex
potentials, J. Comput. Appl. Math. 148, 115-131 (2002).

A. BUNSE-GERSTNER AND L. ELSNER, Schur parameter pencils for the solution of unitary eigenproblem,
Lin. Algebra Appl. 154/156, 741-778 (1991).

M. J. CANTERO, M. P. FERRER, L. MORAL, AND L. VELAZQUEZ, A connection between orthogonal
polynomials on the unit circle and matrix orthogonal polynomials on the real line, J. Comput. Appl.
Math. 154, 247-272 (2003).

M. J. CANTERO, L. MORAL, AND L. VELAZQUEZ, Five-diagonal matrices and zeros of orthogonal
polynomials on the unit circle, Lin. Algebra Appl. 362, 29-56 (2003).

M. M. CASTRO AND F. A. GRUNBAUM, The algebra of differential operators associated to a family of
matrix-valued orthogonal polynomials: Five instructive examples, Int. Math. Res. Notices 2006, 1-33.
S. CLARK AND F. GESZTESY, Weyl-Titchmarsh M -function asymptotics and Borg-type theorems for
Dirac operators, Trans. Amer. Math. Soc. 354, 3475-3534 (2002).

S. CLARK, F. GESZTESY, AND M. ZINCHENKO, Borg—Marchenko-type uniqueness results for CMV
operators, preprint, 2007.

P. DEIFT, Riemann—Hilbert methods in the theory of orthogonal polynomials, in Spectral Theory and
Mathematical Physics: A Festschrift in Honor of Barry Simon’s 60th Birthday, F. Gesztesy, P. Deift,
C. Galvez, P. Perry, and W. Schlag (eds.), Proceedings of Symposia in Pure Mathematics, Amer. Math.
Soc., Providence, RI, 2007, to appear.

P. DELSARTE AND Y. V. GENIN, On a generalization of the Szeg6—Levinson recurrence and its application
in lossless inverse scattering, IEEE Transf. Inform. Th. 38, 104-110 (1992).



[25]
[26]
[27]

[28]

29]

WEYL-TITCHMARSH THEORY AND UNIQUENESS RESULTS FOR CMV OPERATORS 589

P. DELSARTE, Y. V. GENIN, AND Y. G. KAMP, Orthogonal polynomial matrices on the unit circle, IEEE
Trans. Circ. Syst. 25, 149-160 (1978).

P. DELSARTE, Y. V. GENIN, AND Y. G. KAMP, The Nevanlinna—Pick problem for matrix-valued functions,
SIAM J. Appl. Math. 36, 47-61 (1979).

P. DELSARTE, Y. V. GENIN, AND Y. G. KaMP, Generalized Schur representation of matrix-valued
functions, SIAM J. Algebraic Discrete Meth. 2, 94-107 (1981).

A.J. DURAN AND F. A. GRUNBAUM, A charcterization for a class of weight matrices with orthogonal
matrix polynomials satisfying second-order differential equations, Int. Math. Res. Notices 23, 1371
1390 (2005).

A.J. DURAN AND F. A. GRUNBAUM, Structural formulas for orthogonal matrix polynomials satisfying
second-order differential equations, I, Constr. Approx. 22, 255-271 (2005).

A. J. DURAN AND F. A. GRUNBAUM, A survey on orthogonal matrix polynomials satisfying second
order differential equations, J. Comput. Appl. Math. 178, 169-190 (2005).

A. J. DURAN AND M. E. H. ISMAIL, Differential coefficients of orthogonal matrix polynomials, J.
Comput. Appl. Math. 190, 424-436 (2006).

A. J. DURAN AND P. LOPEZ-RODRIGUEZ, Orthogonal matrix polynomials: zeros and Blumenthal’s
theorem, J. Approx. Th. 84, 96-118 (1996).

A.J. DURAN AND P. LOPEZ-RODRIGUEZ, N -extremal matrices of measures for an indeterminate matrix
moment problem, J. Funct. Anal. 174, 301-321 (2000).

A.J. DURAN AND B. POLO, Matrix Christoffel functions, Constr. Approx. 20, 353-376 (2004).

A. J. DURAN AND W. VAN ASSCHE, Orthogonal matrix polynomials and higher-order recurrence
relations, Lin. Algebra Appl. 219, 261-280 (1995).

P. L. DUREN, Univalent Functions, Springer, New York, 1983.

I. M. GEL'FAND AND B. M. LEVITAN, On the determination of a differential equation from its spec-
tral function, Izv. Akad. Nauk SSR. Ser. Mat. 15, 309-360 (1951) (Russian); English transl. in
Amer. Math. Soc. Transl. Ser. 2 1, 253-304 (1955).

B. FRITZSCHE, B. KIRSTEIN, I. YA. ROITBERG, AND A. L. SAKHNOVICH, Weyl matrix functions and
inverse problems for discrete Dirac type self-adjoint system: explicit and general solutions, preprint,
arXiv:math.CA /0703369, March 13, 2007.

J. S. GERONIMO, Matrix orthogonal polynomials on the unit circle, J. Math. Phys. 22, 1359-1365
(1981).

J. S. GERONIMO, Scattering theory and matrix orthogonal polynomials on the real line, Circuits Syst.
Signal Process. 1, 471-495 (1982).

J.S. GERONIMO, F. GESZTESY, H. HOLDEN, Algebro-geometric solutions of the Baxter—Szegd difference
equation, Commun. Math. Phys. 258, 149-177 (2005).

J. S. GERONIMO AND R. JOHNSON, Rotation number associated with difference equations satisfied by
polynomials orthogonal on the unit circle, J. Diff. Eqs. 132, 140-178 (1996).

J. S. GERONIMO AND R. JOHNSON, An inverse problem associated with polynomials orthogonal on the
unit circle, Commun. Math. Phys. 193, 125-150 (1998).

J. S. GERONIMO AND A. TEPLYAEV, A difference equation arising from the trigonometric moment
problem having random reflection coefficients—an operator theoretic approach, J. Funct. Anal. 123,
12-45 (1994).

J. GERONIMUS, On the trigonometric moment problem, Ann. Math. 47, 742-761 (1946).

YA. L. GERONIMUS, Polynomials orthogonal on a circle and their applications, Commun. Soc. Mat.
Kharkov 15, 35-120 (1948); Amer. Math. Soc. Transl. (1) 3, 1-78 (1962).

YA. L. GERONIMUS, Orthogonal Polynomials, Consultants Bureau, New York, 1961.

F. GESZTESY, Inverse spectral theory as influenced by Barry Simon, Spectral Theory and Mathematical
Physics: A Festschrift in Honor of Barry Simon’s 60th Birthday, Part 2, F. Gesztesy, P. Deift, C.
Galvez, P. Perry, and W. Schlag (eds.), Proceedings of Symposia in Pure Mathematics, Amer. Math.
Soc., Providence, RI, 2007, to appear.

F. GESZTESY AND H. HOLDEN, Soliton Equations and Their Algebro-Geometric Solutions. Volume II:
(14-1) -Dimensional Discrete Models, Cambridge Studies in Adv. Math., Cambridge University Press,
Cambridge, in preparation.

F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL, The Ablowitz—Ladik hierarchy revisited, to
appear in Operator Theory, Advances and Applications, Birkhiuser, Basel; arXiv:nlin/0702058.

F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL, Algebro-geometric finite-band solutions of the
Ablowitz—Ladik hierarchy, Int. Math. Res. Notices, 2007, rnm082, 55 pages.



590

[52]

S. CLARK, F. GESZTESY, AND M. ZINCHENKO

F. GESZTESY, A. KISELEV, AND K. A. MAKAROV, Uniqueness Results for Matrix-Valued Schrodinger,
Jacobi, and Dirac-Type Operators, Math. Nachr. 239-240, 103-145 (2002).

F. GESZTESY AND B. SIMON, A new approach to inverse spectral theory, II. General real potentials and
the connection to the spectral measure, Ann. of Math. 152, 593-643 (2000).

F. GESZTESY AND B. SIMON, On local Borg—Marchenko uniqueness results, Commun. Math. Phys.
211, 273-287 (2000).

F. GESZTESY AND E. TSEKANOVSKII, On matrix-valued Herglotz functions, Math. Nachr. 218, 61-138
(2000).

F. GESZTESY AND M. ZINCHENKO, Weyl-Titchmarsh theory for CMV operators associated with orthog-
onal polynomials on the unit circle, J. Approx. Th. 139, 172-213 (2006).

F. GESZTESY AND M. ZINCHENKO, A Borg-type theorem associated with orthogonal polynomials on
the unit circle, J. London Math. Soc. 74, 757-777 (2006).

F. GESZTESY AND M. ZINCHENKO, On spectral theory for Schrodinger operators with strongly singular
potentials, Math. Nachr. 279, 1041-1082 (2006).

L. GOLINSKII AND P. NEVAL, Szegd difference equations, transfer matrices and orthogonal polynomials
on the unit circle, Commun. Math. Phys. 223, 223-259 (2001).

M. HORVATH, On the inverse spectral theory of Schrédinger and Dirac operators, Trans. Amer. Math.
Soc. 353, 41554171 (2001).

K. KNUDSEN, On a local uniqueness result for the inverse Sturm—Liouville problem, Ark. Mat. 39,
361-373 (2001).

M. G. KREIN, On a generalization of some investigations of G. Szegd, V. Smirnoff, and A. Kolmogoroff,
Dokl. Akad. Nauk SSSR 46, 91-94 (1945). (Russian).

M. G. KREIN, Infinite J -matrices and a matrix moment problem, Dokl. Akad. Nauk SSSR 69, 125-128
(1949). (Russian.)

M. G. KREIN, Solution of the inverse Sturm-Liouville problem, Doklady Akad. Nauk SSSR 76, 21-24
(1951) (Russian.)

M. G. KREIN, On the transfer function of a one-dimensional boundary problem of second order,
Doklady Akad. Nauk SSSR 88, 405-408 (1953) (Russian.)

M. G. KREIN, Fundamental aspects of the representation theory of hermitian operators with deficiency
indices (m,m), AMS Transl. Ser. 2, 97, Providence, RI, 1971, pp. 75-143.

N. LEVINSON, The Wiener RMS (root-mean square) error criterion in filter design and prediction, J.
Math. Phys. MIT 25, 261-278 (1947).

L.-C. L1, Some remarks on CMV matrices and dressing orbits, Int. Math. Res. Notices 40, 2437-2446
(2005).

P. LOPEZ-RODRIGUEZ, Riesz’s theorem for orthogonal matrix polynomials, Constr. Approx. 15, 135—
151 (1999).

B. M. LEVITAN, Inverse Sturm-Liouville Problems, VNU Science Press, Utrecht, 1987.

B. M. LEVITAN AND M. G. GASYMOV, Determination of a differential equation by two of its spectra,
Russ. Math. Surveys 19:2, 1-63 (1964).

V. A. MARCHENKO, Certain problems in the theory of second-order differential operators, Doklady
Akad. Nauk SSSR 72, 457-460 (1950) (Russian).

V. A. MARCENKO, Some questions in the theory of one-dimensional linear differential operators of
the second order. I, Trudy Moskov. Mat. Obs¢. 1, 327-420 (1952) (Russian); English transl. in
Amer. Math. Soc. Transl. (2) 101, 1-104 (1973).

P. D. MILLER, N. M. ERCOLANI, I. M. KRICHEVER, AND C. D. LEVERMORE, Finite genus solutions to
the Ablowitz—Ladik equations, Comm. Pure Appl. Math. 4, 1369-1440 (1995).

I. NENCIU, Lax pairs for the Ablowitz—Ladik system via orthogonal polynomials on the unit circle, Int.
Math. Res. Notices 2005:11, 647-686 (2005).

I. NENCIU, Lax Pairs for the Ablowitz—Ladik System via Orthogonal Polynomials on the Unit Circle,
Ph.D. Thesis, Caltech, 2005.

I. NENCIU, CMV matrices in random matrix theory and integrable systems: a survey, J. Phys. A 39,
8811-8822 (2006).

A.S. OSIPOV, Integration of non-abelian Langmuir type lattices by the inverse spectral problem method,
Funct. Anal. Appl. 31, 67-70 (1997).

A. S. OsIPOv, Some properties of resolvent sets of second-order difference operators with matrix
coefficients, Math. Notes 68, 806-809 (2000).

A. OSIPOV, On some issues related to the moment problem for the band matrices with operator elements,
J. Math. Anal. Appl. 275, 657-675 (2002).

F. PEHERSTORFER AND P. YUDITSKII, Asymptotic behavior of polynomials orthonormal on a homoge-
neous set, J. Analyse Math. 89, 113-154 (2003).



(82]

[83]

[84]

[85]
[86]
[87]
[88]
[89]

[90]

[106]
[107]

[108]

WEYL-TITCHMARSH THEORY AND UNIQUENESS RESULTS FOR CMV OPERATORS 591

A. G. RAMM, Property C for ordinary differential equations and applications to inverse scattering, Z.
Analysis Anwendungen 18, 331-348 (1999).

A. G. RAMM, Property C for ODE and applications to inverse problems, in Operator Theory and its
Applications, A. G. Ramm, P. N. Shivakumar and A. V. Strauss (eds.), Fields Inst. Commun. Ser., Vol.
25, Amer. Math. Soc., Providence, RI, 2000, pp. 15-75.

L. RODMAN, Orthogonal matrix polynomials, in Orthogonal Polynomials (Columbus, Ohio, 1989), P.
Nevai (ed.), Nato Adv. Sci. Inst. Ser. C, Math. Phys. Sci., Vol. 294, Kluwer, Dordrecht, 1990, pp.
345-362.

A. L. SAKHNOVICH, Nonlinear Schrédinger equation on a semi-axis and an inverse problem associated
with it, Ukran. Math. J. 42, 316-323 (1990).

A. SAKHNOVICH, Dirac type and canonical systems: spectral and Weyl-Titchmarsh matrix functions,
direct and inverse problems, Inverse Probl. 18, 331-348 (2002).

A. SAKHNOVICH, Skew-self-adjoint discrete and continuous Dirac-type systems: inverse problems and
Borg—Marchenko theorems, Inverse Probl. 22, 2083-2101(2006).

R. J. SCHILLING, A systematic approach to the soliton equations of a discrete eigenvalue problem, J.
Math. Phys. 30, 1487-1501 (1989).

B. SIMON, A new aproach to inverse spectral theory, I. Fundamental formalism, Ann. of Math. 150,
1029-1057 (1999).

B. SIMON, Analogs of the m -function in the theory of orthogonal polynomials on the unit circle, J.
Comput. Appl. Math. 171, 411-424 (2004).

B. SIMON, Orthogonal polynomials on the unit circle: New results, Intl. Math. Res. Notices, 2004, No.
53, 2837-2880.

B. SIMON, Orthogonal Polynomials on the Unit Circle, Part 1: Classical Theory, Part 2: Spectral
Theory, AMS Colloquium Publication Series, Vol. 54, Providence, R.1., 2005.

B. SIMON, OPUC on one foot, Bull. Amer. Math. Soc. 42, 431-460 (2005).

B. SIMON, CMV matrices: Five years later, J. Comp. Appl. Math. 208, 120-154 (2007).

K. K. SIMONOV, Orthogonal matrix Laurent polynomials, Math. Notes 79, 292-296 (2006).

G. SZEGO, Beitrige zur Theorie der Toeplitzschen Formen I, Math. Z. 6, 167-202 (1920).

G. SZEGO, Beitrdge zur Theorie der Toeplitzschen Formen II, Math. Z. 9, 167-190 (1921).

G. SZEGO, Orthogonal Polynomials, Amer Math. Soc. Collog. Publ., Vol. 23, Amer. Math. Soc.,
Providence, R.1., 1978.

B. Sz.-NAGY AND C. FoIAS, Harmonic Analysis of Operators on Hilbert Space, North-Holland,
Amsterdam, 1970.

V. E. VEKSLERCHIK, Finite genus solutions for the Ablowitz—Ladik hierarchy, J. Phys. A 32, 4983-4994
(1998).

S. VERBLUNSKY, On positive harmonic functions: A contribution to the algebra of Fourier series,
Proc. London Math. Soc. (2) 38, 125-157 (1935).

S. VERBLUNSKY, On positive harmonic functions (second paper), Proc. London Math. Soc. (2) 40,
290-320 (1936).

D. S. WATKINS, Some perspectives on the eigenvalue problem, SIAM Rev. 35, 430-471 (1993).

R. WEIKARD, A local Borg—Marchenko theorem for difference equations with complex coefficients, in
Fartial Differential Equations and Inverse Problems, C. Conca, R. Mandsevich, G. Uhlmann, and M.
S. Vogelius (eds.), Contemp. Math. 362, 403-410 (2004).

H. O. YAKHLEF AND F. MARCELLAN, Orthogonal matrix polynomials, connection between recurrences
on the unit circle and on a finite interval, in Approximation, Optimization and Mathematical Economics
(Pointe-d-Pitre, 1999), Physica, Heidelberg, 2001, pp. 369-382.

H. O. YAKHLEF, F. MARCELLAN, AND M. A. PINAR, Relative asymptotics for orthogonal matrix
polynomials with convergent recurrence coefficients, J. Approx. Th. 111, 1-30 (2001).

H. O. YAKHLEF, F. MARCELLAN, AND M. A. PINAR, Perturbations in the Nevai class of orthogonal
matrix polynomials, Lin. Algebra Appl. 336, 231-254 (2001).

D. C. YouLA AND N. N. KAZANIJIAN, Bauer-type factorization of positive matrices and the theory of
matrix polynomials orthogonal on the unit circle, IEEE Trans. Circ. Syst. 25, 57-69 (1978).



592

(Received April 21, 2007)

Operators and Matrices
www.ele-math.com
oam@ele-math.com

S. CLARK, F. GESZTESY, AND M. ZINCHENKO

Stephen Clark

Department of Mathematics & Statistics

University of Missouri

Rolla, MO 65409

USA

e-mail: sclark@umr.edu

URL: http://web.umr.edu/~sclark/index.html

Fritz Gesztesy
Department of Mathematics
University of Missouri
Columbia, MO 65211
USA
e-mail: fritz@math.missouri.edu
URL: http://www.math.missouri.edu/personnel/
faculty/gesztesyf.html

Maxim Zinchenko

Department of Mathematics

California Institute of Technology

Pasadena, CA 91125

USA

e-mail: maxim@caltech.edu

URL: http://www.math.caltech.edu/~maxim



